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Preface

On the one hand, in almost all the scientific areas, from physical to social
sciences, biology to economics, from meteorology to pattern recognition in
remote sensing, the theory of classical probability plays a major role and on
the other much of our knowledge about the physical world at least is based
on the quantum theory [12]. In a way, quantum theory itself is a new kind of
theory of probability (in the language of von Neumann and Birkhoff) (see for
example [106]) which contains the classical model, and therefore it is natural
to extend the other areas of classical probability theory, in particular the theory
of Markov processes and stochastic calculus to this quantum model.

There are more than one possible ways (see for example [127]) to construct
the above-mentioned extension and in this book we have chosen the one clos-
est to the classical model in spirit, namely that which contains the classical
theory as a submodel. This requirement has ruled out any discussion of areas
such as free and monotone-probability models. Once we accept this quantum
probabilistic model, the ‘grand design’ that engages us is the ‘canonical con-
struction of a ∗-homomorphic flow (satisfying a suitable differential equation)
on a given algebra of observables such that the expectation semigroup is pre-
cisely the given contractive semigroup of completely positive maps on the said
algebra’.

This problem of ‘dilation’ is here solved completely for the case when the
semigroup has a bounded generator, and also for the more general case (of
an unbounded generator) with certain additional conditions such as symmetry
and/or covariance with respect to a Lie group action. However, a certain amount
of space has to be devoted to develop the needed techniques and structures, and
the reader is expected to be well equipped with the basics of functional analysis,
theory of Hilbert spaces and of operators in them and of probability theory in
order to master these.

A beginner with the above-mentioned background may read Chapters 1 to 6
at first and may leave the rest for a second reading. In some places, mathemat-
ical assertions have been made without proof wherever we felt that the proof
is essentially similar to a detailed proof of an earlier statement or when the
verification of the same can be left as an exercise.

vii



viii Preface

Due to lack of space, not all equations have been displayed and long expres-
sions had to be broken at the end of a line, any inconvenience due to this is
regretted. The open square symbol denotes the end of a proof. The reference list
is far from complete, we have often included only a recent or a representative
paper. We apologize for any unintended exclusion of a reference.

It isapleasure torememberherepeoplewhohavecontributedtothepreparation
of this book. Professor K. R. Parthasarathy was instrumental in introducing us
to the subject and one of us (K. B. S.) has collaborated with him extensively
over nearly two decades; without the insights and masterly expositions of him
and of Professor P. A. Meyer, the subject may not have reached the stage it
is in now. We thank all our friends, collaborators and members of the Q–P
club who have helped us directly or indirectly in this endeavor. In particular,
we must mention Professors Luigi Accardi, Robin Hudson, V. P. Belavkin,
Martin Lindsay,FrancoFagnola,StephaneAttal, Jean-LucSauvageot,Burkhard
Kümmerer, Hans Maassen, Rajarama Bhat and Dr Arup Pal and Dr Partha
Sarathi Chakraborty. We are grateful to the Indian Statistical Institute (both
Delhi and Kolkata campuses) for providing the necessary facilities, Indo-French
Centre for the Promotion of Advanced Research and DST-DAAD agencies for
making many collaborations possible. One of us (D. G.) would like to thank
the Alexander von Humboldt Foundation for a postdoctoral fellowship during
2000–01 (and also later visits under its scheme of ‘resumption of fellowship’),
when part of the work covered by this book was done. We must also thank
Dr Lingraj Sahu, who as a graduate student at a critical stage of writing the
monograph, helped with introduction of a part of the material and Mr Joydip
Jana for help with proofreading. One of the authors (D. G.) dedicates this book
to his wife, Gopa and the youngest addition to his family, expected possibly
before this book sees the light of the day; and acknowledges with gratitude
the constant encouragement and support from his parents, mother-in-law and
Amit-da during the writing of the book.

As is often the case in any such enterprise, some important topics (e.g. stop
times) have been left out. The responsibility for the choice of topics as well as
for any omissions and shortcomings of the text is entirely ours. We can only
hope that this monograph will enthuse some researchers and students to solve
some of the problems left unsolved.

K. B. Sinha
Debashish Goswami



Notation

R The set of real numbers
C The set of complex numbers
IN The set of natural numbers
Q The set of rational numbers
R+ The set of nonnegative real numbers
Z The set of integers
S1 The circle group
Tn The n-torus
C The set of bounded continuous functions in L2(R+, k0)

or L2 ∩ L4
loc(R+, k0)

Dom(T ) Domain of an operator T
Ran(T ) Range of T
Ker(T ) Kernel of T
Sp(A) Complex linear span of vectors in the set A
dim(V ) Dimension of the vector space V
Im(x), Re(x) Imaginary and real parts of x (complex number or

bounded operator)
h,H Hilbert spaces
Lin(V1, V2) Set of linear maps from V1 to V2 (vector spaces).
B(H) The set of bounded linear operators on a Hilbert space H
B(H,K) The set of bounded linear maps from H to K (Hilbert

spaces)
Bs.a.(H) The real Banach space of all bounded self-adjoint

operators on H
K(H) The set of compact operators on a Hilbert space H
B1(H) The complex Banach space of trace-class operators on a

Hilbert space H
Bs.a.

1 (H) The real Banach space of self-adjoint trace-class
operators on H

L(E, F) The set of adjointable maps from E to F (Hilbert
modules)

L(E) The set of adjointable maps on a Hilbert module E
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x Notation

K(E) The set of compact adjointable maps on a Hilbert
module E

A′ The commutant of (C∗ or von Neumann algebra) A
A+ The set of positive elements of C∗ or von Neumann

algebra A.

M(A) The multiplier algebra of A
�,�A The set of all states, of all normal linear functional on a

C∗- or von Neumann algebra A
⊗alg Algebraic tensor product (between spaces or algebras)
�(H) The symmetric Fock space over the Hilbert space H
� The symmetric Fock space over L2(R+, k0) for some

Hilbert space k0

� f (H) The free Fock space over H
kt The Hilbert space L2([0, t], k0) for some Hilbert space k0

kt L2((t,∞), k0)

�t �(kt )

�t �(kt )

e( f ) The exponential vector ⊕∞n=0
f ⊗n
√

n!
�(A) The second quantization of A
χA The characteristic function of the set A
ft The function f χ[0,t]
f t The function f χ(t,∞)

� The structure matrix
U t Time reversal operator in Fock space
A >�αG The crossed product of A (C∗ or von Neumann algebra)

by the action α of a group G
a†

R(·), a†
δ (·) The creation integrator processes associated with

operator R and map δ respectively
aR(·), aδ(·) The annihilation integrator processes associated with

operator R and map δ respectively
�T (·),�σ (·) The number integrator processes associated with operator

T and map σ respectively
IL(·) The time integrator process associated with map L on A
L p

loc The set of all f ∈ L2(R+, k0) such that
∫ t

0 ‖ f (s)‖pds <

∞ for every t ≥ 0
L p(A, τ ) The noncommutative L p spaces associated with trace τ



1
Introduction

The motivations for writing the present monograph are three-fold: firstly from
a physical point of view and secondly from two related, but different mathe-
matical angles.

At the present time our mathematical understanding of a conservative quan-
tum mechanical system is reasonably complete, both from the direction of
a consistent abstract theory as well as from the one of mathematical theo-
ries of applications in many explicit physical systems like atoms, molecules
etc. (see for example the books [12] and [108]). However, a nonconservative
(open/dissipative) quantum mechanical system does not enjoy a similar status.
Over the last seven decades there have been many attempts to make a the-
ory of open quantum systems beginning with Pauli [104]. Some of the typical
references are: Van Hove [126], Ford et al. [52], along with the mathematical
monograph of Davies [35]. The physicists’ Master equation (or Langevin equa-
tion) was believed to describe the evolution of a nonconservative open quantum
(or classical) mechanical system, a mathematical description of which can be
found in Feller’s book [50].

Physically, one can conceive of an open system as the ‘smaller subsystem’ of
a total ensemble in which the system is in interaction with its ‘larger’ environ-
ment (sometimes called the bath or reservoir). The total ensemble with a very
large number of degrees of freedom undergoes (conservative) evolution, obey-
ing the laws of standard quantum mechanics. However, for various reasons,
practical or otherwise, it is of interest only to observe the system and not the
reservoir, and this ‘reduced dynamics’ in a certain sense obeys the Master equa-
tion (for a more precise description of these, see [35]). Since it is often impos-
sible and impractical to solve the equation of evolution of the total ensemble,
it is often meaningful to replace the reservoir by a ‘suitable stochastic process’
and couple the system with the stochastic process. In the case in which the

1



2 Introduction

stochastic process is classical, the total evolution can be described by a suit-
able stochastic differential equation (for an introduction to this, the reader is
referred to [75] and [41]). The standard Langevin equation [52] involving the
stochastic process should restore the conservativeness of the total system albeit
for almost all paths. However, in many of the models studied by physicists this
is not so.

The simplest quantum mechanical system is the so-called harmonic oscilla-
tor. However, the (sub-critically) damped harmonic oscillator which has been
studied in classical physics since the time of Newton eludes a consistent treat-
ment in conventional quantum mechanics. In the view of the present authors,
this happens because the damped harmonic oscillator is a nonconservative,
dissipative system and cannot be understood as a flow in a symplectic man-
ifold (classical case) or in a standard Weyl canonical commutation relations
(CCR) algebra (quantum case). One possible way to model this is to repre-
sent the environment or reservoir (responsible for the friction or the damping
term) by an appropriate stochastic process, restore the unitary stochastic evo-
lution of the quantum system and then project back to the ‘system space’ by
‘washing out’ the influence of the stochastic process (taking expectation with
respect to the stochastic part) to get back the required nonconservative dynam-
ics. This has been studied in [119] and has also been described in some detail
in Chapter 7. Thus one can enunciate a philosophy, not too far away from that
of the physicists, that given a nonconservative dynamics of a quantum system,
one aim is to canonically construct the stochastic process which will repre-
sent the environment so that the two together undergo a conservative evolution
and the projection to the system space restores exactly the nonconservative
evolution. There is a further aim of the physicist, viz. to obtain the stochas-
tic process mentioned above in a suitable approximation from the mechanical
descriptions of the particles constituting the reservoir and of their interactions
with the observed system. This aspect is not treated in this monograph and the
reader is referred to [4], [8] and [35].

There is an exact mathematical counterpart to the picture in physicists’ mind
as described above. Given a finite probability space S ≡ {1, 2, . . . , n} with
probability distribution given by the vector p ≡ (p1, p2, . . . , pn) on it and a
stochastic (or Markov) matrix (ti j )

n
i j=1 such that ti j ≥ 0,

∑n
j=1 ti j = 1, one

can associate a (discrete) evolution (T f )(i) = ∑n
j=1 ti j f ( j) with

f : {1, 2, . . . , n} → R. Then one observes that

(i) T maps positive functions f to positive functions and maps identity func-
tion to itself.

(ii) The probability distribution vector p is in one-to-one correspondence
with the dual φp of the algebra of functions on S by p �→ φp, where
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φp( f ) = ∑n
i=1 pi f (i), and this induces a dual dynamics T ∗ given by

(T ∗φp)(χ j ) = ∑n
i=1 pi ti j , where χk denotes the characteristic function

of the singleton set {k}.
(iii) T n, n = 0, 1, . . . , and T ∗n, n = 0, 1, 2 . . . provide two discrete (dynami-

cal) semigroups, the second being dual to the first; and clearly T n for each
n satisfies the property (i).

There is a standard construction of a Markov process (in this case Markov
chain); see e.g. Feller’s book [50]. This procedure extends naturally, begin-
ning with the consideration of the algebra of functions on S as the algebra of
n × n diagonal matrices and {T n}n=0,1,2,... as a positive semigroup on that, to
the more general picture considering semigroups (discrete or continuous para-
meter) on the noncommutative algebra of all n × n matrices. What is perhaps
surprising and is contrary to intuition in classical probability is that a very
large class of Markov processes (including Markov chains) can be described
by quantum stochastic differential equations in Fock space, again facilitating
many computations ([99, 100]).

At this point an important generalization of the class of positive maps on
an algebra makes its entrance. From a physical point of view, consider the fol-
lowing scenario. Let H be the Hilbert space of a localized quantum system A
in a box and let there exist another quantum system B with associated Hilbert
space Cn . The system B is so far removed from A that there is no interac-
tion between A and B and thus the Hilbert space for the joint system A and
B is H ⊗ Cn . Let Tn be the positive linear map which describes an operation
on the joint system that does not affect B, given by Tn(x ⊗ y) = T (x) ⊗ y
for x ∈ B(H), y ∈ B(Cn) (here B(H) is the set of all bounded linear oper-
ators on the Hilbert space H defined everywhere) for some positive linear
map T on B(H). It seems reasonable to expect that given a positive linear map
T on B(H), it should be such that for every natural number n, Tn given above
should be positive. In such a case, T is said to be completely positive (CP) and
such CP maps or semigroups of such maps play a very important role in the
description of nonconservative dynamics on quantum systems. It is also useful
to note that if the algebra involved is commutative (like the algebra of n × n
diagonal matrices in the first example instead of B(H) or the whole matrix
algebra) positivity and complete positivity are equivalent and that is why com-
plete positivity does not surface in the context of nonconservative evolutions of
classical physical systems. A detailed mathematical study of CP maps and of
semigroups of CP maps on an algebra is done in Chapters 2 and 3, respectively.

As we had mentioned earlier in the context of a physical subsystem interact-
ing with a reservoir in such a way that the reduced dynamics is governed by a
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Master equation, it is natural to assume that the Master equation is just the dif-
ferential form of a contractive semigroup of CP maps on the algebra describing
the subsystem. Now we can turn this into a very interesting (and demanding)
mathematical question: does there exist a ‘suitable’ probabilistic model for (a)
the reservoir and for (b) its interaction with the given subsystem such that the
expectation of the total evolution with respect to the probabilistic variables give
the CP semigroup we started with? This is the general problem of ‘dilation of a
contractive semigroup of CP maps on a given algebra’. This problem is solved
in Chapter 6 in complete generality under the hypotheses that the given semi-
group of CP maps is uniformly continuous so that its generator acting on the
given algebra is bounded.

There are complete descriptions of the structure of the generator of a uni-
formly continuous semigroup of CP maps on an algebra in the third chapter.
Unfortunately the situation is far from settled for a similar question if the semi-
group is only strongly continuous, which is, as is often the case, more inter-
esting from the point of view of applications. However, if we pretend that the
generator of the strongly continuous semigroup of CP maps on the algebra for-
mally looks similar to that for the uniformly continuous case, then under certain
hypotheses a class of strongly continuous semigroups can be constructed such
that its generator coincides with the formal one on suitable domains. This is
described in the second section of the same chapter along with an applications
to a large class of classical Markov processes and also to the irrational rotation
algebra which is a type �1 factor von Neumann algebra. More details on these
constructions and results on the unital nature of the semigroups, so constructed,
can be found in Chebotarev [25]. This chapter ends with an important abstract
theorem on noncommutative Dirichlet forms associated with a strongly con-
tinuous semigroup of CP maps on a von Neumann algebra equipped with a
normal faithful semifinite trace. This result is then used in Chapter 8 to solve
the dilation problem for such semigroups.

In order to carry out the program charted out in an earlier paragraph, it is
necessary to develop some language and machinery. In Chapter 4, the basic
theories of Hilbert C∗- and von Neumann modules and of group actions on
them are presented. These ideas are then used to develop an elaborate the-
ory of stochastic integration and quantum Itô formulae in symmetric Fock
spaces extending the earlier theory as described in [97]. This language seems
to be sufficiently powerful to allow a large class of unbounded operator-valued
processes in Fock space to be treated. These methodologies were then used to
solve Hudson–Parthasarathy (H–P)-type stochastic quantum differential equa-
tions with bounded coefficients (Chapter 5) and with unbounded coefficients
(Chapter 7) giving unitary or isometric evolutions in a suitable Hilbert space as
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solutions. The Evans–Hudson (E–H)-type equation of observable or of an ele-
ment of an algebra is re-interpreted as an equation on the space of maps on a
suitable Fock Hilbert module and for bounded coefficient case, such equations
are solved in Chapter 5. This language and associated machinery are important
because they allow us to answer in the affirmative the problem of the dilation
of a uniformly continuous semigroup of CP maps on an algebra.

Chapter 6 uses the tools of Chapters 4 and 5 to show that given a uniformly
continuous semigroup of CP maps on a von Neumann algebra, there exists
a quantum probabilistic model in the Fock space such that there is a E–H-type
quantum stochastic differential equation describing the stochastic evolution of
the observable algebra of the quantum subsystem coupled to the quantum sto-
chastic process in Fock space modeling the reservoir, and such that the expec-
tation gives back the original CP semigroup. This construction is canonical and
interestingly gives a quantum stochastic differential equation for the evolution
so that further computations for any other observable effects may be facilitated.

The mathematical problem of stochastic dilation of a semigroup of CP maps
on a C∗- or von Neumann algebra, uniformly or strongly continuous, with the
additional requirement that the dilated map on the algebra satisfies a quantum
stochastic differential equation in Fock space and is a ∗-homomorphism on the
algebra of observables is the central mathematical problem treated in this book.
The property of ∗-homomorphism of such maps is a basic requirement of any
quantum theory and the fact that these also satisfy a differential equation makes
the family of dilated maps a stochastic flow of ∗-homomorphisms on the alge-
bras. In fact, Chapters 6 and 8 are devoted to the final steps of the solution of
this problem, the first for the uniformly continuous semigroup and the second
for the strongly continuous one, while the Chapters 2 to 5 and Chapter 7 deal
with preliminary materials and develop the machinery needed. This completes
our discussions on the central mathematical problem treated here along with its
connection to applications, arising from the physics of open quantum systems.

There is a another mathematical direction from which we approach the cen-
tral mathematical problem of stochastic dilation, viz. that of noncommutative
geometry. Chapter 9 should not be and cannot be thought of as an exposi-
tion on the rapidly developing subject of noncommutative geometry as created
by Alain Connes [28] (the reader may also look at the books [82] and [56]).
Instead, after some introduction to basic concepts in differential geometry and
elements of noncommutative geometry, three explicit examples are worked out
and in each case an appropriate associated stochastic process (classical or quan-
tum) is constructed. Much more study in these areas remains to be done; for
example one can investigate whether the nontrivial curvature in the Quantum
Heisenberg manifold can be captured in terms of the stochastic processes on it.
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We think the spirit of the book is perhaps well-described in the preface by
Luigi Accardi in Probability Towards 2000 [3] and we quote:

The reason why the interaction of probability with quantum physics is different
from the above mentioned ones is that the problem here is not only to apply
classical techniques or to extend them to situations which, being even more general,
still remain within the same qualitative type of intuition, language and techniques.
Furthermore, the formalism of quantum theory, with its complex wave functions
and Hilbert spaces, operators instead of random variables, creates a distance
between the mathematical model and the physical phenomena which is certainly
greater than that of classical physics. For these reasons, these new languages and
techniques might be perceived as extraneous by some classical probabilists and
researchers in mathematical statistics. However, the developments motivated by
quantum theory provide not only powerful theoretical tools to probability, but also
some conceptual challenges which can enter into the common education of all
mathematicians in the same way as happened for the basic qualitative ideas of
non-Euclidean geometries.



2
Preliminaries

In this chapter we shall introduce all the basic materials and preliminary notions
needed later on in this book.

2.1 C∗ and von Neumann algebras

For the details on the material of this section, the reader may be referred to
[125], [40] and [76].

2.1.1 C∗-algebras

An abstract normed ∗-algebra A is said to be a pre-C∗-algebra if it satisfies
the C∗-property : ‖x∗x‖ = ‖x‖2. If A is furthermore complete under the norm
topology, one says that A is a C∗-algebra. The famous structure theorem due to
Gelfand, Naimark and Segal (GNS) asserts that every abstract C∗-algebra can
be embedded as a norm-closed ∗-subalgebra of B(H) (the set of all bounded
linear operators on some Hilbert space H). In view of this, we shall fix a com-
plex Hilbert space H and consider a concrete C∗-algebra A inside B(H). The
algebra A is said to be unital or nonunital depending on whether it has an iden-
tity or not. However, even any nonunital C∗-algebra always has a net (sequence
in case the algebra is separable in the norm topology) of approximate iden-
tity, that is, an nondecreasing net eµ of positive elements such that eµa → a
for all a ∈ A. Note that the set of compact operators on an infinite dimen-
sional Hilbert space H, to be denoted by K(H), is an example of nonunital
C∗-algebra.

We now briefly discuss some of the important aspects of C∗-algebra the-
ory. First of all, let us mention the following remarkable characterization of
commutative C∗-algebras.

7



8 Preliminaries

Theorem 2.1.1 Every commutative C∗-algebra A is isometrically isomorphic
to the C∗-algebra C0(X) consisting of complex-valued functions on a locally
compact Hausdorff space X vanishing at infinity. In case A is unital, X is
compact.

If A is nonunital, there is a canonical method of adjoining an identity so that
A is embedded as an ideal in a bigger unital C∗-algebra Â. In view of this,
let us assume A to be unital for the rest of the subsection, unless otherwise
mentioned. For x ∈ A, the spectrum of x , denoted by σ(x), is defined as the
complement of the set {z ∈ C : (z1 − x)−1 ∈ A}. It is known that for a
self-adjoint element x , σ(x) ⊆ R, and moreover, a self-adjoint element x is
positive (that is, x is of the form y∗y for some y) if and only if σ(x) ⊆ [0,∞).
There is a rich functional calculus which enables one to form functions of ele-
ments of the C∗-algebra. For any complex function which is holomorphic in
some domain containing σ(x), one obtains an element f (x) ∈ A by the holo-
morphic functional calculus. Furthermore, for any normal element x (that is,
xx∗ = x∗x), there is a continuous functional calculus sending f ∈ C(σ (x))
to f (x) ∈ A where f �→ f (x) is a ∗-isometric isomorphism from C(σ (x))
onto C∗(x), the sub C∗-algebra of A generated by x . In particular, for any
positive element x , we can form a positive square root

√
x ∈ A satisfying√

x2 = x . For any element x ∈ A, we define its absolute value, denoted by |x |,
to be the element

√
x∗x . The real and imaginary parts of x , denoted by

Re(x) and Im(x) respectively, are defined by, Re(x) = (x + x∗)/2, Im(x) =
(x − x∗)/2i , so that we have, x = Re(x)+ iIm(x). For a self-adjoint element
x , we define two positive elements x+ and x−, called respectively the positive
and negative parts of x , by setting x+ = (x + |x |)/2, x− = (|x | − x)/2.
Clearly, x can be decomposed as x = x+ − x− and furthermore x+x− = 0.
A linear functional φ : A → C is said to be positive if φ(x∗x) ≥ 0 for all x .
It is a useful result that an element x ∈ A is positive if and only if φ(x) ≥ 0
for every positive functional φ on A. It can be shown that the algebraic prop-
erty of positivity implies the boundedness of φ, in particular ‖φ‖ = φ(1).
Any positive linear functional φ with φ(1) = 1 is called a state on A. The set
of all states is a convex set which is compact in the weak-∗ topology, hence
it has extreme points, called pure states, and the set of states is obtained as
the closed convex hull of the pure states. A state φ is said to be a trace if
φ(ab) = φ(ba) for all a, b ∈ A. It is said to be faithful if φ(x∗x) = 0 implies
x = 0. The following result, known as the GNS construction for a state, is
worthy of mention.

Proposition 2.1.2 Given a state φ on A, there exists a triple (called the GNS
triple) (Hφ, πφ, ξφ), consisting of a Hilbert space Hφ , a ∗-representation πφ

of A into B(Hφ) and a vector ξφ ∈ Hφ which is cyclic in the sense that
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{πφ(x)ξφ : x ∈ A} is total in Hφ , satisfying

φ(x) = 〈ξφ, πφ(x)ξφ〉.
Moreover, φ is pure if and only if πφ is irreducible.

We shall need to extend the scope of the GNS construction to the case of
densely defined positive functionals, at least for semifinite, faithful, positive
traces, which we discuss now. Let us denote by A+ the set of positive ele-
ments of A. Let τ : A+ → [0,∞] be a map satisfying τ(a + b) = τ(a) +
τ(b), τ (λa) = λτ(a) and τ(aa∗) = τ(a∗a) for a, b ∈ A+, λ ∈ R+. Assume
furthermore that I ≡ {a ∈ A : τ(a∗a) < ∞} is norm-dense in A and
τ(a∗a) = 0 implies a = 0. Such a map τ is called a semifinite, faithful, posi-
tive trace, and it can be uniquely extended to the dense subspace (in fact a both-
sided ideal) I as a linear functional, also denoted by τ . The GNS construction
can be generalized to such a trace in the following sense.

Proposition 2.1.3 There exists a Hilbert space H, a ∗-representation π : A→
B(H) and a linear map η : I :→ H, such that τ(a∗bc) = 〈η(a), π(b)η(c)〉 for
all a, c ∈ I, b ∈ A. Furthermore, the range of η is dense in H. Such a triple
(H, π, η) is unique in the sense that for any other such triple (H′, π ′, η′), we
can find a unitary � : H→ H′ such that π ′(b) = �π(b)�∗ and η′(a) = �η(a)
for a ∈ I, b ∈ A.

We shall denote the Hilbert space (unique upto identification) H in the above
proposition by L2(A, τ ) or simply L2(τ ) if A is understood from the context.
It can be shown that π(b)η(a) = η(ba), and thus, if A is unital and 1 ∈ I,
which is equivalent to the boundedness of τ, we have a cyclic vector η(1).

For a nonunital C∗-algebra, we say that a positive functional φ on A is a
state if limφ(eµ) = 1 for any approximate identity eµ of A. A positive element
a ∈ A is said to be strictly positive if φ(a) is nonzero for every state φ on A. It
is known that b ∈ A+ is strictly positive if and only if bA+ := {ba, a ∈ A+}
is norm-dense in A+.

We shall conclude the discussion on C∗-algebras with the definition of mul-
tiplier algebra. For a C∗-algebra A (possibly nonunital), its multiplier algebra,
denoted by M(A), is defined as the maximal C∗-algebra which contains A as
an essential two-sided ideal, that is, A is an ideal in M(A) and for y ∈M(A),
ya = 0 for all a ∈ A implies y = 0. In case A is unital, one has M(A) = A
and for A = C0(X) where X is a noncompact, locally compact Hausdorff
space, M(A) = C(X̂), where X̂ denotes the Stone–Ĉech compactification of
X . The norm of M(A) is given by ‖x‖ := supa∈A,‖a‖≤1{‖xa‖, ‖ax‖}. Fur-
thermore, there is a canonical locally convex topology, called the strict topol-
ogy on M(A), which is given by the family of seminorms {‖.‖a, a ∈ A},
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where ‖x‖a := Max(‖xa‖, ‖ax‖), for x ∈ M(A). We say that an embed-
ding A ⊆ B(H) for some Hilbert space H is nondegenerate if for u ∈ H,
au = 0 for all a ∈ A implies that u = 0. It is possible to show by simple
arguments that A ⊆ B(H) is nondegenerate if and only if {au, a ∈ A, u ∈ H}
is total in H. Given a nondegenerate embedding A ⊆ B(H), we have that
M(A) ∼= {x ∈ B(H) : xa, ax ∈ A, for all a ∈ A}.

2.1.2 von Neumann algebras

As a Banach space, B(H) is equipped with the operator-norm topology, but
there are other important and interesting topologies that can be given to it,
making it a locally convex (but not normable in general) topological space.
The most useful ones are weak, strong, ultra-weak and ultra-strong topologies.
However, although B(H) is complete in each of these topologies, a unital sub
C∗-algebra A of B(H) need not be so. It can be shown that A is complete in all
of the above four locally convex topologies if and only if it is complete in any
one of them, and in such a case A is said to be a von Neumann algebra. Fur-
thermore, the strong (respectively, weak) and ultra-strong (respectively, ultra-
weak) topologies coincide on norm-bounded convex subsets of A. It is known
that if H is separable, then any norm-bounded subset of A is metrizable in
each of the ultra-weak and ultra-strong topologies. The natural notion of iso-
morphism between two von Neumann algebras is an algebraic ∗-isomorphism
which is also a homeomorphism of the respective ultra-weak topologies. How-
ever, there is a stronger notion, called spatial isomorphism. Two von Neumann
algebras A1 ⊆ B(H1) and A2 ⊆ B(H2) are said to be spatially isomorphic if
there is a unitary operator U from H1 onto H2 such that U∗A2U = A1.

The following theorem, known as the Double commutant theorem due to von
Neumann is of fundamental importance in the study of von Neumann algebras.
Note that for any subset B of B(H), we denote by B′ the commutant of B, that
is, B′ = {x ∈ B(H) : xb = bx for all b ∈ B}.
Theorem 2.1.4 A unital ∗-subalgebra A ⊆ B(H) is a von Neumann algebra
if and only if A = A′′(≡ (A′)′).

For the rest of this subsection, let us denote by A a unital von Neumann subal-
gebra of B(H). A is said to be σ -finite if there does not exist any uncountable
family of mutually orthogonal nonzero projections in A.

We say that A is a factor if the center is trivial, that is, A∩A′ = {λ1, λ ∈ C}.
The importance of factors stems from the result (see [40]) that an arbitrary von
Neumann algebra can be decomposed in a suitable technical sense as a ‘direct
integral’ of factors. A factor A is called hyperfinite if there is an increasing
sequence of finite dimensional ∗-subalgebras, say An, n = 1, 2, . . ., of A such



2.1 C∗ and von Neumann algebras 11

that the ultra-weak closure of the union of An is the whole of A. It is a remark-
able result due to Murray and von Neumann that there is a canonical (unique
upto a constant multiple) map dA from the set of projections of a hyperfinite
factor A into [0,∞] satisfying certain properties (see [124] for details). This
function is called the dimension function for A, and depending on the nature
of the range of dA, factors are classified into various category, namely type In

for n = 1, 2, . . . , I∞, II1, II∞ and III. Any type In factor is isomorphic to the
finite dimensional algebra of n × n matrices. Factors of any other type (that is,
I∞, II1, II∞, III) are infinite dimensional. There is a unique hyperfinite type
I∞ factor, which is isomorphic with B(H) for a separable infinite dimensional
Hilbert space H, and the range of dA for this factor is a countable infinite set
(constant multiple of {0, 1, . . .} ∪ {∞}). Similarly, there is a unique (up to iso-
morphism) hyperfinite type II1 factor, say R, and this is characterized by the
property of having the range of the dimension function equal to an interval of
the form [0, c] for some finite positive number c. The hyperfinite II∞ factor
(also unique upto isomorphism) has the set [0,∞] as the range of its dimen-
sion function. However, the case of type III factors is much more delicate as
the range of dimension function is a trivial set {0,∞} for any such factor. Nev-
ertheless, there is a complete classification of hyperfinite type III factors due to
the work of Alain Connes. We shall not discuss that here.

A von Neumann algebra A has enough projections and unitaries, in the sense
that A is the strong closure of the ∗-subalgebra generated by all projections
(respectively unitaries) in A. Furthermore, any x ∈ A can be decomposed into
its real and imaginary parts, each of which is self-adjoint and is in A, and if
Ey(·) denotes the family of spectral measures of a self-adjoint element y ∈ A,
then Ey(�) ∈ A for all Borel set �. We remark that this fact is not true for
a general C∗-algebra which is not a von Neumann algebra. A state φ on A is
said to be normal if φ(xα) increases to φ(x) whenever xα increases to x for
a net {xα} of positive elements from A. More generally, we call a linear map
� : A → B (where B is a von Neumann algebra) positive if it takes positive
elements of A to positive elements of B and � is called normal if whenever xα
increases to x for a net {xα} of positive elements from A, one has that �(xα)
increases to �(x) in B. It is known that a positive linear map is normal if
and only if it is continuous with respect to the ultra-weak topology mentioned
earlier. In view of this fact, we shall say that a bounded linear map between
two von Neumann algebras is normal if it is continuous with respect to the
respective two ultra-weak topologies. Normal states, and more generally nor-
mal positive linear maps (in particular, normal ∗-homomorphisms) play a major
role in the study of von Neumann algebras. The following result describes the
structure of a normal state.
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Proposition 2.1.5 A state φ on A is normal if and only if there is a trace-class
operator ρ on H such that φ(x) = tr(ρx) for all x ∈ A.

An abelian von Neumann algebra A is said to be maximal abelian if A′ is
also abelian. The structure of abelian von Neumann algebras is described by
the following proposition, which can be thought of as a von-Neumann algebra
analogue of Gelfand’s theorem about abelian C∗-algebras.

Proposition 2.1.6 An abelian von Neumann algebra acting on a separable
Hilbert space is ∗-isomorphic with L∞(�,F, µ) for some measure space
(�,F , µ). Moreover, if the von Neumann algebra is maximal abelian, the
above isomorphism can be chosen to be a spatial isomorphism.

In view of this result, the theory of von Neumann algebras can be looked upon
as a noncommutative measure or probability theory. Many of the well-known
theorems, such as the Radon–Nikodym theorem, Martingale convergence the-
orem have their appropriate generalizations in the set-up of von Neumann
algebras.

A remarkable property of von Neumann algebras is the beautiful and partic-
ularly simple structure of its normal ∗-homomorphisms. This plays a canonical
role in a major portion of the present work. There are three basic and natural
ways in which a normal ∗-homomorphism π of A can arise.

(i) Reduction: π(x) = Px P , where P is a projection. It can be shown that
(see Lemma 4.5.2 for a proof) P necessarily belongs to A′.

(ii) Dilation: π(x) = x ⊗ 1k for some Hilbert space k.
(iii) Unitary conjugation: π(x) = �∗x� where � is a unitary in B(H).

The following result asserts that every normal ∗-homomorphisms of A is a
composition of the above three types.

Proposition 2.1.7 Given a normal ∗-homomorphism π : A(⊆ B(H)) →
B(K) for some Hilbert space K, there exists a pair (�, k) where k is a Hilbert
space and � is a partial isometry from K to H ⊗ k such that π(x) = �∗(x ⊗
1k)�, and the projection ��∗ commutes with x ⊗ 1k for all x ∈ A. Moreover,
if π is unital, � is an isometry. In case H is separable, one can choose k to be
separable as well.

Corollary 2.1.8 Any normal unital ∗-homomorphism π : B(H) → B(K)

(where K is a Hilbert space) is of the form π(x) = U∗(x ⊗ 1k)U, where k
is a Hilbert space (which can be chosen to be separable if H is so) such that K
can be identified with H⊗ k and U is a unitary in H⊗ k.

We say that a closed, densely defined linear operator B on H, with the polar
decomposition B = V |B| is affiliated to the von Neumann algebra A if V ∈ A
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and f (|B|) ∈ A for any bounded measurable function f : R+ → R. We have
the following characterization of the property of being affiliated to A:

Lemma 2.1.9 A possibly unbounded, closed, densely defined operator B act-
ing on a Hilbert space H is affiliated to a von Neumann algebra A if and only if
for every a′ ∈ A′ and u ∈ D(B), we have that a′u ∈ D(B) and Ba′u = a′Bu.
Moreover, if B and C are two closed, densely defined operators affiliated to A,
such that BC is also a closed, densely defined operator, then BC is affiliated
to A.

We now discuss the concept of the enveloping von Neumann algebra and the
predual of a von Neumann algebra. Given a unital C∗-algebra B, denote the set
of all states by �. For φ ∈ �, we denote by (Hφ, πφ, ξφ) the associated GNS
triple. Let H = ⊕φ∈�Hφ (to be called the universal enveloping GNS space and
π = ⊕φ∈�πφ . We call π to be the universal representation of B and the weak
closure of π(B), that is, π(B)′′ in B(H), is known as the universal enveloping
von Neumann algebra of B. We denote it by B̃. Indeed, it has the following
universal property.

Proposition 2.1.10 Given any ∗-homomorphism ρ of B in some Hilbert space
K, there exists a unique normal ∗-homomorphism ρ̃ : B̃ → B(K) such that
ρ̃◦π = ρ, where π is the universal representation mentioned before. Moreover,
the image of ρ̃(B̃) is the weak closure of ρ(B) in B(K).

For a nonunital C∗-algebra, we perform the similar construction after adjoining
a unit to it and get similar universal property as described above.

For a von Neumann algebra A ⊆ B(H), there is a Banach space A∗, called
the predual of A, such that the Banach dual of A∗ coincides with A with norm
topology, whereas the weak-∗ topology coincides with the ultra-weak topology
of A. In fact, Sakai showed that a von Neumann algebra can be characterized
in the class of C∗-algebras by this property of having predual. Let us give an
explicit description of the predual. For a real linear space we shall consider as
its dual the space of all real linear functionals on it. We denote by B1(H) and
B2(H) the set of all trace-class operators and of all Hilbert–Schmidt operators
on H respectively. Let Bs.a.(H) and Bs.a.

1 (H) stand for the real linear spaces of
all bounded self-adjoint operators and all trace-class self-adjoint operators on
H respectively. For a von Neumann algebra A contained in B(H), we denote
by Ah the subset of all self-adjoint elements in A. Let Ah,∗ be the predual of
Ah . We define an equivalence relation ∼ on B1(H) by saying ρ1 ∼ ρ2 if and
only if tr(ρ1x) = tr(ρ2x) for all x ∈ A. We denote by A⊥ the closed subspace
{ρ ∈ B1(H) : ρ ∼ 0}. For ρ ∈ B1(H), we denote by [ρ] its equivalence class
with respect to ∼, and ||[ρ]|| = infη∼ρ ||η||1, where ||.||1 denotes trace-class
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norm. By A⊥
h we shall denote the set of all self-adjoint elements in A⊥. Clearly,

A⊥
h is a closed subspace of the real Banach space Bs.a.

1 (H) and hence one can
consider the quotient space Bs.a.

1 (H)/A⊥
h . For ρ ∈ Bs.a.

1 (H), let us denote by
[ρ]h the equivalence class corresponding to ρ in the above quotient. It is not
difficult to observe that the quotient norm of [ρ]h , say ||[ρ]h ||, coincides with
||[ρ]|| defined earlier. To see this, it is enough to note that whenever η ∼ ρ and
ρ is self-adjoint, then η∗ ∼ ρ, and thus (η+η∗)/2 ∈ [ρ]h and ||(η+η∗)/2||1 ≤
||η||1. This implies that ||[ρ]h || ≤ ‖|[ρ]|| and hence they are equal. We now
describe the structure of A∗ and Ah,∗ as follows.

Proposition 2.1.11 (i) We have the isometric isomorphism A∗ ∼= B1(H)/

A⊥ ∼= �A, where �A denotes the space of all normal complex linear
bounded functionals on A. The canonical identification between A and
(B1(H)/A⊥)∗ is given by, A � x �→ ζx ∈ (B1(H)/A⊥)∗ where ζx ([ρ]) ≡
tr(ρx). Moreover, an element [ρ] of B1(H)/A⊥ is canonically associated
with φ[ρ] in �A where φ[ρ](x) ≡ tr(ρx), x ∈ A.

(ii) Furthermore, we have Ah,∗ ∼= Bs.a.
1 (H)/A⊥

h
∼= �Ah , where �Ah denotes

the space of all real linear normal bounded functionals on Ah. The iden-
tification between [ρ]h and its counterpart ϕ[ρ]h (say) in �Ah is given by,
ϕ[ρ]h = tr(ρx), x ∈ Ah.

Proof:
Part (i) is the exercise (0.4.6) in page 14 of [124] and the proof is omitted. We
prove (ii) as an application of (i). Let us consider ψ : Ah → (Bs.a.

1 (H)/A⊥
h )∗

defined by, ψ(x)([ρ]h) = tr(ρx), ρ ∈ Bs.a.
1 (H)/A⊥

h , x ∈ Ah ; which is clearly
well-defined, linear and one-to-one. To see the surjectivity of ψ , it is enough
to note that given ϑ ∈ (Bs.a.

1 (H)/A⊥
h )∗, we can extend it to ϑ̂ ∈ (B1(H)/A⊥)∗

by defining ϑ̂([ρ]) = ϑ([Re(ρ)]h) + iϑ([Im(ρ)]h) and by (i), there is an
x ∈ A such that ϑ̂([ρ]) = tr(ρx) for all ρ. Thus, ϑ([ρ]h) = ϑ̂([ρ]) =
tr(ρRe(x)) + i tr(ρIm(x)) for ρ ∈ Bs.a.

1 (H); and since ϑ([ρ]h) is real, we
must have that ϑ([ρ]h) = tr(ρRe(x)) = ψ(Re(x))([ρ]h). Now we observe that
for a positive ρ ∈ B1(H), ϕ[ρ] (as defined in the statement of (i)) is a posi-
tive linear normal functional on A, and hence ||[ρ]h || = ||[ρ]|| = ||ϕ[ρ]|| =
ϕ[ρ](1) = tr(ρ). We have |ψ(x)([ρ]h)| ≤ ||x ||||[ρ]h ||, hence ||ψ(x)|| ≤ ||x ||.
On the other hand, for any self-adjoint x , ||x || = supu∈h,||u||=1|〈u, xu〉| =
supu∈h,||u||=1|tr(ρu x)| = supu∈h,||u||=1|ψ(x)([ρu]h)| ≤ supu∈h,||u||=1||ψ(x)|| ·
||[ρu]h || = ||ψ(x)|| (where 〈·, ·〉 denotes the inner product in h and ρu denotes
the rank-one operator |u >< u|). Thus, ||x || ≤ ||ψ(x)|| also, proving that
||x || = ||ψ(x)||.

The assertion that [ρ]h �→ ϕ[ρ]h is an isometric isomorphism is a straight-
forward consequence of (i), after noting that any α ∈ �Ah can be extended to
α̂ defined by α̂(x) = α(Re(x))+ iα(Im(x)) for x ∈ A and it is straightforward
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to prove that ||α̂|| = ||α||. In fact, ϕ̂[ρ]h = ϕ[ρ], and ||[ρ]h || = ||[ρ]||, which
completes the proof by invoking (i). �

Let us fix some more notational convention which will be useful later on.
For Hilbert spaces Hi and von Neumann algebras Ai contained in B(Hi )

(i = 1, 2), and a linear map T : Bs.a.
1 (Hi ) → Bs.a.

1 (H j ) (i, j ∈ (1, 2)),
we shall say that T induces a map T̃ : Bs.a.

1 (Hi )/Ai
⊥
h → Bs.a.

1 (H j )/A j
⊥
h

if TAi
⊥
h ⊆ A j

⊥
h ; and in such a case we define T̃ by T̃ ([ρ]h) = [Tρ]h .

Upto a canonical identification, T̃ will give rise to a map from �Ai h to �A j h
which we shall denote by the same notation as T̃ . For [ρ]h ∈ Bs.a.

1 (H) and
x ∈ Ah , [ρ]h �→ tr([ρ]h x) ≡ tr(ρx) is a class-map. We say [ρ]h to be pos-
itive if tr([ρ]h x) ≥ 0 for all positive x ∈ Ah . It has already been noted in
the proof of the previous proposition that for positive ρ, [ρ]h is also positive,
and ||[ρ]h || = tr(ρ) = ||ρ||1. Conversely, if [ρ]h is positive, then the associ-
ated functional ϕ[ρ] in �A is positive and hence there exists a positive ρ0 such
that tr(ρx) ≡ ϕ[ρ](x) = tr(ρ0x) for all x ∈ A; which in particular implies
[ρ]h = [ρ0]h . Thus, ||[ρ]h || = ||[ρ0]h || = tr(ρ0)= tr(ρ). This observation will
be useful and let us summarize it in the following manner.

Lemma 2.1.12 [ρ]h is positive if and only if there exists a positive ρ0 ∈ [ρ]h;
and in such a case, ||[ρ]h || = tr(ρ) = tr(ρ0).

We also have the following lemma.

Lemma 2.1.13 For two positive elements [ρ]h and [σ ]h ∈ Bs.a.
1 (H)/A⊥

h ,
||[ρ]h + [σ ]h || = ||[ρ]h || + ||[σ ]h ||.
Proof:
It is immediate from the previous lemma since [ρ + σ ]h = [ρ]h + [σ ]h , which
is clearly positive; and thus ||[ρ + σ ]h || = tr(ρ + σ). �

Let us mention without proof a noncommutative analogue of the well-known
Hahn decomposition for signed measures. We refer to [125] (Theorem 4.2 (ii)
of page 140) for the proof.

Proposition 2.1.14 Given ρ ∈ Bs.a.
1 (H), it is possible to find two positive ele-

ments ρ1, ρ2 (not necessarily the positive and negative parts of ρ) in Bs.a.
1 (H)

such that

[ρ]h = [ρ1]h − [ρ2]h, ‖[ρ]h‖ = ‖[ρ1]h‖ + ‖[ρ2]h‖.
Let us conclude our preliminary discussion on von Neumann algebras with a
brief account of densely defined normal traces. We have already introduced the
concept of a semifinite, faithful, positive trace on a C∗-algebra. However, for
von Neumann algebras, the natural topology is the ultra-weak topology, and
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thus we take the following definition of a normal, semifinite, faithful, positive
trace on a von Neumann algebra.

Definition 2.1.15 Let A be a von Neumann algebra and A+ be the set of its
positive elements. A map τ : A+ → [0,∞] is called a normal, semifinite,
faithful, positive trace on A if:

(i) τ(a + b) = τ(a) + τ(b), τ (λa) = λτ(a) and τ(a∗a) = τ(aa∗) for all
a, b ∈ A+, λ ∈ R+;

(ii) {a ∈ A : τ(a∗a) < ∞} is dense in A with respect to the ultra-weak
topology;

(iii) τ(a∗a) = 0 if and only if a = 0; and
(iv) given any nondecreasing net aα of positive elements of A, such that aα ↑ a,

we have τ(a) = supα τ(aα).

There exists an analogue of Proposition 2.1.3 for a normal semifinite faith-
ful positive trace τ on A, with the additional feature of π being normal. The
associated Hilbert space is denoted by L2(A, τ ) or simply L2(τ ). Taking anal-
ogy from classical measure theory, one denotes A by L∞(A, τ ) or L∞(τ ) for
short. In fact, this analogy can be carried much farther, leading to a beautiful
theory of noncommutative L p spaces associated with τ , denoted by L p(A, τ )

(or simply L p(τ )) for 1 ≤ p ≤ ∞, which share many of the properties of their
classical counterparts. We, however, do not go into the details of it, and refer
the reader to [96] and [115]. We remark that in particular an exact analogue
of the classical Hölder inequality is valid for such noncommutative L p spaces,
which we shall need later on.

2.1.3 Group actions on C∗ and von Neumann algebras

Let A be a unital C∗-algebra, Aut(A) be the group of automorphisms of A and
G be a locally compact group such that g �→ αg is a strongly continuous action,
taking values in Aut(A) (strong continuity refers to the norm-continuity of the
map G � g �→ αg(x) ∈ A for each fixed x ∈ A). Let µ be a fixed left Haar
measure on G, and δ(g) be the corresponding modular function. We define the
following multiplication • and involution ∗ on the set Cc(G,A) of compactly
supported continuous functions from G to A:

( f1 • f2)(g) =
∫

f1(h)αh( f2(h−1g))µ(dh),

( f ∗)(g) = δ(g)−1αg( f (g−1)∗);
for f1, f2, f ∈ Cc(G,A), g ∈ G. Given a ∗-representation π of A in B(H),
where H is a Hilbert space, and a strongly continuous unitary representation
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g �→ Ug of G in H (where strong continuity means that for each vector ξ ∈ H,
g �→ Ugξ is continuous), we say that (π,U ) is a covariant representation of A
(with respect to the given action α) if π(αg(x)) = Ugπ(x)U∗

g for all x ∈ A,

g ∈ G. For any covariant representation (π,U ), we define a ∗-homomorphism
π̃ of Cc(G,A) (with the ∗-algebraic structure defined above) to B(H) as
follows:

π̃( f ) =
∫

π( f (g))Ugµ(dg), f ∈ Cc(G,A).

Definition 2.1.16 The crossed product A >�αG (α may be omitted if under-
stood from the context) is defined to be the completion of Cc(G,A) with
respect to the norm given by ‖ f ‖ := sup{‖π̃( f )‖}, where the supremum is
taken over all possible covariant representation (π,U ).

Clearly, the above crossed product is a C∗-algebra, with the extension of the
multiplication and involution of Cc(G,A) by continuity. One has the following
proposition.

Proposition 2.1.17 Given any ∗-representation ρ of A > �α G in B(K)

for some Hilbert space K, there is a covariant representation (π,U ) of A in
the same Hilbert space such that ρ = π̃ .

Now, let us fix some faithful imbedding of A in B(H) for some Hilbert space
H and let H̃ = L2(G, µ) ⊗ H. There is a canonical covariant representation
(π,U ) of A in H̃ which is defined on the dense set Cc(G,H) ⊂ H̃ by the
following:

(π(a)ξ)(g1) = αg−1
1
(a)ξ(g1), (Ugξ)(g1) = ξ(g−1g1),

for g, g1 ∈ G, a ∈ A, ξ ∈ Cc(G,H). This induces a ∗-representation π̃ of
A >�αG into B(H̃), and we define the image C∗-algebra π̃(A >�αG) to be
the reduced crossed product and denote it by A >�α,r G. This algebra actually
does not depend on which H we choose to embed A, and it is isomorphic
with the crossed product A >�αG (called sometimes the full crossed product)
whenever G is amenable (that is, there is a left-invariant state, called a left-
invariant mean, on L∞(G)). For the details of this topic, including the results
on the duality of crossed product, the reader is referred to [28] and [105] and
the references cited in those books.

We say that the action α of G on a unital C∗-algebra A is ergodic if αg(a) =
a for all g ∈ G implies a is a constant multiple of 1. There is a considerable
amount of literature devoted to the study of ergodic action of compact groups,
and we shall quote one interesting result which will be useful for us.
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Proposition 2.1.18 Let G be a compact group acting ergodically on a unital
C∗-algebra A. Then there is a set of elements {tπi j , π ∈ Ĝ, i = 1, . . . , nπ , j =
1, . . . ,mπ } of A, where Ĝ is the set of irreducible representation of G, nπ is
the dimension of the representation space of the irreducible representation π ,
mπ ≤ nπ is a natural number, such that the followings hold.

(i) There is a unique faithful G-invariant state τ on A, which is in fact a
trace.

(ii) The linear span of {tπi j } is norm-dense in A.
(iii) {tπi j } is an orthonormal basis of H := L2(A, τ ).
(iv) The action αg of G coincides with the irreducible representation π on

the nπ -dimensional vector space Hπ
j spanned by {tπi j , i = 1, . . . , nπ } for

each fixed j and π .
(v)
∑

i=1,...,nπ
(tπi j )

∗tπik = δ jknπ1, where δ jk denotes the Kronecker delta sym-
bol. Thus, in particular, ‖tπi j‖ ≤

√
nπ for all π, i, j .

The proof can be obtained by combining the results of [9], [67] and [116].
Let us now move on to the von Neumann algebra case. If A ⊆ B(H) is a von

Neumann algebra, and g �→ Ug is a strongly continuous unitary representation
in H of a locally compact group G, then we can define an action αg of G on A
by αg(x) = UgxU∗

g , and we define the crossed product von Neumann algebra
A >�αG to be the weak closure of the algebraic linear span of the operators
(a ⊗ 1), a ∈ A and Ug ⊗ Lg, g ∈ G in B(H ⊗ L2(G)) (where Lg denotes
the left regular representation of G in L2(G)). In fact, this von Neumann alge-
bra is spatially isomorphic with the more conventional definition of the crossed
product, namely the weak closure of the algebraic linear span of the operators
(1 ⊗ Lg), g ∈ G and α̃(a), a ∈ A, where (α̃(a)ξ)(g) = α−1

g (a)ξ(g), for
ξ ∈ H ⊗ L2(G) ≡ L2(G,H). If the group G is amenable, it can be shown
that given any normal covariant representation (π, V ) (a normal covariant rep-
resentation is defined essentially in the same way as in case of C∗-algebras,
only with the additional assumption of normality of π ) in some Hilbert space
K, there is a normal representation π̃ of the crossed product von Neumann
algebra in K satisfying π̃(a ⊗ 1) = π(a), π̃(Ug ⊗ Lg) = Vg .

It is interesting and important to know when A >�αG is isomorphic with the
von Neumann subalgebra {a,Ug : a ∈ A, g ∈ G}′′ of B(H). Let us mention
one general result (due to Haga, [64]), in this direction.

Proposition 2.1.19 Let us denote by π : A → A >�αG the representation
π(a) = a ⊗ 1, and let π(A)′ be the commutant of the image of π in B(H ⊗
L2(G)). If we have (A >�αG)∩(π(A))′ ⊆ π(A), then A >�αG is isomorphic
with the weak closure of A and {Ug, g ∈ G} in B(H).
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Let now A0 be a unital C∗-algebra equipped with an ergodic action of a com-
pact group G, and let H = L2(A0, τ ), where τ is the unique invariant faithful
trace described in Proposition 8.1.18. Denoting by Ā the weak closure of A0

in B(H), we have the following result.

Theorem 2.1.20 Let Ug be the unitary in H induced by the action of G, that
is, on the dense set A0 ⊆ H, Ug(a) := αg(a), where αg denotes the G-action
on A0. Denoting also by α the extended action g �→ Ug.U∗

g on Ā, we have
that Ā >�αG is isomorphic with the von Neumann algebra generated by Ā
and Ug, g ∈ G.

Proof:
We shall use the notation of the Proposition 8.1.18, replacing A by A0. The
crossed product von Neumann algebra C := Ā >�G is by definition the von
Neumann algebra generated by {(tπi j⊗1), π, i, j; (Ug⊗Lg), g ∈ G} in L2(τ )⊗
L2(G), where Lg is the left regular representation of G in L2(G). Let ρ be the
normal ∗-homomorphism from C onto {Ā,Ug, g ∈ G}′′ ⊆ B(L2(τ )) which
satisfies ρ(tπi j ⊗1) = tπi j and ρ(Ug⊗ Lg) = Ug . We have to show that this is an
isomorphism, that is, the kernel of ρ is trivial. Clearly, the set of elements of the
form

∑
cπ i j tπi j Ugπ i j (finitely many terms), with cπ i j ∈ C; gπ i j ∈ G is dense

with respect to the strong-operator topology in {Ā,Ug, g ∈ G}′′. Similarly,
the set of elements of the form

∑
cπ i j (tπi j ⊗ 1)(Ugπ i j ⊗ Lgπ i j ) (finitely many

terms) will be strongly dense in C. Now, let I ≡ {X ∈ C : ρ(X) = 0}. We need
to show that I = {0}. Let X ∈ I and let X p =∑ c(p)

π i j (t
π
i j ⊗ 1)(Ug(p)

π i j
⊗ Lg(p)

π i j )

be a net (indexed by p) of elements from the above dense algebra such that
X p converges strongly to X . Hence we have,

∑ |c(p)
π i j |2 = ‖ρ(X p)(1)‖2 → 0.

This implies that for any φ ∈ L2(G), ‖X p(1⊗φ)‖2 =∑ |c(p)
π i j |2‖Lg(p)

π i j
φ‖2 ≤

‖φ‖2∑ |c(p)
π i j |2 → 0, which proves that X (1 ⊗ φ) = 0 for every X ∈ I. But

since I is an ideal in C, this shows that for a ∈ A, X (a⊗φ) = (X (a⊗1))(1⊗
φ) = 0, and by the fact that {a⊗φ : a ∈ A, φ ∈ L2(G)} is total in H⊗ L2(G)

we conclude that I = {0}. �

From this follows the immediate corollary.

Corollary 2.1.21 Suppose that G is a compact group acting transitively on
a compact Hausdorff topological space X and let µ be a G-invariant Borel
measure on X, and let H = L2(X, µ),A = L∞(X, µ) ⊆ B(H). Let Ug, g ∈
G be the unitary operator on H induced by the G-action on X. Then A >�αG
is isomorphic with the von Neumann algebra generated by {A,Ug, g ∈ G}.



20 Preliminaries

2.2 Completely positive maps

Let us consider two unital ∗-algebras A and B and a linear map T : A → B.
Recall that T is said to be positive if it takes positive elements of A to positive
elements of B. It is clear that a positive map is ‘real’ in the sense that it takes
a self-adjoint element into a self-adjoint element. Given any such positive map
T , it is natural to consider Tn ≡ T ⊗ Id : A ⊗Mn → B ⊗Mn where Mn

denotes the algebra of n×n complex matrices. A natural question which arises
is the following:
is Tn a positive map for each n ?
The answer to this question is negative, as the following simple example illus-
trates.

Example 2.2.1 Let A be M2, the algebra of 2 × 2 complex matrices, and
T : A→ A be the map given by T (X) = X ′, where ′ denotes transpose. That
is, (i, j)th element of T (X) is the ( j, i)th element of X. Clearly, T (X∗X) =
X
∗

X ≥ 0, where the (i, j)th element of X is the complex conjugate of (i, j)th
element of X. Hence T is positive. We claim that T is not 2-positive. Take

X1 =
(

1 0
i 0

)
, X2 =

(
0 0
1 1

)
. Consider the element of M2 ⊗M2 given

by the block matrix of the form X =
(

X∗1 X1 X∗1 X2

X∗2 X1 X∗2 X1

)
. Clearly X is positive

in M2⊗M2 ∼=M4. But by a simple computation it can be verified that T (X)

is the 4× 4 matrix ⎛⎜⎜⎝
2 0 −i 0
0 0 −i 0
i i 1 1
0 0 1 1

⎞⎟⎟⎠ ,

which is not positive since its determinant = −2 < 0.

We say that T is n-positive if Tk is positive for all k ≤ n, but not necessarily
for k = n + 1. T is said to be completely positive (CP for short) if it is
n-positive for each n. The role of positivity in classical probability is played
by complete positivity in the quantum theory. Let us now formulate the notion
of complete positivity in a slightly different but convenient language, namely
that of positive definite kernels. For this purpose, we first need a few definitions
and facts. For a set X and a Hilbert space H, a map K : X × X → B(H) is
called a kernel. The set of all kernels is a vector space, denoted by K (X;H).

Definition 2.2.2 A kernel K in K (X;H) is said to be positive definite if for
each positive integer n and each choice of vectors u1, . . . , un in H and elements
x1, . . . , xn ∈ X, one has

∑n
i, j=1〈K (xi , x j )u j , ui 〉 ≥ 0.
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Definition 2.2.3 Kolmogorov decomposition
Let K ∈ K (X;H). Let HV be a Hilbert space and V : X → B(H,HV ) be
a map such that K (x, y) = V (x)∗V (y) for all x, y ∈ X . Then (V,HV ) is
said to be a Kolmogorov decomposition of K . It is said to be minimal if the
set {V (x)u : x ∈ X, u ∈ H} is total in HV . Two Kolmogorov decompositions
(V,HV ) and (V ′,HV ′) are said to be equivalent if there exists a unitary U :
HV → HV ′ such that V ′(x) = U V (x) for all x ∈ X .

Let us now prove that any positive definite kernel admits a canonical minimal
Kolmogorov decomposition. Let F0 = F0(X;H) denote the vector space of
H-valued functions on X having finite support and let F = F(X;H) denote
the vector space of all H-valued functions on X . We identify F with a subspace
of the algebraic dual F ′0 of F0 by defining for p ∈ F the functional 〈p, .〉 on
F0 given by

〈p, f 〉 =
∑
x∈X

〈p(x), f (x)〉

for f ∈ F0; where the summation is actually over a finite set since f has
finite support. Given K ∈ K (X;H) we define an associated operator K̃ :
F0(X;H)→ F(X;H) by

(K̃ f )(x) =
∑
y∈X

K (x, y) f (y).

Then it is possible to verify that K is positive if and only if 〈K̃ f, f 〉 ≥ 0 for all
f ∈ F0(X;H).

Lemma 2.2.4 Let V be a vector space, V ′ be its algebraic dual, with the pair-
ing V ′ × V → C written as v ′, v �→ 〈v ′, v〉. Let A : V → V ′ be a linear map
such that 〈Av, v〉 ≥ 0 for all v ∈ V . Then there exists a well defined inner
product on the image space AV given by, 〈Av1, Av2〉 = 〈Av1, v2〉.
Proof:
The sesquilinear form v1, v2 �→ a(v1, v2) ≡ 〈Av1, v2〉 is nonnegative, so that
by Schwarz’s inequality one obtains

|〈Av1, v2〉|2 ≤ 〈Av1, v1〉〈Av2, v2〉.
It follows that the set VA ≡ {v ∈ V : 〈Av, v〉 = 0} coincides with Ker A
and the natural projection π : V → V/Ker A carries the form a(·, ·) into
an inner product 〈., .〉A on V/Ker A given by, 〈π(v1), π(v2)〉A = a(v1, v2).
The vector space isomorphism A′ : V/Ker A → AV given by A′π = A
carries the inner product 〈., .〉A into an inner product 〈., .〉 on AV given by,
〈Av1, Av2〉 = 〈A′π(v1), A′π(v2)〉 = 〈π(v1), π(v2)〉A = 〈Av1, v2〉. �

We now prove the existence and uniqueness for a minimal Kolmogorov
decomposition in a few steps.
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Theorem 2.2.5 Given a positive definite kernel K ∈ K (X;H), there exists a
unique Hilbert space R(K ) of H-valued functions on X such that:

(i) R(K ) is the closed linear span of {K (·, x)u; x ∈ X, u ∈ H};
(ii) 〈 f (x), u〉 = 〈 f, K (·, x)u〉 for all f ∈ R(K ), x ∈ X and u ∈ H.

Proof:
Since K is positive definite, the associated operator K̃ satisfies the hypothesis
of Lemma 2.2.4, so that we obtain an inner product 〈., .〉 on K̃ F0 and let us
denote by K̃ F0 the completion of K̃ F0 with respect to the norm inherited from
this inner product, and identify K̃ F0 with a dense subset of K̃ F0. For each
x ∈ X and u ∈ H, define the function ux in F0 by setting ux (y) = u if
y = x and 0 otherwise. Clearly, (K̃ ux )(y) = K (y, x)u. Define Kx on H by
setting Kx u = K̃ ux for all x ∈ X, u ∈ H. Then ‖Kx u‖ ≤ ‖K (x, x)‖ 1

2 .‖u‖;
and hence Kx is a bounded linear map. A straightforward calculation shows
that on K̃ F0 we have K ∗

x f = f (x). The mapping from K̃ F0 into the space
of all H-valued functions on X which sends f into the function x �→ K ∗

x f
is linear, injective and compatible with the identification of K̃ F0 with a dense
subset of K̃ F0. Thus we regard K̃ F0 as a Hilbert space R(K ) consisting of
H-valued functions on X . We have already proved that R(K ) satisfies (i) and
(ii). Uniqueness of R(K ) is proved by standard arguments. �

Definition 2.2.6 R(K ) in the above theorem is called the reproducing kernel
Hilbert space for K .

Now we can prove the following theorem.

Theorem 2.2.7 A kernel K is positive definite if and only if it admits a minimal
Kolmogorov decomposition. Moreover, any two minimal Kolmogorov decom-
positions for the same kernel are equivalent.

Proof:
The ‘if part’ of the first statement is trivial; for the ‘only if’ part we take
HV = R(K ) and V (x) = Kx : H → R(K ) as in the proof of Lemma
2.2.4, noting that (V,HV ) is minimal by (i) of that result. To prove the second
part of the present theorem, let us assume that (V1,HV1) and (V2,HV2) are two
minimal Kolmogorov decompositions for the same kernel K . Define a unitary
U : HV1 → HV2 by setting U (V1(x)u) = V2(x)u and extend it by linearity
and density to the whole of HV1 . It is clear that U is well defined and unitary.

�

Let us now come back to complete positivity and deduce the fundamental
theorem of Stinespring. Let us fix a Hilbert space H and a unital ∗-subalgebra
A of B(H).
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Theorem 2.2.8 Let T be a linear map from A into B(H). Define an associated
kernel KT : A×A→ B(H) given by, KT (x, y) = T (x∗y) for x, y ∈ A. Then
T is completely positive (CP) if and only if KT is positive definite.

Proof:
For u1, . . . , un ∈ h and x1, . . . , xn ∈ A,

∑
i, j 〈KT (xi , x j )u j , ui 〉 = 〈Tn(X)

ũ, ũ〉, where X denotes the element in A ⊗ Mn ≡ Mn(A) given by the
A-valued n × n matrix ((x∗i x j )), Tn denotes the map T ⊗ IMn and ũ denotes
the vector u1 ⊕ u2 ⊕ · · · ⊕ un in h ⊕ · · · ⊕ h. Since by our choice X ≥ 0 as an
element of A⊗Mn , it is clear that positivity of Tn for each n is equivalent to
the positive definiteness of KT . �

Theorem 2.2.9 (Stinespring’s theorem)
A linear map T : A → B(H) is CP if and only if there is a triple (K, π, V )

consisting of a Hilbert space K, a unital ∗-homomorphism π : A→ B(K) and
V ∈ B(H,K) such that T (x) = V ∗π(x)V for all x ∈A, and {π(x)V u : u ∈ h,
x ∈ A} is total in K. Such a triple, to be called the ‘Stinespring triple’ asso-
ciated with T , is unique in the sense that if (K′, π ′, V ′) is another such triple,
then there is a unitary operator � : K → K′ such that π ′(x) = �π(x)�∗ and
V ′ = �V . Furthermore, if A is a von Neumann algebra and T is normal, π
can be chosen to be normal.

Proof:
Let (λ,K) be the minimal Kolmogorov decomposition for the kernel KT

defined in the statement of Theorem 2.2.8. For x ∈ A, define a map π(x)
on the linear span of vectors λ(y)u by setting π(x)(λ(y)u) = λ(xy)u, and by
extending linearly. The complete positivity of T enables us to verify that indeed
π(x) is well defined and one has∥∥∥∥∥π(x)

( n∑
i=1

λ(xi )ui

)∥∥∥∥∥
2

≤ ‖x‖2

∥∥∥∥∥
n∑

i=1

λ(xi )ui

∥∥∥∥∥
2

for any finite collection x1, . . . , xn of elements of A and u1, . . . , un in H. Thus,
π(x) extends as a bounded linear map on the whole of K and it is also clear that
π : A → B(K) is a ∗-homomorphism. To complete the proof of the existence
part, we choose V = λ(1) and note that T (x) = λ(1)∗λ(x) = V ∗π(x)V . The
proof of uniqueness is straightforward and omitted.

In case A is a von Neumann algebra and T is normal, let us prove the nor-
mality of π . Let 0 ≤ xα ↑ x where xα is a net of elements in A and x ∈ A. Note
that normality of T implies its ultra-weak continuity, which coincides with the
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weak continuity on norm-bounded convex sets. Thus, for y, z ∈ A, u, v ∈ H,
we have

〈π(xα)(λ(y)u), λ(z)v〉 = 〈u, T (y∗xαz)v〉

→ 〈u, T (y∗xz)v〉 = 〈π(x)(λ(y)u), λ(z)v〉.
Here, we have used the fact that xα is a bounded net and hence so is the net
y∗xαz. Thus, for any vector ξ which is a finite linear combination of vectors
of the form λ(y)u, y ∈ A, u ∈ H, we have that 〈π(xα)ξ, ξ 〉 converges to
〈π(x)ξ, ξ 〉. Since the net π(xα) is norm-bounded, this holds for all ξ in K.
Hence π is normal. �

Corollary 2.2.10 Given any normal CP map T : B(H) → B(H), with H
separable, there exist elements Rn, n = 1, 2, . . . of B(H) such that T has the
form

T (x) =
∑

n

R∗n x Rn,

where the sum converges strongly.

Proof:
The proof is a simple application of the Theorem 2.2.9 combined with the result
about the structure of normal ∗-homomorphism of B(H), which implies that
the Hilbert space K obtained by the Theorem 2.2.9 is of the form K = H ⊗ k
for some separable k, and π in that theorem can be taken to be π(x) = U∗(x⊗
1k)U, where U is a unitary. We choose R = U V, where V is as in Theorem
2.2.9, and also choose orthonormal bases { fi }, {en} of H and k respectively.
By defining Rn to be the unique bounded operator satisfying 〈u, Rnv〉 = 〈(u⊗
en), Rv〉, (u, v ∈ H), we have for x ∈ B(H),

〈u, T (x)v〉
= 〈Ru, (x ⊗ 1)Rv〉
=
∑
i,n

〈Ru, fi ⊗ en〉〈 fi ⊗ en, (x ⊗ 1)Rv〉

=
∑
i,n

〈Rnu, fi 〉〈 fi , x Rnv〉

=
∑

n

〈Rnu, x Rnv〉.

Thus,
∑

n R∗n x Rn converges weakly. To show strong convergence as claimed,
let us first note that

∑
n R∗n Rn is weakly convergent to the bounded operator

R∗R. Clearly, for any n ≥ m ≥ 1,
∑n

k=m R∗k Rk ≤ R∗R, hence ‖∑n
m R∗k Rk‖
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≤ ‖R∗R‖ = ‖R‖2. Now, we observe that by Cauchy–Schwarz inequality∣∣∣∣∣
〈

u,

( n∑
m

R∗k x Rk

)
v

〉∣∣∣∣∣
≤
( n∑

m

‖Rku‖2

) 1
2
( n∑

m

‖x Rkv‖2

) 1
2

=
( n∑

m

〈u, R∗k Rku〉
) 1

2
( n∑

m

〈v, R∗k x∗x Rkv〉
) 1

2

≤ ‖u‖‖R‖
( n∑

m

〈v, R∗k x∗x Rkv〉
) 1

2

.

Taking supremum over u with ‖u‖ = 1, we get∥∥∥∥∥
( n∑

k=m

R∗k x Rk

)
v

∥∥∥∥∥ ≤ ‖R‖
( n∑

m

〈v, R∗k x∗x Rkv〉
) 1

2

,

which goes to 0 as m, n →∞, since
∑

k R∗k x∗x Rk is weakly convergent.
�

Let us prove here a version of Cauchy–Schwarz inequality for CP maps.

Corollary 2.2.11 Let T : A → B(H) be a CP map as in the Theorem 2.2.9.
Then we have the following operator inequality:

T (a)∗T (a) ≤ ‖T (1)‖T (a∗a) for alla ∈ A.

Proof:
Let (K, π, V ) be the triple obtained by the Theorem 2.2.9. Since T (1) = V ∗V,

it is clear that ‖T (1)‖ = ‖V ‖2 = ‖V V ∗‖. Now, for a ∈ A, we have

T (a)∗T (a)

= V ∗π(a) ∗ V V ∗π(a)V
≤ ‖V V ∗‖V ∗π(a)∗π(a)V
= ‖T (1)‖V ∗π(a∗a)V
= ‖T (1)‖T (a∗a).

�

We now prove a result (see also [45]) which shows that the distinction
between positivity and complete positivity appears only for noncommutative
algebras.
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Theorem 2.2.12 If A is a commutative C∗-algebra and B is any C∗-algebra,
then any positive map from A to B is automatically CP. Similar statement holds
for any positive map from B to A.

Proof:
Without loss of generality we assume that A and B are unital, and thus A is
of the form C(X) for some compact Hausdorff space X . We also assume that
B ⊆ B(H) for some Hilbert space H. Let T be a positive map from A to B.
Since for any fixed u, v ∈ H, the map C(X) ∈ f �→ 〈u, T ( f )v〉 ∈ C is a
continuous linear functional, by the well-known Riesz’ representation theorem
there is a regular Borel signed measure µ(u,v) on X such that 〈u, T ( f )v〉 =∫

f dµ(u,v). Clearly, the positivity of T implies that µ(u,u) is nonnegative mea-
sure for any u, and furthermore, for any u1, . . . , un ∈ H and any measurable
subset � of X , the n × n matrix ((µ(ui ,u j )(�)))i j is positive definite, which
in particular implies that |µ(ui ,u j )(�)| ≤ µ(�) := ∑n

k=1 µ(uk ,uk )(�). Thus,
each µ(ui ,u j ) is absolutely continuous with respect to µ, and if gi j denotes
the associated Radon–Nikodym derivative dµ(ui ,u j )/dµ, then the positive def-
initeness of ((µ(ui ,u j )(�)))i j for each measurable � implies that gi j can be
chosen so that ((gi j (·)))i j is µ-a.e. positive definite. Now, let fi j be elements
of C(X) such that (( fi j (x)))i j=1,...,n is positive definite for all x . Since the
Schur product of two positive definite matrices with complex entries is again
positive definite, we have that (( fi j (·)gi j (·))) is µ-a.e. positive definite, hence
the positive definiteness of ((〈ui , T ( fi j )u j 〉)) = ((

∫
fi j gi j dµ)) follows. This

is enough to prove the complete positivity of T .
Now, let S : B → C(X) be a positive map. We want to show that S is CP.

For each x ∈ X , the map Tx : B → C defined by Tx (b) = T (b)(x) is clearly
a positive linear functional. So, by the GNS Theorem there is a Hilbert space
Hx , a vector ξx ∈ Hx and a ∗-homomorphism πx : B → B(Hx ) such that
Tx (b) = 〈ξx , πx (b)ξx 〉 for all b ∈ B. From this it follows that Tx is CP for each
x . Hence for A ≡ ((ai j )) ∈ Mn(C) ⊗ B, ((T (ai j )(x))) is positive definite for
each x , which means that ((T (ai j ))) is a positive element of Mn(C)⊗C(X) ≡
C(X, Mn(C)). This completes the proof. �

2.3 Semigroups of linear maps on locally convex spaces

2.3.1 Some general theory

In this brief subsection, we mention a few standard and useful results from
the theory of one-parameter semigroups of continuous linear maps acting on
a locally convex topological vector space. For a more elaborate account and
proofs, the reader may be referred to [130] and other references cited in
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appropriate places. Let X be a locally convex, sequentially complete, linear
topological space and (Tt )t≥0 be a one-parameter family of continuous linear
operators from X to itself satisfying Tt Ts = Tt+s, T0 = I, and limt→t0 Tt x =
Tt0 x for all x ∈ X and t0 ≥ 0. Such a family is called a one-parameter semi-
group of class C0 (or strongly continuous) of operators on X . The family Tt is
called equi-continuous if given any continuous seminorm p on X , there exists
a continuous seminorm q on X such that p(Tt x) ≤ q(x) for all t ≥ 0 and
x ∈ X . If X is Banach space and t �→ Tt is continuous in map-norm, that is,
limt→t0 ‖Tt − Tt0‖ = 0, then we say that Tt is uniformly continuous or norm-
continuous. It can be proved that Tt is uniformly continuous if and only if there
exists L ∈ B(X) such that Tt = et L for all t . Given an equi-continuous semi-
group of class C0 on X , we define a linear operator A on X , called the genera-
tor of Tt , with the domain Dom(A) = {x ∈ X : limt→0+(Tt x − x)/t exists},
given by Ax = limt→0+(Tt x − x)/t for x ∈ Dom(A). It is a remarkable fact
that Dom(A) is dense and A is closed. Furthermore, for any x ∈ Dom(A), Tt x
also belongs to Dom(A) for all t ≥ 0 and ATt x = Tt Ax . The following theo-
rem due to Hille and Yosida characterizes generators of equi-continuous semi-
groups of class C0.

Theorem 2.3.1 A closed linear operator A on X with dense domain is the
generator of an equi-continuous semigroup of class C0 if and only if for every
positive integer n, (nI − A)−1 exists as a bounded operator and the family of
operators {(I − n−1 A)−m}n=1,2,...; m=0,1,2,... is equi-continuous.

Specializing to Banach spaces, the above equi-continuity translates into the
existence of a positive constant C satisfying ‖(I−n−1 A)−m‖ ≤ C for all n,m;
and furthermore that A is the generator of a contraction semigroup (that is, each
Tt is a contraction) if and only if ‖(I − n−1 A)−1‖ ≤ 1 for all n = 1, 2, . . ..

We now mention a useful characterization of the domain of the generator of
a contraction semigroup acting on the dual of a Banach space.

Proposition 2.3.2 Let X be a Banach space and (Tt )t≥0 be a C0-semigroup of
contractions on the dual space X∗ of X, and assume furthermore that each Tt

is weak-∗ continuous. Then the domain of the generator, say L, of (Tt )t≥0 (with
respect to the norm-topology of X∗) is given by

Dom(L) = {ρ ∈ X∗ : liminft↓0 t−1‖Tt (ρ)− ρ)‖ <∞}.
Convergence of semigroups is an important problem in the theory of semi-
groups and in this context, we state the following result.

Proposition 2.3.3 Let X be a locally convex, sequentially complete, complex
linear space and for each n = 1, 2, . . . let (T (n)

t )t≥0 be an equi-continuous
semigroup of class C0 with generator An. Assume furthermore the following.
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(i) For any continuous seminorm p on X, there exists a continuous seminorm
q on X such that p(T (n)

t x) ≤ q(x) for all t ≥ 0, n = 1, 2, . . . and x ∈ X.
(ii) For some λ0 with Re(λ0) > 0, there exists an invertible operator J :

X → X such that the range of J is dense in X and J (x) = limn→∞(λ0−
An)

−1(x) x ∈ X. Then (λ0− J−1) is the generator of an equi-continuous
semigroup (Tt )t≥0 of class C0 satisfying Tt (x) = limn→∞ T (n)

t (x)x ∈
X and the above convergence is uniform over compact subintervals of
[0,∞).

In case X is a Banach space and T (n)
t , Tt are contraction semigroups, it is not

difficult to see that the following are equivalent.

(a) T (n)
t (x) converges (uniformly on compacts) to Tt (x).

(b) (λ − An)
−1(x) → (λ − A)−1(x) for all x as n → ∞ for some λ with

Re(λ) > 0, where An and A denote the generators of T (n)
t and Tt , respec-

tively.
(c) (λ− An)

−1(x)→ (λ− A)−1(x) for all x as n →∞ uniformly in λ over
compact subsets of the right half plane {λ : Re(λ) > 0}.

We shall note here the following useful results due to Chernoff.

Proposition 2.3.4 Let X be a Banach space, D be a dense subspace of X,
and Cn, n = 1, 2, . . . ,C be generators of C0-contraction semigroups T (n)

t , Tt

(respectively) on X such that D is contained in the domain of Cn for each n
and also of C. Furthermore, we assume that the closure of the restriction of C
on D coincides with C, and Cnu → Cu for all u ∈ D. Then T (n)

t → Tt in the
strong topology, uniformly on compact subsets of [0,∞).

Proposition 2.3.5 Let X be a Banach space and F : [0,∞) → B(X) be
a strongly continuous map such that F(t) is a contraction for every t ≥ 0
and F(0) = I . Suppose also that the closure of the strong derivative F ′(0)
generates a C0-contraction semigroup Tt . Then F( t

n )
n → Tt in the strong

topology, uniformly on compact subsets of [0,∞) as n →∞.

For the proof of the above propositions we refer the reader to [27].
For a locally convex, sequentially complete, linear topological space X , let

us denote by X∗ its dual, viewed naturally as a locally convex space. Given an
equi-continuous semigroup Tt of class C0 on X , it is natural to consider the
dual semigroup T ∗t on X∗. T ∗t will be equi-continuous but not in general of
class C0. It is of class C0 when X∗ is also sequentially complete.
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2.3.2 Some results on perturbation of semigroups

In this subsection we state without proofs some important and well-known
results from the theory of perturbation of semigroups. We refer the reader for
more details to the book by Kato [77]. We let X be a Banach space throughout
the discussion that follows.

Definition 2.3.6 Given two (possibly unbounded) linear operators T, A on X ,
we say that A is T-bounded (or, relatively bounded with respect to T ) if
Dom(T ) ⊆ Dom(A) and there are nonnegative constants a, b such that ‖Au‖ ≤
a‖u‖+b‖T u‖ for all u ∈ Dom(T ). The infimum over all choices of b as above
is defined to be the relative bound of A with respect to T .

Proposition 2.3.7 If H is a Hilbert space, T is a self-adjoint operator on H
and A is a symmetric operator which is T -bounded with the relative bound
strictly less than 1, then T + A is also self-adjoint.

Now, let us recall some notations from [77]. For positive constants M, β, we
shall denote by G(M, β) the set of all linear operators A on X such that A
generates a C0-semigroup Tt satisfying ‖Tt‖ ≤ Meβt for all t . For β real
and ω > 0, we shall denote by H(ω, β) the set of all densely defined closed
linear operators A on X with the property that for every ε > 0, there exists
a positive constant Mε such that for all complex number ξ with Re(ξ) > 0
and |arg(ξ)| ≤ π

2 + ω − ε, the operator (A − β − ξ) has a bounded inverse
and ‖(A − β − ξ)−1‖ ≤ Mε/|ξ |. The semigroups generated by elements of
H(ω, β) for some ω, β are called holomorphic semigroups. With this notation
and terminology, we have the following results.

Proposition 2.3.8 Let A, B ∈ G(1, 0) and B is A-bounded with the relative
bound less than 1

2 . Then A+ B ∈ G(1, 0). Furthermore, in case X is a Hilbert
space, the same result holds under the weaker condition that the relative bound
is less than 1.

Proposition 2.3.9 Let A, B ∈ G(1, 0) and Dom(A)∩Dom(B) be dense in X.
Suppose furthermore that A + B is closable and for sufficiently large real ξ ,
A + B − ξ has a dense range. Then the closure of A + B is in G(1, 0).

Proposition 2.3.10 Given A ∈ H(ω, β) and ε > 0, there are positive con-
stants γ, δ such that whenever B is A-bounded and ‖Bu‖ ≤ a‖u‖ + b‖Au‖
for all u ∈ Dom(A), with a < δ, b < δ, then we have A + B ∈ H(ω − ε, γ ).
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2.4 Fock spaces and Weyl operators

In this brief section, we recall some well-known facts about Fock spaces. For a
Hilbert space H and positive integer n, let Hn ≡ H⊗n

denote the n-fold tensor
product of H, and H0 denote the one-dimensional Hilbert space C. The free
Fock space � f (H) is defined as

� f (H) = ⊕∞n=0Hn .

The distinguished vector � ≡ 1 ⊕ 0 ⊕ 0 ⊕ . . . is called the vacuum. For two
Hilbert spaces H,K and a contraction T : H → K, we denote by Tn the
n-fold tensor product of T and set T0 = I . Let us define � f (T ) ≡ ⊕∞n=0Tn :
� f (H)→ � f (K). Then, it is possible to verify the following.

Lemma 2.4.1 � f is a functor on the category whose objects are Hilbert spaces
and morphisms are contractions, that is, � f (ST ) = � f (S)� f (T ), � f (I )= I .
Furthermore, � f (0) is the projection on the Fock vacuum vector and � f (T ∗) =
(� f (T ))∗.

The proof of the lemma is straightforward and hence omitted.
Let us now discuss symmetric and antisymmetric Fock spaces. Let Hs

n and
Ha

n denote respectively the symmetric and antisymmetric n-fold tensor prod-
ucts of H for any positive integer n, and Hs

0 = Ha
0 = H0. Then the symmet-

ric (or Boson) and antisymmetric (or Fermion) Fock spaces over H, denoted
respectively by �s(H) and �a(H), are defined as

�s(H) = ⊕∞n=0Hs
n,

�a(H) = ⊕∞n=0Ha
n .

We shall be mostly concerned with the symmetric Fock spaces in the present
work, and hence for simplicity of notation, we shall use the notation �(H) for
the symmetric Fock space. Let us mention the basic factorization property of
�(H).

Theorem 2.4.2 Consider the map H � u �→ e(u) ∈ �(H) given by e(u) =
⊕∞n=0(n!)−

1
2 u⊗n

, where u⊗n
is the n-fold tensor product of u for positive n and

u⊗0 = 1. Then the map e(.) is the minimal Kolmogorov decomposition for the
positive definite kernel H×H �→ C given by u, v �→ exp(〈u, v〉). Furthermore,
{e(u) : u ∈ H} is a linearly independent total set of vectors in �(H).

Proof:
That e(.) is a Kolmogorov decomposition for the above-mentioned kernel is
verified by the relation 〈e(u), e(v)〉 = exp(〈u, v〉). Furthermore, the relation

dn

dtn e(tu)|t=0 = (n!)− 1
2 u⊗n
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shows that for every u ∈ H, u⊗n
belongs to the closed linear span of e(u).

Since the vectors of the form u⊗n
where n varies over {0, 1, 2, . . .} are total

in �(H), the assertion about minimality follows. To prove the linear indepen-
dence, suppose that u1, u2, . . . , un are distinct vectors in H and z1, . . . , zn

are complex numbers such that
∑n

j=1 z j e(u j ) = 0. Then we have, for all
t ∈ R,

∑n
j=1 z j exp(t〈u j , v〉) = 0 for all v ∈ H. Since u1, u2, . . . , un are

distinct, there exists v ∈ H such that the scalars 〈u j , v〉 are distinct and hence
the functions {et〈u j ,v〉} are linearly independent, which implies that z j = 0
for all j . �

Corollary 2.4.3 For any dense subset S of H, the set {e(u) : u ∈ S} is total in
�(H).

The proof is straightforward and we refer the reader to [100] (Corollary 19.5,
page 127).

Corollary 2.4.4 There is a natural identification of �(H ⊕ K) with �(H) ⊗
�(K) under which e(u ⊕ v) �→ e(u)⊗ e(v).

Proof:
The proof is a straightforward consequence of the minimality of the Kolmo-
gorov decomposition mentioned in the Theorem 2.4.2. �

Let us conclude this section by mentioning the second quantization and Weyl
operators. For a contraction C on H, we define the second quantization �(C)

on �(H) by
�(C)e(u) = e(Cu).

We observe the following.

Lemma 2.4.5 �(C) admits an extension to �(H) and the extension, denoted
also by �(C), is a contraction. Moreover, if C is isometry (respectively uni-
tary), then so is �(C).

Proof:
For αi ∈ C, vectors ui ∈ H (i = 1, · · · , n), we have∥∥∥∥∥�(C)

( n∑
i=1

αi e(ui )

)∥∥∥∥∥
2

=
n∑

i, j=1

ᾱiα j exp(〈ui ,C∗Cu j 〉)

=
∞∑

m=0

1
m!

n∑
i, j=1

ᾱiα j 〈ui ,C∗Cu j 〉m
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=
∞∑

m=0

1
m!

n∑
i, j=1

ᾱiα j 〈u⊗m

i , (C∗C)⊗m
u⊗

m

j 〉,

=
∞∑

m=0

1
m! 〈ũm, (C∗C)⊗m

ũm〉,

where we have denoted the m-fold tensor product of a vector or an operator by
the symbol ⊗m (with v⊗0 := 1 ∈ C, (C∗C)⊗0 := I ), and by ũm the vector∑n

i=1 αi u⊗
m

i . Since (C∗C)⊗m
is a positive contraction for every m, we have

∞∑
m=0

1
m! 〈ũm, (C∗C)⊗m

ũm〉

≤
∞∑

m=0

1
m! 〈ũm, ũm〉

=
∞∑

m=0

1
m!

n∑
i, j=1

ᾱiα j 〈ui , u j 〉m

=
n∑

i, j=1

ᾱiα j exp(〈ui , u j 〉)

=
∥∥∥∥∥∥

n∑
i, j=1

αi e(ui )

∥∥∥∥∥∥
2

.

This completes the proof that �(C) extends to a contraction, since the linear
span of exponential vectors is a dense subset of �(H). It is straightforward to
see that �(C) is an isometry (respectively unitary) whenever C is so. �

For u ∈ H and unitary operator U in H, we define the Weyl operators
W (u,U ) by setting

W (u,U )e(v) = exp
(
−1

2
‖u‖2 − 〈u,Uv〉

)
e(u +Uv).

It is known that the von Neumann algebra generated by the family {W (u, I ) :
u ∈ S} is the whole of B(�(H)) whenever S is a dense subspace of H. One
can also verify the following properties of the Weyl operators:

(i) the correspondence (u,U ) �→ W (u,U ) is strongly continuous; and
(ii) they satisfy the Weyl commutation rule:

W (u1,U1)W (u2,U2) = exp(−i I m〈u1,U1u2〉)W (u1 +U1u2,U1U2).

We refer the reader to [100] for a further detailed description of Fock spaces
and related topics with applications to quantum probability.
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Quantum dynamical semigroups

Let us now restrict ourselves to the case when the general locally convex space
X is replaced by a C∗ or a von Neumann algebra A, and study the implications
of the complete positivity of a semigroup Tt acting on it.

Definition 3.0.1 A quantum dynamical semigroup (Q.D.S) on a C∗-algebra A
is a contractive semigroup Tt of class C0 such that each Tt is a completely
positive map from A to itself. Tt is said to be conservative if Tt (1) = 1 for all
t ≥ 0.

3.1 Generators of uniformly continuous quantum dynamical semigroups:
the theorems of Lindblad and Christensen–Evans

For a uniformly continuous semigroup on a von Neumann algebra A ⊆ B(h),
we have the following result.

Lemma 3.1.1 Let Tt = etL be a uniformly continuous contractive semigroup
acting on A with L as the generator. Then Tt is normal for each t if and only if
L is ultra-strongly (and hence ultra-weakly) continuous on any norm-bounded
subset of A.

Proof:
Let us first note that L is norm-bounded. If L is ultra-strongly continuous on
bounded sets, then clearly etL is ultra-strongly continuous on bounded sets for
each t , and hence normal. For the converse, first note that for any t ≥ 0 and
x ∈ A, we have

‖(Tt (x)− x)‖ ≤
∫ t

0
‖Ts(L(x))‖ds ≤ ‖L‖‖x‖t.

33
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Hence it is not difficult to see that∥∥∥∥L(x)− Tt (x)− x
t

∥∥∥∥
=
∥∥∥∥1

t

∫ t

0
{L(x)− Ts(L(x))}ds

∥∥∥∥
≤ 1

t

∫ t

0
‖L‖‖L(x)‖sds

≤ ‖L‖2‖x‖ t
2
.

Now suppose that xα is a net of elements in A such that xα strongly converges
to x ∈ A and there exists positive constant M such that ‖xα‖ ≤ M for all α.
Fix u ∈ h and ε > 0. Choose t0 small enough so that ‖L‖2 M‖u‖t0 < ε.
Clearly,

‖L(xα − x)u‖
≤ 1

2
ε +
∥∥∥∥{Tt0(xα − x)− (xα − x)

t0

}
u
∥∥∥∥ ,

which proves that L(xα− x)u → 0 since Tt is strongly continuous on bounded
sets. This completes the proof, since on bounded sets ultra-strong and strong
topologies coincide. �

In view of the above result, we shall make the following definition.

Definition 3.1.2 We define a quantum dynamical semigroup (Q.D.S.) on a von
Neumann algebra to be a semigroup Tt of completely positive, contractive
maps on the von Neumann algebra such that Tt is normal for each t . In case
when Tt is uniformly continuous, its norm-bounded generator is ultra-strongly
(hence ultra-weakly) continuous on bounded sets.

It is to be noted that although each Tt acts on an algebra, the domain of the
generator need not be an algebra, nor it may contain any ∗-subalgebra which
is sufficiently large in any reasonable sense. This is a fundamental difficulty in
translating the complete positivity of the semigroup into some property of its
generator. However, when Tt is uniformly continuous, its generator is defined
as a bounded map on the whole of A, facilitating the analysis of complete pos-
itivity. Thus, for the sake of convenience, we assume for the rest of the present
subsection that Tt is uniformly continuous. To understand the implication of
complete positivity, let us first note some definitions and results.

Definition 3.1.3 Let A and B be two C∗-algebras such that the former is a
subalgebra of the latter, and L : A → B be a bounded linear map with the
property that L is real, that is, L(x∗) = L(x)∗ for all x ∈ A. We call L
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conditionally completely positive (CCP) if

n∑
i, j=1

b∗i L(a∗i a j )b j ≥ 0

for all a1, . . . , an in A and b1, . . . , bn in B satisfying
∑n

i, j=1 ai bi = 0.

We first give a few characterizations of conditional complete positivity in the
language of positive definite kernels. We state the result without proof, which
can be found in [45] (page 70–71, Lemma 14.5).

Lemma 3.1.4 The following are equivalent.

(i) For each a ∈ A, the kernel A×A � (b, c) �→ Ka(b, c) ≡ L(b∗a∗ac)+
b∗L(a∗a)c − L(b∗a∗a)c − b∗L(a∗ac) is positive definite.

(ii) The kernel (A × A) × (A × A) � (b1, b2), (c1, c2) �→ L(b∗1b∗2c2c1) +
b∗1L(b∗2c2)c1 − L(b∗1b∗2c2)c1 − b∗1L(b∗2c2c1) is positive definite.

(iii) L is CCP.

Lemma 3.1.5 Let L be a bounded linear real map from a unital C∗-algebra
A to itself such that etL is a contraction for each t ≥ 0. Then the following are
equivalent:

(i) etL is positive for all positive t .
(ii) (λ− L)−1 is positive for all sufficiently large positive λ.

(iii) For y, a ∈ A with the property that ya = 0, one has a∗L(y∗y)a ≥ 0.

Proof:
(i) ⇒ (iii):
If y, a satisfies the hypothesis of (iii), we have that (a∗etL(y∗y)a−a∗y∗ya)/t
= (a∗etL(y∗y)a)/t ≥ 0 for all positive t , and hence taking limit as t → 0+,
we obtain a∗L(y∗y)a ≥ 0.
(iii) ⇒ (ii):
Let λ be greater than ‖L‖. Then (λ − L)−1 exists, or equivalently, Ran(λ −
L) = A. Thus there exists an x in A such that (λ − L)(x) ≥ 0. Since L is
real, one has Im((λ− L)(x)) = (λ− L)(Im(x)), and positivity of (λ− L)(x)
implies in particular that Im((λ − L)(x)) = 0. Hence we have (λ − L)(x) =
(λ − L)(Re(x)), and thus we may assume without loss of generality that x is
self-adjoint. We want to show that x is positive. Let x = x+− x−, with x+ and
x− positive and x+x− = 0. Then, by (iii), we have x−L(x+)x− ≥ 0, so that
0 ≤ x−[x − λ−1L(x)]x− = −(x−)3 − λ−1x−L(x+)x− + λ−1x−L(x−)x−.
Thus 0 ≤ (x−)3 ≤ λ−1x−L(x−)x−, and hence ‖x−‖3 ≤ λ−1‖L‖‖x−‖3,
which implies ‖x−‖ = 0, since ‖L‖ < λ.
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(ii) ⇒ (i):
This follows from the identity etL = limn→∞(1− t

nL)−n . �

As a simple application of the above lemma, we obtain the following useful
result.

Theorem 3.1.6 A bounded linear adjoint-preserving map L from a unital C∗-
algebra A to itself is CCP if and only if etL is CP for all positive t .

Proof:
It is enough to observe that L is CCP if and only if (L ⊗ I ) : A ⊗Mn →
A ⊗Mn satisfies the hypothesis of (iii) in Lemma 3.1.5 with A replaced by
A⊗Mn . �

We shall now prove a structure theorem for normal CCP maps acting on a
von Neumann algebra. For this, we first quote a result without proof (see [24]
for a proof.).

Proposition 3.1.7 Let A be a von Neumann subalgebra of B(h) for some
Hilbert space h and W : A → B(h) be a derivation, that is, W (ab) =
W (a)b + aW (b). Then there exists an operator T ∈ B(h) such that W (a) =
T a − aT for all a ∈ A.

As an application of this result, the canonical structure theorem for normal CCP
maps is established.

Theorem 3.1.8 (Christensen–Evans)
Let (Tt )t≥0 be a uniformly continuous quantum dynamical semigroup (Q.D.S.)
on a unital von Neumann algebra A ⊆ B(h) with L as its ultra-weakly contin-
uous generator. Then there is a quintuple (ρ,K, α, H, R) where ρ is a uni-
tal normal ∗-representation of A in a Hilbert space K and a ρ-derivation
α : A → B(K) (that is, α(xy) = α(x)y + ρ(x)α(y) ) such that the set
D ≡ {α(x)u : x ∈ A, u ∈ h} is total in K, H is a self-adjoint element of A,
and R ∈ B(h,K) such that α(x) = Rx − ρ(x)R, and L(x) = R∗ρ(x)R −
1
2 (R∗R−L(1))x − 1

2 x(R∗R−L(1))+ i[H, x] for all x ∈ A. Furthermore, L
satisfies the following algebraic identity, called the cocycle property (or cocy-
cle relation) with α as coboundary.

L(x∗y)− L(x∗)y − x∗L(y)+ x∗L(1)y = α(x)∗α(y).

Moreover, R can be chosen from the ultra-weak closure of sp{α(x)y : x, y ∈A}
and hence in particular R∗ρ(x)R ∈ A.

Proof:
We briefly sketch only the main ideas behind the proof and refer the reader
to [45] and [24] for details.
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Consider the trilinear map D on A × A × A defined by, D(x, y, z) =
L(xyz)+xL(y)z−L(xy)z−xL(yz). It can be verified that the kernel (a1, a2),

(b1, b2) �→ D(a∗1 , a∗2 b2, b1) is positive definite. By Theorem 2.2.7, we obtain
a Hilbert space K and λ : A × A → B(h,K) such that (λ,K) is the minimal
Kolmogorov decomposition for the above kernel. As in the proof of Theorem
2.2.9, it is possible to verify that ρ : A→ B(K) defined by ρ(x)(λ(a, b)u) =
λ(a, xb)u extends to a normal ∗-homomorphism of A. The proof of normality
is similar to that of the representation π in Theorem 2.2.9, using the ultra-weak
continuity of L on norm-bounded sets. Denote by α(x) the operator λ(x, 1) ∈
B(h,K). Then, it can be verified that λ(x∗, y∗)∗[α(ab)−ρ(a)α(b)−α(a)b] =
D(x, y, ab) − D(x, ya, b) − D(x, y, a)b = 0. By minimality of (λ,K) we
conclude that α(ab) = ρ(a)α(b)+ α(a)b, that is, α is a ρ-derivation. Now, to
obtain R, consider the faithful normal representation π: A→ B(h ⊕K) given

by, π(a) =
(

a 0
0 ρ(a)

)
. Let W : π(A) → B(h ⊕ K) given by, W (π(a)) =(

0 0
α(a) 0

)
. Then W (π(a)π(b)) = W (π(a))π(b) + π(a)W (π(b)). By the

Proposition 3.1.7, there exists T ∈ B(h ⊕ K) such that W (π(a)) = Tπ(a) −
π(a)T . Writing T =

(
P Q
R S

)
with respect to the canonical decomposition

of B(h ⊕ K), we obtain α(a) = Ra − ρ(a)R. Consider the map �(x) ≡
L(x)− R∗ρ(x)R. A simple algebraic calculation will show that x �→ �(x)−
1
2 (�(1)x + x�(1)) is a derivation, and hence by the Proposition 3.1.7 and also
using the fact that � is adjoint-preserving, we obtain a self-adjoint H in B(h)
such that �(x)− 1

2 (�(1)x + x�(1)) = i[H, x]. The proof that R can be cho-
sen from the ultra-weak closure of Sp{α(x)y : x, y ∈ A} and H can be chosen
from A is omitted; referring the reader to the original paper by Christensen and
Evans [24].

To complete the proof, we need to verify that R∗ρ(x)R ∈ A. Since R
belongs to the ultra-weak closure of right A-linear span of elements of the
form α(a) (a ∈ A) and A is closed under the ultra-weak topology, it suffices
to show that α(a)∗ρ(b)α(c) ∈ A for a, b, c ∈ A. To this end, we observe that
due to the cocycle property of L, α(x)∗α(y) ∈ A whenever x, y ∈ A. Thus,

α(a)∗ρ(b)α(c) = α(a)∗(α(bc)− α(b)c)

= α(a)∗α(bc)− α(a)∗α(b)c ∈ A.

�
Theorem 3.1.9 The generator L of a uniformly continuous Q.D.S. on the von
Neumann algebra B(h) (where h is separable) can be written as

L(x) =
∞∑

n=1

R∗n x Rn + Gx + xG∗,
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for x ∈ B(h); where Rn(n = 1, 2, . . .) and G are elements of B(h), such that
−Re(G) is a nonnegative operator, and the sum on the right-hand side above
converges strongly.

Proof:
By Theorem 3.1.8 we obtain a Hilbert space K, a normal unital representation
ρ :B(h) → B(K) and elements V ∈ B(h,K), H ∈ Bs.a.(h) such that L(x) =
V ∗ρ(x)V − 1

2 V ∗V x − 1
2 xV ∗V + i[H, x]. Furthermore, by the Corollary 2.1.8

it follows that there exists a separable Hilbert space k0 and a unitary operator
U ∈ B(h⊗k0) such that K = h⊗k0 and ρ(x) = U∗(x⊗1)U. We take R = U V
and G = − 1

2 R∗R + i H. Fixing any orthonormal basis {en} of k0, we define
Rn as the unique bounded operator on h satisfying 〈u, Rnv〉 = 〈u⊗ en, (Rv)〉,
and the rest of the proof will be similar to the proof of the Corollary 2.2.10 of
Chapter 2. �

Remark 3.1.10 The above theorem also applies to the generator of a uni-
formly continuous Q.D.S. acting on a C∗-algebra A, with the only essential
modification that R∗ρ(x)R and H will belong to the ultra-weak closure of A
instead of A itself.

Remark 3.1.11 From the structure obtained by the above Theorem 3.1.8 it is
clear (since ρ is normal) that L is normal, that is, ultra-weakly continuous.

Let us complete this section by introducing a few notations which will be useful
later. For a unital C∗-algebra A ⊆ B(h), a representation (π,H) of A, and
operators R ∈ B(h,H) and H ∈ B(h) we write δR,π and LR,π,H for the
operators given by

δR,π (a) = Ra − π(a)R, LR,π,H (a) = R∗π(a)R − 1
2 {R∗R, a} + i[a, H ],

where {b, c} ≡ bc + cb. Thus δR,π : A→ B(h,H) is a π -derivation, that is,

δR,π (ab) = δR,π (a)b + π(a)δR,π (b) ∀a, b ∈ A,

and LR,π,H : A→ B(h) satisfies

∂LR,π,H (a, b) = δR,π (a)∗δR,π (b)− a∗R∗(1− π(1))Rb, (3.1)

where, given η : A→ B(h), the map ∂η : A×A→ B(h) is defined by

∂η(a, b) = η(a∗b)− a∗η(b)− η(a∗)b + a∗η(1)b.

We quote the following result without proof (which can be found in [24]),
and this we shall use later.
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Lemma 3.1.12 Let (η, ρ,H, δ) consist of a map η ∈ B(A), a ∗-representation
(ρ,H) of A and a ρ-derivation δ : A → B(h,H) satisfying ∂η(a, b) =
δ(a)∗δ(b) and δ(1) = 0. Then there is an operator R ∈ B(h,H) which lies in
the ultra-weak closure of sp{δ(a)b : a, b ∈ A} and an element H ∈ A′′ such
that

δ(·) = δR,ρ(·) and η(·) = LR,ρ,H (·)+ 1
2 {η(1), ·}.

If η is real in the sense that η(x∗) = η(x)∗, then H may be chosen so that
H = H∗.

3.2 The case of strongly continuous quantum dynamical semigroups

There is no complete characterization of the generator of a general strongly
continuous Q.D.S. In this section, we shall outline some of the structure theo-
rems known in this direction. These partial results are aimed at expressing the
generator of the Q.D.S. (under certain assumptions) formally as R∗ρ(x)R +
Gx + xG∗ for unbounded operators R and G, with suitable domains. Thus,
first of all it will be useful to discuss the technical details of how to con-
struct a Q.D.S. from a given formal generator expressed in terms of unbounded
operators.

3.2.1 Construction of quantum dynamical semigroups from
form-generators

Suppose that h and K are two Hilbert spaces, A ⊆ B(h) is a von Neumann
algebra, π : A→ B(K) is a normal, unital, ∗-representation; (Pt )t≥0 is a C0-
contraction semigroup on h; and R : h → K is a closed, densely defined, lin-
ear (possibly unbounded) map. Formally we introduce a map L by, L(x) =
R∗π(x)R + xG + G∗x , x ∈ A; where G is the generator of (Pt )t≥0. Let us
make the following assumptions on G and R.

(Ai) G is affiliated to A and R∗π(x)R is affiliated to A, for all x ∈ A.

(Aii) Dom(G)⊆Dom(R) and for all u, v ∈Dom(G), 〈Ru, Rv〉+〈u, Gv〉+
〈Gu, v〉 = 0, where it may be recalled that Dom(A) denotes the domain
of a linear map A.

Remark 3.2.1 (i) Note that for a uniformly continuous quantum dynamical
semigroup, its generator is given by Christensen–Evans form obtained
in [24]: L(x) = R∗π(x)R + xG + G∗x, where R ∈ B(h,K) such that
R∗π(x)R and G are in A for x ∈ A. Thus the assumption (Ai) is a
natural generalization of the Christensen–Evans form to the case where
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L is unbounded. Note also that (Aii) corresponds to formal statement that
L(1) = 0. It is also clear that when A = B(h), (Ai) is trivially satisfied.

(ii) However, it is to be noted that the assumption (Ai) does not cover the case
of the heat semigroup (see Section 9.2).

(iii) Note that (Aii) is equivalent to the following
(Aii′) : (1− G∗)−1 R∗R(1− G)−1 + (1− G∗)−1G(1− G)−1+
(1− G∗)−1G∗(1− G)−1 = 0.

We recall the discussion on the predual of a von Neumann algebra in Chapter 2.
Let us now consider π(A) as a von Neumann algebra in B(K) and define a map
π∗ from π(Ah)∗ to Ah,∗ by, (π∗ψ)(a) = ψ(π(a)), a ∈ Ah , and ψ ∈ �π(Ah)

≡ (π(Ah))∗. Upto canonical identification, π∗ can be viewed as a map from
Bs.a.

1 (K)/(π(Ah))
⊥ to Bs.a.

1 (h)/A⊥
h ; and we shall not notationally distinguish

between these two views. It is clear that tr((π∗[η]h)x) = tr([η]hπ(x)) for all
x ∈ Ah , η ∈ Bs.a.

1 (K).

Lemma 3.2.2 ||π∗|| ≤ 1, π∗ is positive, and the dual of π∗ is the restriction of
π to Ah.

Proof:
For ψ ∈ �π(Ah), we have ||π∗ψ || = supa∈Ah ,||a||≤1|(π∗ψ)(a)| =
supa∈Ah ,||a||≤1|ψ(π(a))| ≤ supb∈π(Ah),||b||≤1|ψ(b)| (since ||π(c)|| ≤ ||c||
for any ∗-representation π) = ||ψ ||.

The map π∗ is positive because for any positive functional ψ ∈ �π(Ah),
(π∗ψ)(a∗a) = ψ(π(a)∗π(a)) ≥ 0 for all a ∈ A. It can be seen that the dual
of π∗ is the restriction of π to Ah . �

We shall adopt the convention of denoting C0-contraction semigroups on
predual of a von Neumann algebra by a suffix ∗, for example, (C∗,t )t≥0. We
observe that the dual of C∗,t , to be denoted by Ct , is a contractive, ultra-
weakly continuous map on the von Neumann algebra, and in fact (Ct )t≥0 is
a C0-semigroup on the von Neumann algebra. Now, let us define S∗,t : Bs.a.

1 (h)
→ Bs.a.

1 (h) by, S∗,t (ρ) = PtρP∗t (t ≥ 0 ). It is immediate that (S∗,t )t≥0 is a
positive, C0-contraction semigroup.

Lemma 3.2.3 For all λ > 0, (λ − G)−1 ∈ A. Moreover, for all x ∈ Ah,
P∗t x Pt ∈ Ah for all t ≥ 0 and (1− G∗)−1 R∗π(x)R(1− G)−1 ∈ Ah.

Proof:
It follows from (Ai) and Lemma 2.1.9 that for λ > 0, a′ ∈ A′ and u ∈ h, one
has, (λ−G)a′(λ−G)−1u = a′(λ−G)(λ−G)−1u = a′u. Thus, (λ−G)a′(λ−
G)−1 = a′, that is, a′(λ − G)−1 = (λ − G)−1a′, for all a′ ∈ A′. So we have
(λ − G)−1 ∈ A′′ = A, since (λ − G)−1 is bounded. This also implies that
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Pt = s− limn→∞((1 − tG
n )−1)n ∈ A. Thus, for any x in Ah , P∗t x Pt is a

self-adjoint element in A, that is, belongs to Ah .
Now, let x ∈ Ah . Let us consider the polar decomposition of R as, R =

U |R|, where |R| is a positive operator affiliated to A (because |R| = (R∗R)1/2,
R∗R = R∗π(1)R is affiliated to A) and U is a partial isometry with the clo-
sure of range of |R| as the initial space and the closure of range of R as the final
space. We note that |R|(1−G)−1 is bounded ( as Ran((1−G)−1)⊆Dom(R) =
Dom(|R|) ) and by Lemma 2.1.9 (second part), it is affiliated to A, hence
belongs to A. Thus, for any bounded continuous function f from [0,∞) to R,
f (|R|) belongs to A, as |R| is affiliated to A. In particular, n(1+n|R|)−1 ∈A
for any positive integer n. So, n2(1+ n|R|)−1 R∗π(x)R(1+ n|R|)−1 = (n(1+
n|R|)−1|R|)U∗π(x)U (n|R|(1 + n|R|)−1) ∈ A ( since it is clearly bounded
and is affiliated to A by Lemma 2.1.9 ). But n|R|(1+ n|R|)−1 → 1 strongly as
n →∞; hence

U∗π(x)U = s− limn→∞n2(1+ n|R|)−1 R∗π(x)R(1+ n|R|)−1 ∈ A.

Thus, (1−G∗)−1 R∗π(x)R(1−G)−1 = (|R|(1−G)−1)∗(U∗π(x)U )(|R|(1−
G)−1) ∈A, as |R|(1−G)−1 ∈A. Furthermore, if x ∈ Ah , (1−G∗)−1 R∗π(x)
R(1− G)−1 is self-adjoint and hence belongs to Ah . �

Lemma 3.2.4 For t ≥ 0, S∗,t induces a linear map S̃∗,t : Ah,∗ → Ah,∗, and
(S̃∗,t )t≥0 is a positive, C0-contraction semigroup on Ah,∗ (positivity means that
S̃∗,t ([ρ]h) is a positive element whenever [ρ]h is so in Ah,∗).

Proof:
If we take ρ1, ρ2 ∈ Bs.a.

1 (h) such that ρ1 ∼ ρ2, then for any x ∈ Ah and t ≥ 0,
tr(S∗,t (ρ1)x) = tr(Ptρ1 P∗t x) = tr(ρ1 P∗t x Pt ) = tr(ρ2 P∗t x Pt )

(by Lemma 3.2.3) = tr(S∗,t (ρ2)x). Thus, S∗,t (ρ1) ∼ S∗,t (ρ2), which proves
that S∗,t induces a map S̃∗,t . Semigroup property and positivity of (S̃∗,t )t≥0

are immediate, whereas strong continuity follows from the fact that (S∗,t )t≥0

is strongly continuous and ||S̃∗,t ([ρ]h)− [ρ]h || ≤ ||S∗,t (ρ)− ρ||1 for all ρ ∈
Bs.a.

1 (h), t ≥ 0. �

Let us denote the generator of (S∗,t )t≥0 by Z . Since each S∗,t induces an
operator on Ah,∗, Z will do so. It is not difficult to see that the generator of
(S̃∗,t )t≥0 will be a closed extension of the map induced by Z . We, by slight
abuse of notation, denote by Z̃ the generator of (S̃∗,t )t≥0. Let us define ϕ :
Bs.a.

1 (h)→ Bs.a.
1 (h) by ϕ(ρ) = (1− G)−1ρ(1− G∗)−1. Since (1− G)−1 and

(1− G∗)−1 belong to A, ϕ will induce a map ϕ̃ from Ah,∗ to Ah,∗, which can
be proven in a way similar to the proof of Lemma 3.2.4. Let us denote by D
and D̃ the ranges of ϕ and ϕ̃ respectively.
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Lemma 3.2.5 D and D̃ are dense in Bs.a.
1 (h) and Ah,∗ respectively. Moreover,

they are cores for Z and Z̃ respectively.

Proof:
Since Dom(G) is dense in h, the real linear span of rank-one operators of the
form |u >< u|, u ∈ Dom(G) is dense in Bs.a.

1 (h). But for u ∈ Dom(G) =
Ran((1 − G)−1), |u >< u| is clearly in D, which proves the density of D in
Bs.a.

1 (h). The core property of D follows because each S∗,t leaves D invariant
(by Theorem 1.9 in [37]). The assertions about D̃ follow similarly, only thing
to note is that ||[ρ]h − [σ ]h || ≤ ||ρ − σ ||1 for all ρ, σ ∈ Bs.a.

1 (h). �

Lemma 3.2.6 Given [ρ]h ∈ D̃ and ε > 0, we can get positive elements [ρ1]h
and [ρ2]h in D̃ such that [ρ]h = [ρ1]h − [ρ2]h and ||[ρ1]h || + ||[ρ2]h || ≤
||[ρ]h || + ε.

Proof:
Let us consider a general [ρ]h ∈ D̃ such that ρ = ϕ(σ), σ ∈ Bs.a.

1 (h). Given
ε > 0, we can choose sufficiently large n such that ||[σn]h − [ρ]h || ≤ ε, where
σn = (1 − G/n)(1 − G)−1σ((1 − G/n)(1 − G)−1)∗ = (1 − G/n)ϕ(σ )(1 −
G∗/n) = (1−G/n)ρ(1−G∗/n). By the noncommutative Hahn decomposition
(Proposition 2.1.14 of Chapter 2), we can find two positive elements σ+n , σ−n
such that ||[σn]h || = ||[σ+n ]h || + ||[σ−n ]h || and [σn]h = [σ+n ]h − [σ−n ]h . Take
ρ1 = (1−G/n)−1σ+n (1−G∗/n)−1, ρ2 = (1−G/n)−1σ−n (1−G∗/n)−1; and
observe that

||[ρ1]h || + ||[ρ2]h ||
= ||(1− G/n)−1σ+n (1− G∗/n)−1||1 + ||(1− G/n)−1σ−n (1− G∗/n)−1||1

(as ρ1, ρ2 are positive)

≤ ||σ+n ||1 + ||σ−n ||1
= ||[σ+n ]h || + ||[σ−n ]h ||
= ||[σn]h || ≤ ||[ρ]h || + ε.

Now, [ρ1]h − [ρ2]h = [(1− G/n)−1(σ+n − σ−n )(1− G∗/n)−1]h =
[(1− G/n)−1σn(1− G∗/n)−1]h = [ρ]h , because (σ+n − σ−n ) ∼ σn implies
(1− G/n)−1(σ+n − σ−n )(1− G∗/n)−1 ∼ (1− G/n)−1σn(1− G∗/n)−1.

�

Let us now define J : D→ Ah,∗ by
J (ϕ(ρ)) = π∗([R(1 − G)−1ρ(1 − G∗)−1 R∗]h), ρ ∈ Bs.a.

1 (h); where (1 −
G∗)−1 R∗ is to be interpreted as the bounded operator (R(1 − G)−1)∗. Next
two lemmas give some useful properties of the map J̃ induced by J .
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Lemma 3.2.7 The map J̃ : D̃ → Ah,∗ given by, J̃ (ϕ̃([σ ]h)) = J (ϕ(σ )) for
σ ∈ Bs.a.

1 (h) is well-defined and linear.

Proof:
It is enough to prove that whenever ϕ(σ) ∼ 0, we must have J (σ ) = [0]h .
Given ϕ(σ) ∼ 0, we first show that σ ∼ 0. For n = 1, 2, . . ., let us denote by
Gn the operator (1− G/n)−1. Clearly, each Gn is in A, and Gn → 1 strongly.
So, (1 − GGn)(1 − G)−1 → 1 strongly. This implies that (1 − GGn)(1 −
G)−1σ(1 − G∗)−1(1 − GGn)

∗x converges to σ x in trace-norm as n tends to
∞, for any x ∈ Ah , and hence tr(σ x)
= limn→∞tr((1− GGn)(1− G)−1σ(1− G∗)−1(1− GGn)

∗x)
= limn→∞tr(ϕ(σ ).(1−GGn)

∗x(1−GGn)) = 0 for all x ∈Ah ; where in the
last step we have noted that (1−GGn) ∈ A, which implies (1−GGn)

∗x(1−
GGn) ∈ Ah . Hence, σ ∼ 0.

Now, for all x ∈ Ah , we have

tr(J (σ x))

= tr(R(1− G)−1σ(1− G∗)−1 R∗π(x))
= tr(σ (1− G∗)−1 R∗π(x)R(1− G)−1)

= 0, since (1− G∗)−1 R∗π(x)R(1− G)−1 ∈ Ah .

This completes the proof. �

Lemma 3.2.8 J̃ is positive, and tr( J̃ ([ρ]h)+ Z̃([ρ]h)) = 0 for all [ρ]h ∈ D̃.

Proof:
The positivity of J̃ follows from the positivity of π∗. It also follows that for
ρ ∈ D, Z(ρ) = Gρ + ρG∗; hence for [ρ]h ∈ D̃ , tr(Z̃([ρ]h)) = tr(Z(ρ)) =
tr(Gρ + ρG∗). Now for σ ∈ Bs.a.

1 (h), we have by (Aii′) that

tr( J̃ (ϕ̃([σ ]h)))
= tr(J (ϕ(σ )))

= tr(R(1− G)−1σ(1− G∗)−1 R∗π(1))
= tr(σ (1− G∗)−1 R∗R(1− G)−1)

= −tr(σ (1− G∗)−1G(1− G)−1 + σ(1− G∗)−1G∗(1− G)−1)

= −tr(Gϕ(σ)+ ϕ(σ)G∗)
= −tr(Z̃(ϕ̃([σ ]h))),

which completes the proof. �

For λ > 0, (λ− Z)−1 can be expressed as
∫∞

0 e−λt S∗,t dt , hence (λ− Z)−1

leaves D invariant and is positive. Similar statements are valid about (λ− Z̃)−1.
Let us define B̃(λ) : D̃→ Ah,∗ by, B̃(λ) = J̃ (λ− Z̃)−1.
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Lemma 3.2.9 B̃(λ) extends to a positive linear contractive map from Ah,∗ to
Ah,∗, which we denote by the same notation.

Proof:
For positive [ρ]h ∈ D̃, with ρ ∈D, we have that ||B̃(λ)([ρ]h)|| = tr(B̃(λ)([ρ]h))
= tr( J̃ (λ − Z̃)−1([ρ]h)) = −tr(Z̃(λ − Z̃)−1([ρ]h)) = tr(ρ) − λ tr((λ −
Z̃)−1([ρ]h)) ≤ tr(ρ) = ||[ρ]h ||. For an arbitrary [ρ]h in D̃ and any positive
number ε, we choose two positive elements [ρ1]h and [ρ2]h satisfying the
conclusions of Lemma 3.2.6. Therefore, ||B̃(λ)([ρ]h)|| ≤ ||B̃(λ)([ρ1]h)|| +
||B̃(λ)([ρ2]h)|| ≤ ||[ρ1]h || + ||[ρ2]h || ≤ ||[ρ]h || + ε. This proves that
||B̃(λ)([ρ]h)|| ≤ ||[ρ]h || for all [ρ]h ∈ D̃, and we complete the proof by the
density of D̃ in Ah,∗. �

Lemma 3.2.10 J̃ extends to J̃ ′ on Dom(Z̃) such that tr(Z̃([ρ]h)+ J̃ ′([ρ]h)) =
0 for all [ρ]h ∈ Dom(Z̃).

Proof:
It is enough to take J̃ ′([ρ]h) = B̃(1)(1 − Z̃)([ρ]h), for [ρ]h ∈ Dom(Z̃), and
to note that D̃ is a core for Z̃ . �

By an abuse of notation, we shall continue to denote J̃ ′ by J̃ .

Theorem 3.2.11 For 0 ≤ r < 1, define G̃r = Z̃ + r J̃ . Then G̃r gener-
ates a positive, C0 contraction semigroup, say (T̃∗,t

(r)
)t≥0, on Ah,∗; and (λ−

G̃r )
−1 = (λ− Z̃)−1∑∞

n=0rn B̃(λ)
n for λ > 0.

Proof:
Fix λ > 0, r ∈ [0, 1). We have, (λ − G̃r ) = (1 − r J̃ (λ − Z̃)−1)(λ − Z̃) =
(1−r B̃(λ))(λ− Z̃). Since ||r B̃(λ)|| < 1, we can use the Neumann series to get
(1−r B̃(λ))−1 =∑∞

n=0rn B̃(λ)
n , which shows in particular that (λ− G̃r )

−1 =
(λ − Z̃)−1∑∞

n=0rn B̃(λ)
n exists as a bounded operator. Now, for any positive

[ρ]h ∈ Ah,∗, let us denote by [σ ]h the element (λ − G̃r )
−1([ρ]h). Clearly,

(λ − G̃r )
−1 is positive since (λ − Z̃)−1 and B̃(λ) are so; and hence [σ ]h is

positive. Thus,

‖[ρ]h‖ = tr([ρ]h)
= λtr([σ ]h)+ (1− r)tr( J̃ ([σ ]h)) (as tr(( J̃ + Z̃)([σ ]h)) = 0)

≥ λ tr([σ ]h) = λ ||[σ ]h ||.
So, ||(λ − G̃r )

−1([ρ]h)|| ≤ ||[ρ]h ||/λ for all positive [ρ]h in Ah,∗ and hence
for all [ρ]h in Ah,∗, since by Proposition 2.1.14 we can decompose any [ρ]h
as [ρ]h = [ρ1]h − [ρ2]h with ||[ρ]h || = ||[ρ1]h || + ||[ρ2]h ||, where [ρ1]h and
[ρ2]h are positive. We complete the proof of the theorem by appealing to the
Hille–Yosida theorem, and also noting that positivity of (λ − G̃r )

−1 implies
positivity of T̃∗,t

(r). �
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Theorem 3.2.12 As r ↑ 1 (that is, as r increases to 1), T̃∗,t
(r) ↑ T̃∗,t

(min), where
(T̃∗,t

(min)
)t≥0 is a positive, C0 contraction semigroup on Ah,∗; and the above

convergence is strong and uniform for t in compact subsets of [0,∞).

Proof:
We see that for positive element [ρ]h ∈ Ah,∗, T̃∗,t

(r)
([ρ]h) ≥ T̃∗,t

(s)
([ρ]h)≥ 0

for r, s such that 1 > r ≥ s ≥ 0. This follows from the series expansion
of (λ − G̃r )

−1 as in the preceding theorem and from the fact that T̃∗,t
(r) =

s− limn→∞(n/t)n(n/t − G̃r )
−n . Moreover, tr(T̃∗,t

(r)
([ρ]h)) ≤ ||[ρ]h ||, since

||T̃∗,t (r)|| ≤ 1. So (tr(T̃∗,t
(r)

([ρ]h)))r∈(0,1) is an increasing bounded net of pos-
itive numbers and hence it converges to some finite positive limit as r ↑ 1. For
r ≥ s we have

||T̃∗,t (r)([ρ]h)−T̃∗,t
(s)

([ρ]h)||= tr(T̃∗,t
(r)

([ρ]h)−T̃∗,t
(s)

([ρ]h))→0 as r, s→1,

and hence T̃∗,t
(r)

([ρ]h) converges in the norm of Ah,∗ to say T̃∗,t
(min)

([ρ]h)
as r ↑ 1. We extend T̃∗,t

(min) to the whole of Ah,∗ by linearity using Proposi-
tion 2.1.14, and observe that this extension will be a contractive, positive linear
map from Ah,∗ to itself, since each T̃∗,t

(r) has the same properties. The semi-
group property of (T̃∗,t

(min)
)t≥0 follows since it is the strong limit of a net of

contractive semigroups.
We now show that the convergence is uniform over compacts in t , which

will also prove strong continuity of (T̃∗,t
(min)

)t≥0. Suppose that this is not
true. Then, there exist positive [ρ]h ∈Ah,∗, positive number ε0, and sequences
(rn)n=1,2,..., (tn)n=1,2,... such that

0 ≤ rn ↑ 1, 0 ≤ tn → t0

for some t0 ≥ 0; and

||T̃∗,tn (rn)([ρ]h)− T̃∗,tn
(min)

([ρ]h)|| ≥ ε0

for all positive integer n. Since T̃∗,tn
(rn)([ρ]h) and (−T̃∗,tn

(rn)([ρ]h)+ T̃∗,tn
(min)

([ρ]h)) are positive, we have by Lemma 2.1.13 that

||T̃∗,tn (min)
([ρ]h)|| = ||T̃∗,tn (rn)([ρ]h)|| + ||T̃∗,tn (min)

([ρ]h)− T̃∗,tn
(rn)([ρ]h)||,

which implies,

||T̃∗,tn (min)
([ρ]h)|| − ||T̃∗,tn (rn)([ρ]h)|| ≥ ε0.

Thus for all m ≤ n,

||T̃∗,tn (rm )
([ρ]h)|| ≤ ||T̃∗,tn (rn)([ρ]h)|| ≤ ||T̃∗,tn (min)

([ρ]h)|| − ε0.
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Keeping m fixed and letting n tend to ∞, we obtain that

||T̃∗,t0 (rm )
([ρ]h)|| ≤ ||T̃∗,t0 (min)

([ρ]h)|| − ε0;
and then by letting m tend to ∞,

||T̃∗,t0 (min)
([ρ]h)|| ≤ ||T̃∗,t0 (min)

([ρ]h)|| − ε0,

which is clearly a contradiction. �

Theorem 3.2.13 The generator of (T̃∗,t
(min)

)t≥0, say Ã, is an extension of Z̃+
J̃ ; and we have the following minimality property.
Whenever (T̃∗,t

′
)t≥0 is a positive, C0 contraction semigroup on Ah,∗ whose

generator (say Ã′) extends Z̃ + J̃ , we must have T̃∗,t
′ ≥ T̃∗,t

(min) for all t ≥ 0.

Proof:
The first part of the theorem follows from the fact that G̃r ([ρ]h) → (Z̃ +
J̃ )([ρ]h) as r ↑ 1, for all [ρ]h ∈ Dom(Z̃). For minimality, it is required to
observe that for λ > 0, (λ − Ã′)−1 − (λ − G̃r )

−1 = (λ − Ã′)−1( Ã′ − G̃r )

(λ− G̃r )
−1 ≥ 0, since the restriction of Ã′ to the range of (λ− G̃r )

−1, i. e. to
Dom(G̃r ), is the same as Z̃+ J̃ ≥ G̃r , and (λ− Ã′)−1, (λ− G̃r )

−1 are positive.
We complete the proof by noting that T̃∗,t

′ = s− limn→∞(n/t)n(n/t − Ã′)−n

≥ s− limn→∞(n/t)n(n/t − G̃r )
−n = T̃∗,t

(r) for all r, t . �

Lemma 3.2.14 For λ > 0 and nonnegative integer n, define Rn(λ) := (λ −
Z̃)−1∑n

k=0(B̃(λ))k . Then Rn(λ)→ R(λ) ≡ (λ− Ã)−1 strongly as n →∞.

Proof:
For 0 ≤ r < 1, let R(r)

n (λ) := (λ− Z̃)−1∑n
k=0 rk(B̃(λ))k . Clearly, R(r)

n (λ) ↑
(λ− Z̃)−1∑∞

k=0 rk(B̃(λ))k = (λ− G̃r )
−1 as n →∞. Furthermore, it follows

from Theorem 3.2.12 that (λ − G̃r )
−1 ↑ (λ − Ã)−1 = R(λ) as r ↑ 1, and

hence
R(r)

n (λ) ≤ (λ− G̃r )
−1 ≤ R(λ). (3.2)

Letting r ↑ 1, Rn(λ) ≤ R(λ). This, combined with the fact that Rn(λ) is
nondecreasing in n, allows us to conclude that there is an operator, say R′(λ),
such that Rn(λ) ↑ R′(λ) as n →∞. Clearly, R′(λ) ≤ R(λ). On the other hand,
R(r)

n (λ) ≤ R′(λ) for all r, n, and (λ − G̃r )
−1 = limn→∞ R(r)

n (λ) ≤ R′(λ) for
all r. Now, taking limit r ↑ 1, we get R(λ) ≤ R′(λ), which completes the proof
of the lemma. �

We shall now write down a number of equivalent criteria for the conservativ-
ity of the minimal semigroup we have constructed. For λ > 0 denote the dual
of the map B̃(λ) by Qλ. The following lemma gives a computable expression
for Qλ.
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Lemma 3.2.15 We have the following:

〈u, Qλ(x)v〉 =
∫ ∞

0
e−λt 〈R Pt u, π(x)R Ptv〉dt, (3.3)

for u, v ∈ Dom(G) and x ∈ A. Furthermore, ||Qλ(x)|| ≤ ||x || for all x ∈ A.

Proof:
Take x ∈ A and [ρ] ∈ D̃, where ρ = (1 − G)−1η(1 − G∗)−1 for some
η ∈ B1(h). We have

(λ− Z̃)−1([ρ])
=
∫ ∞

0
e−λt Pt (1− G)−1[η](1− G∗)−1 P∗t dt

= [(1− G)−1 y(1− G∗)−1],
where y = ∫∞0 e−λt PtηP∗t dt , and we have used the fact that Pt and G com-
mute with each other. It now follows from the definition of B̃(λ) = J̃ (λ− Z̃)−1

that
B̃(λ)([ρ]) = π∗([R(1− G)−1 y(R(1− G)−1)∗]).

Thus,

tr(Qλ(x)ρ)

= tr(π(x)R(1− G)−1 y(1− G∗)−1 R∗)

= tr
(∫ ∞

0
e−λtπ(x)R(1− G)−1 PtηP∗t (1− G∗)−1 R∗dt

)
= tr

(∫ ∞

0
e−λtπ(x)R Pt (1− G)−1η(1− G∗)−1 P∗t R∗dt

)
= tr

(∫ ∞

0
e−λtπ(x)R PtρP∗t R∗dt

)
.

Taking ρ = |v >< u|, with u, v ∈ Dom(G), we get the formula (3.3). The
second conclusion follows by using (Aii), observing that for u ∈ Dom(G),

‖R Pt u‖2 = − d
dt ‖Pt u‖2, and by Schwartz’ inequality and an integration by

parts. �

Theorem 3.2.16 The following are equivalent.

(i) The dual semigroup (T̃t )t≥0 defined by T̃t = (T̃∗,t
(min)

)∗ : Ah → Ah, is
conservative; that is, T̃t (1) = 1 for all t ≥ 0.

(ii) tr(T̃∗,t
(min)

([ρ]h)) = tr(ρ) for all ρ ∈ Bs.a.
1 (h) and for all t ≥ 0.

(iii) B̃(λ)n → 0 strongly as n →∞, for any λ > 0.
(iv) (λ− J̃ − Z̃)(ϕ̃(Ah,∗)) is dense in Ah,∗, for any λ > 0.
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(v) {x ∈ A : 〈Ru, π(x)Rv〉 + 〈Gu, xv〉 + 〈u, xGv〉 = λ〈u, xv〉 for all u, v ∈
Dom(G)} = 0 for some λ> 0.

(vi) For any λ > 0, Qn
λ(1) → 0 strongly as n → ∞, where Qλ : A → A is

the dual of B̃(λ).

(vii) For any λ > 0, Qn
λ(1)→ 0 weakly as n →∞.

Proof:
The statements (i) and (ii) are equivalent by duality. To show the equivalence
of (ii) and (iii), we first note that for positive ρ ∈ Bs.a.

1 (h),

‖R(λ)([ρ]h)‖ = tr(R(λ)([ρ]h)) =
∫ ∞

0
e−λt tr(T̃∗,t

(min)
([ρ]h))dt

=
∫ ∞

0
e−λt‖T̃∗,t

(min)
([ρ]h)‖dt,

which is a consequence of the fact that R(λ)([ρ]h), T̃∗,t
(min)

([ρ]h) ≥ 0. Fur-
thermore, it is possible to derive the following identity from the definitions of
the maps involved:

[ρ]h = (λ− Z̃ − J̃ )(Rn(λ)([ρ]h))+ B̃(λ)n+1([ρ]h). (3.4)

Since tr
(
(Z̃ − J̃ )(Rn(λ)([ρ]h))

) = 0 by Lemma 3.2.10, and Rn(λ), B̃(λ) ≥ 0,
we have

‖[ρ]h‖ = λ ‖Rn(λ)([ρ]h)‖ + ‖B̃(λ)n+1([ρ]h)‖
for all ρ ≥ 0. This implies that limn→∞ ‖B̃(λ)n([ρ]h)‖ exists and is equal to

‖[ρ]h‖ − λ lim
n→∞‖Rn(λ)([ρ]h)‖

= ‖[ρ]h‖ − λ ‖R(λ)([ρ]h)‖
= λ

∫ ∞

0
e−λt

(
‖[ρ]h‖ − ‖T̃∗,t

(min)
([ρ]h)‖

)
dt.

Thus, it is obvious that (ii) implies limn→∞ B̃(λ)n([ρ]h) = 0 for all ρ≥ 0,
hence for all ρ ∈ B1(h). On the other hand, if (iii) holds, we conclude by using
the continuity of t �→ ‖T̃∗,t

(min)
([ρ]h)‖ and the nonnegativity of ‖[ρ]h‖ −

‖T̃∗,t
(min)

([ρ]h)‖ for all ρ ≥ 0 that ‖[ρ]h‖ = ‖T̃∗,t
(min)

([ρ]h)‖, which
proves (ii).

Next, we show (iii) ⇔ (iv). To this end, note that by the identity (3.4), (iii)
is equivalent to (iii)′ : limn→∞(λ − Z̃ − J̃ )(Rn(λ)([ρ]h)) = [ρ]h for all
[ρ]h ≥ 0. So, we need to prove (iii)′ ⇔ (iv). Since D̃ = Ran(ϕ̃) is a core
for Z̃ (see Lemma 3.2.5), given [ρ]h ∈ Dom(Z̃), we can choose a sequence
[ρn]h ∈ D̃ such that [ρn]h → [ρ]h and Z̃([ρn]h) → Z̃([ρ]h) as n → ∞.
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However, by definition J̃ = B̃(1)(1− Z̃), and B̃(1) is contractive, so it follows
that J̃ ([ρn]h)→ J̃ ([ρ]h) also, that is,

lim
n→∞(λ− Z̃ − J̃ )([ρn]h) = (λ− Z̃ − J̃ )([ρ]h).

This shows that D̃ is a core for λ − Z̃ − J̃ , and in particular, (iv) holds if
and only if (iv)′ : Ran(λ− Z̃ − J̃ ) = Ah,∗. It is obvious that (iii)′ implies
(iv)′, hence also (iv). To see the converse, consider the sequence of maps
Cn(λ) := 1

n+1
∑n

k=0 B̃(λ)k . Clearly, ‖Cn(λ)‖ ≤ 1 for all n. Moreover, Cn(λ)

(I−B̃(λ)) = 1
n+1 (I−B̃(λ)n+1), which shows that Cn(λ)(I−B̃(λ))([ρ]h)→ 0

as n → ∞, for [ρ]h ∈ Ah,∗. We claim that Ran(I − B̃(λ)) is dense in Ah,∗.
Indeed, as (I − B̃(λ)) is bounded and Ran(λ− Z̃) is dense, we have, by using
(iv)′,

Ran(I − B̃(λ))

= Ran(I − B̃(λ)(λ− Z̃))

= Ran(λ− Z̃ − J̃ )

= Ah,∗.

Since we have already shown that Cn(λ)([σ ]h) → 0 as n → ∞ for [σ ]h
belonging to Ran(I − B̃(λ)), and ‖Cn(λ)‖ ≤ 1 for all n, it follows that
limn→∞ Cn(λ)([ρ]h) = 0 for all [ρ]h ∈ Ah,∗. On the other hand, as B̃(λ)

is a contractive positive map, we have ‖B̃(λ)m‖ ≤ ‖B̃(λ)n‖ whenever m ≥ n.
This, together with the obvious positivity of Cn(λ), imply that for positive [ρ]h,

‖B̃(λ)n([ρ]h)‖ ≤ 1
n + 1

n∑
k=0

‖B̃(λ)k([ρ]h)‖ = ‖Cn(λ)([ρ]h)‖ → 0,

which proves (iii).
Now, we come to the proof of (iv) ⇔ (v). Suppose first that (iv) holds, and

let x be an element of A such that

〈Ru, π(x)Rv〉 + 〈Gu, xv〉 + 〈u, xGv〉 = λ〈u, xv〉 for all u, v ∈ Dom(G).

(3.5)
As Dom(G) = Ran((1− G)−1), (3.5) is equivalent to

〈R(1− G)−1u, π(x)R(1− G)−1v〉 + 〈G(1− G)−1u, x(1− G)−1v〉
+〈(1− G)−1u, xG(1− G)−1v〉 = λ〈u, xv〉 for all u, v ∈ h,

which can also be written as

tr ((J + Z)(ϕ(|v >< u|))x) = λ tr(x |v >< u|) for all u, v ∈ h,



50 Quantum dynamical semigroups

or,

tr
(
( J̃ + Z̃)(ϕ̃([|v >< u|]h))x

) = λ tr(x[|v >< u|]h) for all u, v ∈ h.

Thus, tr
(
x(λ− Z̃ − J̃ )(ϕ̃([σ ]h))

) = 0 for all σ ∈ Bs.a.
1 (h), and as Ran(λ −

Z̃ − J̃ ) is dense by (iv), we conclude x = 0 by the Hahn–Banach theorem. The
converse is also straightforward to see.

Let us now prove the equivalence of (iii) and (vii), by noting that B̃(λ) is a
positive map, so for all nonnegative elements ρ ∈ A∗, we have ‖B̃(λ)n([ρ])‖
= tr(B̃(λ)n([ρ])) = tr(Qn

λ(1)ρ). Thus, (iii) implies that limn→∞ tr(Qn
λ(1)ρ)

= 0 for any nonnegative ρ, and hence for all ρ ∈ A∗, since a general ele-
ment of A∗ can be expressed as a linear combination of four nonnegative
elements of A∗. In particular, this implies that for u, v ∈ h, 〈u, Qn

λ(1)v〉 =
tr(Qn

λ(1)|v >< u|) converges to 0. Conversely, if Qn
λ(1) → 0 weakly, it fol-

lows that ‖B̃(λ)n([ρ])‖1 → 0 for all nonnegative ρ, and hence for any ρ ∈ A∗.
Note that here we have used the well-known result that whenever An → 0
weakly as n →∞ and B is a trace-class operator, we must have tr(An B)→ 0.

Finally, let us argue that (vi) and (vii) are equivalent. It is trivial that (vi)
implies (vii), so let us prove the other direction. Assume that Qn

λ(1) → 0
weakly. It can be seen that Qλ is a contractive positive map on A, so Bn :=
Qn

λ(1) is a sequence of positive contractions on h. Thus, for any u ∈ h,
‖Bnu‖2 = 〈u, B2

n u〉 ≤ ‖Bn‖〈u, Bnu〉 ≤ 〈u, Bnu〉 → 0 as n → ∞. This
completes the proof. �

Remark 3.2.17 We can replace Dom(G) in (v) of the statement of the above
theorem by any subspace D0 which is a core for G. That is, T̃t is conservative
if and only if for some λ> 0,

{x ∈ A : 〈Ru, π(x)Rv〉 + 〈Gu, xv〉 + 〈u, xGv〉 = λ〈u, xv〉 for all u, v ∈ D0} = {0}.

This follows from the boundedness of R(1−G)−1. Indeed, for u, v ∈ Dom(G),

we can choose sequences {un}, {vn} of vectors from D0, such that un, vn, Gun,

Gvn converge to u, v, Gu, Gv respectively as n → ∞. Clearly we have that
limn→∞ Run = limn→∞ R(1− G)−1(un − Gun) = R(1− G)−1(u − Gu) =
Ru, and similarly limn→∞ Rvn = Rv. Thus 〈Ru, π(x)Rv〉 + 〈Gu, xv〉 +
〈u, xGv〉 = λ〈u, xv〉 holds for all u, v ∈ D0 if and only if it holds for all
u, v ∈ Dom(G), which proves the claim made in this remark.

For a linear map V from Ah,∗ to Ah,∗, we consider its canonical extension V̂ as
a map from A∗ to A∗ defined by, V̂ ([ρ]) = V ([Re(ρ)]h)+ i.V ([Im(ρ)]h). We
shall say that V is completely positive if the dual of V̂ , say V̂ ∗, is completely
positive as a map from A to A, that is, for any x1, x2, . . . , xn ; y1, y2, . . . , yn in
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A,
∑n

i, j=1 x∗i V̂ ∗(y∗i y j )x j is positive. This is again equivalent to the following:

n∑
i, j=1

tr(x∗i V̂ ∗(y∗i y j )x jρ) ≥ 0 for all positive ρ ∈ Bs.a.
1 (h),

which can be re-written as
n∑

i, j=1

tr(y j V̂ ([x jρx∗i ])y∗i ) ≥ 0 for all positive ρ ∈ Bs.a.
1 (h).

It may be noted that complete positivity is preserved under taking finite sum,
composition and strong limit of operators. Now we prove in the following the-
orem that the minimal semigroup constructed in the present section is not only
positive but also completely positive.

Theorem 3.2.18 The semigroup T̃∗,t
(min) is completely positive for all t ≥ 0.

Proof:
It is enough to prove that for any r ∈ [0, 1) and t ≥ 0, T̃∗,t

(r) is completely
positive. For this, it suffices to verify that (λ − G̃r )

−1 is completely positive,
because T̃∗,t

(r) is strong limit of (n/t)n(n/t − G̃r )
−n as n → ∞. But, (λ −

G̃r )
−1 = (λ− Z̃)−1∑∞

j=0r j B̃(λ)
j , and so it is enough to check that (λ− Z̃)−1

and B̃(λ) are completely positive.
Now, for x1, . . . , xn; y1, . . . , yn ∈ A and positive ρ ∈ Bs.a.

1 (h), we have

n∑
i, j=1

tr(y j
̂(λ− Z̃)−1([x jρx∗i ])y∗i )

=
∫ ∞

0
e−λt

n∑
i, j=1

tr(y j Pt x jρx∗i P∗t y∗i )dt

=
∫ ∞

0
e−λt tr(ηtη

∗
t )dt (where ηt =

∑n

i=1
yi Pt xiρ

1/2) ≥ 0.

We are left to show that
∑n

i, j=1 tr(y j
̂̃B(λ)([x jρx∗i ])y∗i ) ≥ 0. By the density

of Dom(G) in h, we choose sequences ρ
(k)
i ∈ B2(h), i = 1, 2, . . . , n such

that (1− G)−1ρ
(k)
i → xiρ

1/2 in Hilbert–Schmidt norm as k →∞, for each i .
Recalling the definition of B̃(λ) and proceeding as in the previous paragraph,
we get

n∑
i, j=1

tr(y j
̂̃B(λ)([(1− G)−1ρ

(k)
j ρ

(k)
i

∗
(1− G∗)−1])y∗i )

=
n∑

i, j=1

tr(̂̃B(λ)([(1− G)−1ρ
(k)
j ρ

(k)
i

∗
(1− G∗)−1])y∗i y j )
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=
∫ ∞

0
e−λt

n∑
i, j=1

tr(R(1− G)−1 Ptρ
(k)
j ρ

(k)
i

∗
P∗t (R(1− G)−1)∗π(y∗i y j ))dt

=
∫ ∞

0
e−λt

n∑
i, j=1

tr(π(y j )R(1− G)−1 Ptρ
(k)
j ρ

(k)
i

∗
P∗t (R(1− G)−1)∗π(yi )

∗)dt

=
∫ ∞

0
eλt tr(ζ (k)

t ζ
(k)
t

∗
)dt (where ζ

(k)
t :=

n∑
i=1

π(yi )R(1− G)−1 Ptρ
(k)
i ),

which is clearly positive, and which also converges to
∑n

i, j=1 tr(y j
̂̃B(λ)

[(x jρx∗i )]yi ). Therefore, by the discussion preceding this theorem, the result
follows. �

Let us give a few examples of the construction discussed in this subsection.

Example 1
Let us consider a σ -finite measure space (�,B, µ) and denote by L p(µ) and
L p(µ)IR the space of all measurable complex-valued (real-valued, respectively)
functions on � with finite L p-norm, for p ≥ 1. We denote by h the Hilbert
space L2(µ) and by A the abelian von Neumann algebra L∞(µ), to be iden-
tified as multiplication operators on h. It is well-known that Ah,∗ ∼= L1(µ)R.
Our aim is to construct the minimal semigroup when the generator is given by

(L(ϕ) f )(ω) :=
{∫

a(ω, z)(ϕ(z)− ϕ(ω))µ(dz)
}

f (ω),

whenever the right-hand side exists (ϕ ∈ A and f ∈ h). Its formal predual is
given by, (Aψ)(x) = ∫ �a(y, x)ψ(y)µ(dy)− (

∫
�a(x, y)µ(dy))ψ(x), when-

ever the right-hand side makes sense for ψ ∈ L1(µ). We assume that a : �×�

→ [0,∞) is measurable and
∫

a(x, y)µ(dy) is finite for almost all x . This is
the obvious generalization of classical semigroups studied by Feller [50] and
Kato [78] where µ was chosen to be the counting measure on the set of positive
integers.

Let us consider the Hilbert space h ⊗ k, where h = L2(µ(dω)), k =
L2(µ(dz)) and K = h ⊗ k ∼= L2(µ(dω) ⊗ µ(dz)), where µ ⊗ µ denotes
the measure-theoretic product of two copies of µ. Let 〈·, ·〉h and 〈·, ·〉K denote
the inner products in h and K respectively, whereas || ||h and || ||K are the
respective norms. Define π : A→ B(K) by

(π(ϕ)F)(ω, z) = ϕ(z)F(ω, z); z, w ∈ �, F ∈ K.

It is straightforward to verify that π is a normal, ∗-representation. Note here
that the representation chosen is not (π̂(φ)F)(ω, z) = φ(ω)F(ω, z). This
change in the choice of representation has deeper implication at the level of
stochastic dilation as was observed in [99], (see also [93]) where it was shown
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that this necessitates introduction of a unitary operator-valued number process.
Now, define R : h → K as follows.

Let Dom(R) be the set of all f in h such that
∫ ∫

a(ω, z)| f (ω)|2µ(dω)µ(dz)
is finite; and (R f )(ω, z) = √

a(ω, z) f (ω) for f ∈ Dom(R).

Theorem 3.2.19 The operator R is densely defined and closed; and Dom(R∗)
contains the set D of all G ∈ K such that

∫ √
a(·, z)G(·, z)µ(dz) is in L2(µ).

For G ∈ D, (R∗G)(ω) = ∫ √
a(ω, z)G(ω, z)µ(dz); and the set D̂ ≡

{ f ∈ Dom(R) : R f ∈ D} is a core for R∗π(ϕ)R for any positive ϕ ∈ A.
Moreover, if we put an additional restriction, namely, supω∈�

∫
�a(ω, z)µ(dz)

< ∞ for all measurable set � having finite µ-measure, then Dom(R∗) and
D coincide.

Proof:
Let us denote by g(ω) the function

∫
a(ω, z)µ(dz). Clearly, as µ{ω : g(ω) =

∞} = 0, the linear span of elements of the form f χ{ω:g(ω)≤n}, where n is any
positive number and f ∈ L2(µ) is dense in L2(µ), where χB denotes indicator
of B. But f χ{ω:g(ω)≤n} ∈Dom(R) for f ∈ L2(µ), n ≥ 1; which proves that R is
densely defined. To see that R is closed, suppose that a sequence fn in Dom(R)

converges ( in || ||h ) to f ∈ L2(µ) and R fn converges in || ||K to ψ ∈K. Then,
we can choose a subsequence (nk)k=1,2,... such that fnk → f a.e. (µ) and
R fnk → ψ a.e. (µ ⊗ µ). But, for all z ∈ �, (R fnk )(ω, z) = √

a(ω, z) fnk (ω)

→ √
a(ω, z) f (ω) for almost all ω; and hence ψ(ω, z) = √

a(ω, z) f (ω) a.e.
(µ⊗µ). Since ψ ∈ L2(µ⊗µ), it is clear that f ∈ Dom(R), which proves that
R is closed.

We now want to show first that D ⊆ Dom(R∗). Suppose G ∈ D. It is a
simple observation that, if

∫ √
a(ω, z)G(ω, z)µ(dz) is denoted by γ (ω), then

γ ∈ L2(µ) by hypothesis and for all f ∈ Dom(R),

〈 f, γ 〉h =
∫ ∫

f̄ (ω)
√

a(ω, z)G(ω, z)µ(dz)µ(dω)

=
∫ ∫

f̄ (ω)
√

a(ω, z)G(ω, z)µ(dω)µ(dz)

= 〈R f, G〉K,

where the interchange of the order of integration is justified because∫ ∫ √
a(ω, z)| f̄ (ω)G(ω, z)|µ(dz)µ(dω) ≤ ||R f ||K||G||K < ∞, by Cauchy–

Schwarz inequality. This proves G ∈ Dom(R∗) and (R∗G)(ω) = ∫ √a(ω, z)
G(ω, z)µ(dz).

To show that D̂ is a core for R∗π(ϕ)R for positive ϕ ∈ A, we consider the
semigroup (Lt )t≥0 where Lt = e−t R∗π(ϕ)R . It is enough to show that for each t ,
Lt D̂ ⊆ D̂, which can be verified by straightforward arguments.

Now, assume also that supω∈�
∫
�a(ω, z)µ(dz) < ∞ for all � with

finite µ-measure. Let G ∈ Dom(R∗). Then, there exists ϕ ∈ h such that
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〈R f, G〉K=〈 f, ϕ〉h for all f ∈ Dom(R). But 〈R f, G〉K=
∫

f̄ (ω)p(ω)µ(dω),
as we have already computed (where p(ω) = ∫√a(ω, z)G(ω, z)µ(dz)). Thus,
for all f ∈ Dom(R), we have

∫
f̄ (ω)(p(ω)− ϕ(ω))µ(dω) = 0.

Partitioning � into disjoint sets of finite µ-measure, say {�n}(n=1,2,...) and
choosing f to be χ�n∩{ω:ϕ(ω)−p(ω)≥ε} for ε > 0, we can deduce from the above
identity that µ({ω : ϕ(ω)− p(ω) ≥ ε; ω ∈ �n}) = 0. Note that this argument
requires χ�n∩{ω: ϕ(ω)−p(ω)≥ε} to belong to Dom(R), which is a consequence of
the assumption that supω∈�

∫
�a(ω, z)µ(dz) <∞ for all � with µ(�) <∞.

Similarly, one obtains that µ({ω : ϕ(ω) − p(ω) ≤ −ε; ω ∈ �n}) = 0 for all
n and positive ε. Thus, ϕ = p a.e. (µ), and hence p ∈ L2(µ), proving G ∈ D.
This completes the proof. �

In order to incorporate the present example into the framework of the general
theory developed here, one only has to identify the generator G with − 1

2 R∗R,
which is a multiplication operator by the measurable function− 1

2

∫
a(·, z)µ(dz)

and hence is affiliated to A. Similarly, R∗π(ϕ)R can be seen to be a multipli-
cation operator by the measurable function

∫
a(·, z)ϕ(z)µ(dz) and hence is

affiliated to A. Thus, for positive ϕ ∈ L∞(µ) and f ∈ D̂, it is not difficult to
verify that

((R∗π(ϕ)R − 1
2 R∗Rϕ − 1

2ϕR∗R) f )(ω)

= ((R∗π(ϕ)R − ϕR∗R) f )(ω)

= (
∫

a(ω, z)(ϕ(z)− ϕ(ω))µ(dz)) f (ω)

= (L(ϕ) f )(ω).

If we make the assumption that supω∈�
∫
�a(ω, z)µ(dz) <∞ for all � with

finite µ-measure, then the above identity holds for all f in the domain of R∗R,
which is the same as the domain of R∗π(ϕ)R − ϕR∗R for any ϕ ∈ A in this
case.

Example 2
Consider another example where the above theory works on a von Neumann
algebra which is a type II1 factor. Note that such a von Neumann algebra is
neither commutative nor of the form B(H).

We fix some irrational number θ and consider h = L2(R) and the C∗-
algebra Aθ generated by the unitaries U and V where (U f )(s) = f (s + 1),
(V f )(s) = e2π isθ f (s). In this case U and V obey the commutation relation
U V = e2π iθ V U , It is known ( [28]) that the double commutant A′′

θ is a type
II1 factor in B(h). We refer the reader to Chapter 9 for some more details
about the C∗-algebra Aθ (called the irrational rotation algebra or the noncom-
mutative torus). Let us consider a canonical derivation δ with the domain D
consisting of all polynomials in U and V , and given by, δ(U ) = U , δ(V ) = 0.
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We observe that δ(X) = [S, X ], for X ∈ D, where (S f )(s) = −s f (s) for all
f ∈ L2(R) such that s f (s) is also in L2(R). We note that S is affiliated to
A′′

θ since for each integer n, Aθ contains multiplication by e2π isnθ = V n and
since θ is irrational, multiplication by eiαs belongs to A′′

θ for any α ∈ R. Thus,
S∗π(x)S = S∗x S is affiliated to A′′

θ for x ∈ Aθ . We now take the formal
expression L(X) = [S, [S, X ]] = S∗X S− 1

2 S∗SX− 1
2 X S∗S, for X ∈D, since

S∗ = S. It is now easy to see that L(U m V n) = −m2U m V n .

3.2.2 Structure theorem for a class of strongly continuous quantum
dynamical semigroups on B(h)

In this subsection, we shall discuss some of the results obtained by E. B. Davies
in [36]. Under certain assumptions, the Lindblad-form was derived there for the
generator (to be understood in a suitable sense, taking into account the domain-
questions) of a strongly continuous Q.D.S. acting on B(h). We shall denote by
K(h) the C∗-algebra of compact operators on h. We need a few lemmas before
we present the structure theorem of Davies.

Lemma 3.2.20 Let (T∗,t )t≥0 be a C0-contraction semigroup on B1(h) with
the generator denoted by W , such that its dual semigroup (Tt )t≥0 is a strongly
continuous (with respect to the ultra-weak topology) Q.D.S. on B(h), where
h is a separable Hilbert space. Assume that (Tt ) has a stationary pure state;
that is, there is a unit vector � of h such that 〈�, Tt (X)�〉 = 〈�, X�〉 for all
t > 0, X ∈ B(h). Then there exists a C0-semigroup (Ct )t≥0 of contractions on
h satisfying Ct (X�) = Tt (X)� for t ≥ 0, X ∈ B(h).

Proof:
We define Ct as follows. Clearly, the closed subspace spanned by K0 ≡ {X� :
X ∈ B(h)} is the whole of h. Define Ct on K0 by

Ct (X�) = (Tt (X))�.

Clearly, Ct keeps K0 invariant. It can be seen that Ct is well-defined and
is contractive on K0, so extends to h as a contraction. Indeed, Tt is a con-
tractive and completely positive map, hence Tt (X)∗Tt (X) ≤ Tt (X∗X). Thus,
‖Tt (X)�‖2 = 〈�, Tt (X)∗Tt (X)�〉 ≤ 〈�, Tt (X∗X)�〉 = 〈�, X∗X�〉 =
‖X�‖2, which shows that Ct is well-defined and contractive on K0. This
defines Ct as a contraction on the whole of h. Furthermore, Ct+s(X�) =
(Ct ◦ Cs)(X�) follows clearly from the definition of Ct and the semigroup
property of (Tt ). The weak-continuity (which is equivalent to strong continuity
for semigroups) of (Ct ) is a consequence of that of (Tt ). This completes the
proof of the lemma. �
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Let Y denote the generator of the C0 semigroup (Ct ), so that Y ∗ is the gen-
erator of (C∗

t ). Define the following C0-semigroup on B1(h) :
S∗,t (ρ) := C∗

t ρCt ,

for t ≥ 0.

Lemma 3.2.21 The vector � belongs to the domain of the operators Y and Y ∗
with Y� = Y ∗� = 0.

Proof:
For t > 0, 〈�,Ct�〉 = 〈�, Tt (1)�〉 = 〈�,�〉 = 1. As Ct is a contraction, it
follows that Ct� = � for all t > 0. So, d

dt Ct� exists and is equal to 0, that is,
� belongs to the domain of Y with Y� = 0. A similar argument (replacing Ct

by C∗
t ) proves that � belongs to the domain of Y ∗ with Y ∗� = 0. �

We need to investigate the special case of uniformly continuous semigroup
at this point.

Lemma 3.2.22 If (T∗,t )t≥0 in Lemma 3.2.20 is uniformly continuous Q.D.S.
then the operators Y and Y ∗ are bounded. Furthermore,

‖T∗,t (φ(ρ))− S∗,t (φ(ρ))‖ ≤ 4t‖ρ‖
for all ρ ∈ B1(h), where φ(ρ) = (Y ∗−1)−1ρ(Y−1)−1. Moreover, for positive
ρ ∈ B1(h), we have T∗,t (ρ) ≥ S∗,t (ρ) ≥ 0.

Proof:
It is obvious that the uniform continuity of T∗,t implies the same of the dual
semigroup Tt . Denote the bounded generator of Tt by L. Clearly, for ξ, η ∈ h,
we have 〈ξ,L(X)η〉 = tr(X W (|η >< ξ |)). Since the operator Y is closed, it is
sufficient, in order to prove the boundedness of Y (and hence of Y ∗), to show
that the domain of Y is the whole of h. For any ξ ∈ h, we write it as ξ = X�,

where X = |ξ >< �|. Thus Ct (ξ) = Tt (X)�. Since the domain of L is the
whole of B(h) by our assumption, it follows that limt→0+(Ct (ξ) − ξ)/t =
limt→0+((Tt (X) − X)/t)� exists and is equal to L(X)�. Thus, Y (X�) =
L(X)�,that is, Y (ξ) = L(|ξ >< �|)�, so that Y is defined everywhere
Therefore Y is bounded.

We now claim that L can be written as

L(X) =
∞∑

n=1

R∗n X Rn + Y X + XY ∗

for some countable collection of operators Rn ∈B(h) such that Rn�= 0 for
all n and the infinite sum in the above expression converges strongly. Define a
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map Q : B(h)→ B(h) by Q(X) = Y X + XY ∗. We shall prove that L− Q is
completely positive. To this end, recall the trilinear map D given by

D(x, y, z) = L(xyz)+ xL(y)z − L(xy)z − xL(yz)

for x, y, z ∈ B(h), introduced in the proof of Theorem 3.1.8, and note that D
has been shown to be positive definite in a suitable sense. From this, it follows
that for X0, X1 ∈ B(h),

L(X∗0 X∗1 X1 X0)+ X∗0L(X∗1 X1)X0 ≥ L(X∗0 X∗1 X1)X0 + X∗0L(X∗1 X1 X0).

Since 〈�,L(X)�〉 = d
dt |0〈�, Tt (X)�〉 = d

dt |0〈�, X�〉 = 0, we have that

〈X0�,L(X∗1 X1)X0�〉
≥ 〈�,L(X∗0 X∗1 X1)X0�〉 + 〈X0�,L(X∗1 X1 X0)�〉
= 〈Y (X∗1 X1 X0�), X0�〉 + 〈X0�, Y (X∗1 X1 X0�)〉
= 〈X0�, (Q(X∗1 X1))X0�〉.

As the set {X0�; X0 ∈ B(h)} is dense in h, we get the operator inequality
L(X∗1 X1) ≥ Q(X∗1 X1), which proves that L− Q is a positive map. By similar
arguments, replacing h by h ⊗ CN (N positive integer), and L and Q by their
lifting to B(h⊗CN ), we can establish the complete positivity of the map L−Q.

The normality of L − Q is an immediate consequence of the fact that both L
and Q are clearly so.

So, by the Corollary 2.2.10, there are Rn, n = 1, 2, . . . such that L(X) −
Q(X) =∑n R∗n X Rn . Note that 〈�,L(1)�〉= 0 and 〈�, Q(1)�〉= 〈Y�,�〉+
〈�, Y�〉 = 0. Thus,

∑
n〈�, R∗n Rn�〉 = 0, implying Rn� = 0 for all n. This

completes the proof of the claim.
From the relation 〈ξ,L(X)η〉 = tr(X W (|η >< ξ |)) for ξ, η ∈ h, it can be

seen that W has the following form:

W (ρ) =
∑

n

RnρR∗n + ρY + Y ∗ρ.

Now, since Tt (1) is contractive positive operator for each t , Tt (1) − 1 ≤ 0,
hence L(1) ≤ 0 as operator. This implies the operator inequality

0 ≤
∑

n

R∗n Rn ≤ −(Y + Y ∗),

and hence the norm inequality∥∥∥∥∥(Y − 1)−1

(∑
n

R∗n Rn

)
(Y ∗ − 1)−1

∥∥∥∥∥ ≤ ‖(Y − 1)−1(Y + Y ∗)(Y ∗ − 1)−1‖.



58 Quantum dynamical semigroups

Moreover, we have

‖(Y−1)−1‖≤
∫ ∞

0
‖e−t Ct‖dt ≤ 1, and ‖(Y−1)−1Y‖≤‖1+(Y−1)−1Y‖≤2.

It follows that ‖(Y − 1)−1(Y + Y ∗)(Y ∗ − 1)−1‖ ≤ 4. Consider the linear map
J1 = J ◦ φ on B1(h) where J is given by J (ρ) = ∑n RnρR∗n , and note
that J1 is positive in the sense that J1(ρ) ≥ 0 for ρ ≥ 0. Furthermore, its
dual J ∗1 : B(h) → B(h) is nothing but the completely positive map X �→
(Y − 1)−1 (∑

n R∗n X Rn
)
(Y ∗ − 1)−1. So,

‖J1‖ = ‖J ∗1 ‖ = ‖J ∗1 (1)‖ =
∥∥∥∥∥(Y − 1)−1

(∑
n

R∗n Rn

)
(Y ∗ − 1)−1

∥∥∥∥∥ ≤ 4.

Note that St and φ commute for each t , since C∗
t commutes with its generator

Y ∗ and Ct with Y. Now, using the perturbation expansion

T∗,t (ρ) = S∗,t (ρ)+
∫ t

0
T∗,t−s ◦ J ◦ Ss(ρ)ds,

we see that T∗,t (ρ) ≥ S∗,t (ρ) for positive ρ, and furthermore,

‖T∗,t (φ(ρ))− S∗,t (φ(ρ))‖1

≤
∫ t

0
‖T∗,t−s ◦ J ◦ S∗,s(φ(ρ))‖1ds

=
∫ t

0
‖T∗,t−s ◦ J1 ◦ S∗,s(ρ))‖1ds ≤ 4t‖ρ‖1,

where we have used the facts that the maps φ and Ss commute, T∗,s, S∗,s are
contractive and ‖J1‖ ≤ 4. �

Before we state and prove the main theorem, we need one more lemma,
which can be viewed as a ‘predual’ version of the Corollary 2.2.10.

Lemma 3.2.23 Let � : B1(h) → B1(h) be a linear map which is positive in
the sense that �(ρ) ≥ 0 whenever ρ ≥ 0. Then the dual of �, say �∗, which
is a linear map from B(h) to B(h), is positive and normal. If � is completely
positive in the sense that (�⊗ I ) : B1(h)⊗Mn ≡ B1(h⊗Cn)→ B1(h⊗Cn)

is positive for all n = 1, 2, . . . , �∗ is completely positive and normal; and
we can find C1,C2, . . . in B(h) such that �(ρ) =∑n CnρC∗

n , where the sum
converges weakly.

Proof:
For a positive X ∈ B(h), ξ ∈ h, we have 〈ξ,�∗(X)ξ 〉 = tr(�∗(X)|ξ ><

ξ |) = tr(X�(|ξ >< ξ |)) ≥ 0, since �(|ξ >< ξ |) is a positive operator by
the assumption of positivity of �. This proves that �∗ is positive. Similarly
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the complete positivity of �∗ can be shown in case � is completely positive.
To show the normality of �∗, we take a net Xα of positive operators such that
Xα ↑ X for some X . To show that �∗(Xα) → �∗(X) weakly, it is enough to
note that for ξ, η ∈ h, 〈ξ,�∗(Xα)η〉 = tr(Xα�(|ξ >< η|))→ tr(X�(|ξ ><

η|)), as �(|ξ >< η|) ∈ B1(h) and Xα → X weakly.
Applying the Corollary 2.2.10 to the normal completely positive map �∗,

we can find Cn, n = 1, 2, . . . , such that �∗(X) = ∑n C∗
n XCn, X ∈ B(h),

from which it follows that �(ρ) =∑n CnρC∗
n for ρ ∈ B1(h). �

We are now in a position to prove the main theorem.

Theorem 3.2.24 Let (T∗,t )t≥0 be a C0-contraction semigroup on B1(h), such
that its dual semigroup (Tt )t≥0 is a strongly continuous (with respect to the
ultra-weak topology) Q.D.S. on B(h), where h is a separable Hilbert space.
Assume that (Tt ) satisfies the following conditions.
(i) There is a unit vector � of h such that 〈�, Tt (X)�〉 = 〈�, X�〉 for all
t > 0, X ∈ B(h); and (ii) Tt (K(h)) ⊆ K(h) for all t > 0, where K(h) denotes
the set of compact operators on h.
Then there is a dense subspace D containing �, linear (densely defined, clos-
able) operators Bn, Y , with D ⊆ Dom(Bn),Dom(Y ), for n = 1, 2, . . . , satis-
fying

Y� = Y ∗� = Bn� = 0,

〈Y ξ, ξ 〉 + 〈ξ,Y ξ 〉 +
∑

n

‖Bnξ‖2 ≤ 0 for all ξ ∈ Dom(Y ),

and the generator of (T∗,t ), say W , is of the form

W (ρ) = Y ∗ρ + ρY +
∑

n

BnρB∗n ,

for all ρ in a suitable dense domain µ, and where the sum in the above formula
converges weakly.

Proof:
We retain the notation of the Lemma 3.2.20 and the discussion following it.
Thus, Y is taken to be the generator of the semigroup (Ct ) as before.

By (ii), it is possible to view the semigroup T∗,t on the Banach space B1(h)=
(K(h))∗ as the dual of the restriction of Tt to K(h). Furthermore, each T∗,t is
continuous in the weak-∗ topology of (K(h))∗, as the duality between B1(h)
and K(h) is given by the restriction of the duality between B1(h) and B(h),
and Tt = T ∗∗,t is weak* continuous as a map on B(h). Thus, by the Proposition
2.3.2, the domain of the generator of (T∗,t ), say W , is given by

Dom(W ) =
{
ρ ∈ B1(h) : liminft→0+

‖T∗,t (ρ)− ρ‖1

t
<∞

}
.
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Define a family of semigroups (T ε∗,t ) with bounded generators Wε indexed
by ε > 0 where Wε = (T∗,ε − I )/ε. Note that Wε(ρ) → Wρ as ε → 0+,
for all ρ in the domain of W, so in particular (Wε − W )(I − W )−1(ρ) → 0
as ε → 0+ for all ρ ∈ B1(h). Furthermore, since T∗,ε is contractive operator,
we have ‖exp(tWε)‖ ≤ e− t

ε ‖exp( t
ε T∗,ε)‖ ≤ e− t

ε (1−‖T∗,ε‖) ≤ 1. Thus, for each
ε > 0, (T ε∗,t )t≥0 is a C0 semigroup of contractions on B1(h). Moreover, for
any ρ ∈ B1(h) and λ > 1,

‖(λ− Wε)
−1(ρ)− (λ− W )−1(ρ)‖1

= ‖(λ− Wε)
−1(Wε − W )(λ− W )−1(ρ)‖1

≤ 1
λ
‖(Wε − W )(λ− W )−1(ρ)‖1

→ 0 as ε → 0+ .

This shows, by Proposition 2.3.3 and the related discussion in Chapter 2, that
T ε∗,tρ → T∗,tρ in the norm of B1(h) for all t ≥ 0 and ρ ∈ B1(h),as ε → 0+.

It is clear that the dual of T ε∗,t , say T ε
t , is nothing but the uniformly contin-

uous Q.D.S. with the generator Lε := (Tε − I )/ε. From the series expansion
T ε

t = e−tε−1∑
n≥0(n!)−1( t

ε )
nTεn it follows that 〈�, T ε

t (X)�〉 = 〈�, X�〉
for all t ≥ 0 and X ∈ B(h). Thus, Cε

t defined by Cε
t (X�) = T ε

t (X)�

is a C0 semigroup of contractions, and in fact, Cε
t = exp(− t

ε (1 − Cε)) Set
Sε∗,t (ρ) = (Cε

t )
∗ρCε

t . it can be shown, by very similar arguments as in the case
of T ε∗,t , that Sε∗,t (ρ)→ S∗,t (ρ) as ε → 0+, for all t ≥ 0 and ρ ∈ B1(h).

Since by the Lemma 3.2.22 T ε∗,t (ρ) ≥ Sε∗,t (ρ) for ρ ≥ 0; and ‖T ε∗,t (ρ) −
Sε∗,t (ρ)‖1 ≤ 4‖ρ‖1 for all ρ ∈ B1(h) and for all ε > 0, it follows that T∗,t (ρ) ≥
S∗,t (ρ) for ρ ≥ 0; and ‖T∗,t (ρ)− S∗,t (ρ)‖1 ≤ 4‖ρ‖1 for all ρ ∈ B1(h).

For ρ in the domain of the generator of S∗,t , say WS , we have
liminft→0+(‖S∗,t (ρ) − ρ‖1)/t < ∞, hence liminft→0+(‖T∗,t (ρ) − ρ‖1)/t
is finite also. Thus, the domain of WS is contained in the domain of W. Now,
it is clear that the range of φ, that is, {(Y ∗ − 1)−1ρ(Y − 1)−1 : ρ ∈ B1(h)} is
contained in the domain of the generator WS of S∗,t (hence it is in Dom(W ) as
well), and WS(φ(ρ)) = Y ∗(Y ∗ − 1)−1ρ(Y − 1)−1+ (Y ∗ − 1)−1ρ(Y − 1)−1Y.
We take D to be the dense subspace Ran(Y ∗ − 1)−1 = Dom(Y ∗), and µ to
be Ran(φ). Clearly, given any rank one operator |ξ >< η|, we can choose
ξn, ηn, n = 1, 2, · · · in D such that ξn → ξ, ηn → η as n → ∞; so that
ρn := |ξn >< ηn| converges to |ξ >< η| in the norm of B1(h). Writing
ξn = (Y ∗ − 1)−1ξ ′n, ηn = (Y ∗ − 1)−1η′n, for some ξ ′n, η′n in h, it is not difficult
to see that ρn = φ(|ξ ′n >< η′n|) ∈ C. This proves that µ is dense in B1(h).

We now define a linear map � : B1(h) → B1(h) by �(ρ) := W (φ(ρ)) −
WS(φ(ρ)). We claim that � is completely positive in the sense of the
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Lemma 3.2.23. Let us prove the positivity only, as the complete positivity
can be deduced by very similar arguments, replacing h by h ⊗ Cn . Note that
φ(ρ) ≥ 0 for ρ ≥ 0, and furthermore we have

�(ρ)

= lim
t→0+

T∗,t (φ(ρ))− φ(ρ)

t
− lim

t→0+
S∗,t (φ(ρ))− φ(ρ)

t

= lim
t→0+

T∗,t (φ(ρ))− S∗,t (φ(ρ))
t

≥ 0,

since for each t, T∗,t − S∗,t is a positive map as noted before.
By Lemma 3.2.23, we can find Dn, n = 1, 2, . . . in B(h) such that �(ρ) =∑
n DnρD∗

n , where the sum converges weakly. We take Bn := Dn(Y ∗ − 1) (so
that the domain of Bn is same as that of Y ∗), and observe that for ρ ∈M, say
of the form ρ = (Y ∗ − 1)−1η(Y − 1)−1 for some η ∈ B1(h),

W (ρ)

= (W − WS)(φ(η))+ WS(φ(η))

=
∑

n

DnηD∗
n + Y ∗φ(η)+ φ(η)Y

=
∑

n

Bn(Y ∗ − 1)−1η(Y − 1)−1 B∗n + Y ∗ρ + ρY

=
∑

n

BnρB∗n + Y ∗ρ + ρY.

�

3.2.3 Structure of generator of symmetric quantum
dynamical semigroups

In this subsection we shall study Q.D.S. on a von Neumann algebra which are
symmetric with respect to a normal faithful semifinite trace on the von Neu-
mann algebra and introduce the concept of noncommutative Dirichlet forms.
But before we do that a brief survey of the classical Dirichlet form will be use-
ful. Let � be an open region in Rn with connected components �1, . . . . The
Dirichlet Laplacian �D is the unique self-adjoint operator in L2(�, dx) asso-
ciated with the classical Dirichlet form E , which is the closure of the quadratic
form

E0( f, g) =
∫
�
∇ f (x)∇g(x)dx ≡

n∑
j=1

∫
�

∂ f̄ (x)
∂x j

∂g(x)
∂x j

dx

for f, g ∈ C∞
0 (�). From the definition, it is evident that the Dom(E) =

H1
0 (�), the completion of C∞

0 (�) in the Sobolev norm of H1(�). Also,−�D
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is precisely the Friedrichs extension and −�D = A∗A, where A is the closure
of the gradient operator on C∞

0 (�). If we define the maps J and P : L2(�)→
L2(�) by setting (J f )(x) = f̄ (x) and (P f )(x) = Min(1,Max(0, f (x))),
and if we set E( f ) = E( f, f ) for f ∈ Dom(E), then J f, P f ∈ Dom(E),
E(J f ) = E( f ), and E(P f ) ≤ E( f ).

The Dirichlet Laplacian has many more interesting properties. If � has ‘nice’
boundary, −�D has a core containing of functions, which are C∞ upto the
boundary, and vanish on the boundary, and it is this property that associates this
Laplacian with classical Dirichlet boundary value problems of potential theory
(see for example [110] for details on this). Furthermore, the properties of the
maps J and P with respect to the associated closed Dirichlet form has far-
reaching implications in the theory of probability, namely, (a) such a form can
be extended to the cases where the Lebesgue measure in L2(�) is replaced by a
larger class of measures µ and then one gets an associated self-adjoint operator
Hµ in L2(�,µ); (b) with every closed Dirichlet from E on L2(�,µ) satisfying
the properties of the maps J and P described earlier, the associated self-adjoint
operator HE generates a Markov semigroup in L2(�,µ) : {e−t HE }t≥0 is a
contractive C0-semigroup such that for f ∈ L2(�,µ) with 0 ≤ f ≤ 1, 0 ≤
e−t HE f ≤ 1 for all t ≥ 0. For details on these aspects, the reader is referred
to [54] and it is property (b) that is used in the rest of this subsection for the
definition of a noncommutative Dirichlet form.

Let us now introduce the concept of noncommutative Dirichlet forms and
discuss elements of the theory of such forms. Let A be a C∗-algebra and τ be
a densely defined, faithful, lower semicontinuous and semifinite trace on A.
Let A be the von Neumann algebra πτ (A)′′ in B(L2(A, τ )), where πτ denotes
the GNS representation for τ . Clearly, τ extends as a normal faithful semifi-
nite trace on A. Let Aτ be the dense subset of A (which can be shown to be
a dense ∗-ideal by using Cauchy–Schwarz inequality) consisting of elements
a such that τ(a∗a) < ∞. Consider the antilinear isometry J on the Hilbert
space L2 ≡ L2(A, τ ) which is given by J (a) = a∗ for a ∈ Aτ . We denote the
subspace of elements a in L2(A, τ ) satisfying J (a) = a by L2

h . Such elements
will be called hermitian or real elements. Furthermore, let P be the projec-
tion from L2(A, τ ) onto the subspace obtained by taking the L2-closure of
{a ∈ A : 0 ≤ a ≤ 1}. Now, we are ready to define a Dirichlet form.

Definition 3.2.25 A Dirichlet form on L2(A, τ ) is a closed, densely defined,
positive quadratic form (E,Dom(E)) where Dom(E) denotes the domain of the
form, and the following conditions are satisfied:

(i) J (a) ∈ Dom(E) for all a ∈ Dom(E) with E(J (a)) = E(a); and
(ii) Pa ∈ Dom(E) with E(Pa) ≤ E(a) for all a ∈ Dom(E) ∩ L2

h .
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For every positive integer n, the quadratic form (En,Dom(En)) is defined as
follows:

Dom(En) := Mn(Dom(E)) ≡ Dom(E)⊗alg Mn(C) ⊆ L2(A⊗ Mn, τ ⊗ trn),

where trn is the normalized trace on the matrix algebra Mn = Mn(C)), and

En(((ai j ))) :=
n∑

i j=1

E(ai j ) for ((ai j ))
n
i j=1 ∈ Mn(Dom(E)).

Definition 3.2.26 A Dirichlet form (E,Dom(E)) is said to be completely
Dirichlet if for every n ≥ 1, (En,Dom(En)) is a Dirichlet form. A completely
Dirichlet form is called a C∗-Dirichlet form if A ∩ Dom(E) is dense (in the
C∗-norm) in A and is also a form-core for (E,Dom(E)).

The following result, which we quote without proof, is due to Davies and Lind-
say [38].

Proposition 3.2.27 If (E,Dom(E)) is a completely Dirichlet form on L2(A, τ )

then A ∩ Dom(E) is a ∗-subalgebra of A. Furthermore, if (E,Dom(E)) is a
C∗-Dirichlet form, then A∩Dom(E) is a norm-dense ∗-subalgebra of A, to be
called the ‘Dirichlet algebra’ associated with the form E .

Let � be a contractive CP map on A, which is also symmetric, that is,
τ(�(a)b) = τ(a�(b)) for all a, b ≥ 0 in A. Let us denote L p(A, τ ) by
simply L p, and the L p-norm of an element a by ‖a‖p. We also denote by L∞
the universal enveloping von Neumann algebra of A and denote by ‖ · ‖∞ the
norm on this von Neumann algebra, which extends the C∗-norm on A. It fol-
lows from Theorem 2.2.9 and Proposition 2.1.10 that � can be extended as a
normal, contractive, CP map on L∞. For a ∈ A ∩ L2, we have by using the
symmetry of � and Corollary 2.2.11 that

τ(�(a)∗�(a)) ≤ τ(�(a∗a))
= τ(a∗a�(1)) = τ(a�(1)a∗) ≤ τ(aa∗) = τ(a∗a).

Thus, � maps A∩ L2 (which is dense in L2 in the L2-norm) into itself and is a
contraction in the norm of L2, hence extends to L2 as a contraction. We denote
this L2-extension also by �.

Lemma 3.2.28 Let (Tt )t≥0 be a Q.D.S. on A, such that each Tt is symmetric
with respect to τ. Then the L2-extensions of Tt , as discussed above, form a
C0-semigroup of positive contractions on the Hilbert space L2.
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Proof:
It is clear that the L2-extensions form a semigroup, so it suffices to prove that
Tt is a positive map on L2 and ‖(Tt − I )u‖2 → 0 as t → 0+ for u ∈ L2. Now,
for a ∈ A ∩ L2, we have

τ(Tt (a)∗a)
= τ(T t

2
(a)∗T t

2
(a))

≥ 0,

where we have used the fact that T t
2

is symmetric. This shows the positivity of
Tt , since A ∩ L2 is dense in L2.

To complete the proof of the lemma, we need to show limt→0+ ‖(Tt −
I )a‖2 = 0 for a ∈ A ∩ L1, as Tt is L2-contractive and A ∩ L1 is dense in
L2. Fix a ∈ A ∩ L1. It is straightforward to see that |τ(Tt (a)∗a)− τ(a∗a)| ≤
‖Tt (a)− a‖∞‖a‖1 → 0 as t → 0+ . Thus, we have

‖(Tt a − a)‖2
2

= τ(Tt (a∗)Tt (a))+ τ(a∗a)− 2τ(Tt (a∗)a)
= τ(T2t (a∗)a)+ τ(a∗a)− 2τ(Tt (a∗)a)
→ 0 as t → 0+ .

�

The following well-known result (see [10] and [32] for details) describes
how a canonical Dirichlet form is obtained from a symmetric Q.D.S.

Proposition 3.2.29 Let (Tt )t≥0 be a Q.D.S. on A with the generator L. Assume
furthermore that Tt is symmetric (with respect to τ ) in the sense discussed
before. Let us view Tt as a C0-semigroup of positive contractions on L2(A, τ )

as in the Lemma 3.2.28, and let L2 be the negative operator which generates
this semigroup of contractions. Consider the following quadratic form E on
L2(A, τ ):

Dom(E) = Dom((−L2)
1
2 ), E(a) = ‖(−L2)

1
2 (a)‖2

2, a ∈ Dom(E).

Then (E,Dom(E)) is a C∗-Dirichlet form. Conversely, any C∗-Dirichlet
form on A can be obtained in this way from some symmetric Q.D.S.

We call E constructed from the Q.D.S. (Tt ) as in the above proposition
the Dirichlet form associated with (Tt ). The following result, most of which
is contained in [32], provides all the necessary ingredients for obtaining a
Christensen–Evans type structure for the generator of (Tt ).
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Theorem 3.2.30 Let (E,Dom(E)) be the C∗-Dirichlet form associated with a
symmetric Q.D.S. (Tt ) on A. Let B = A ∩ Dom(E) be the associated Dirich-
let algebra. Assume furthermore that there exists a norm-dense ∗-subalgebra
A0 ⊆ Dom(L) ∩ Dom(L2) of A which is a core for the norm-generator L
of (Tt ) on one hand, and a form-core for E on the other. Suppose also that
L(A0) ⊆ A0. Then the following conditions hold.

(i) There is a canonical Hilbert space K equipped with an A-A bimodule
structure, in which the right action is denoted by (a, ξ) �→ ξa, ξ ∈ K, a ∈
A and the left action by (a, ξ) �→ π(a)ξ, ξ ∈ K, a ∈ A.

(ii) There is a densely defined closable linear map δ0 from A into K such
that B = Dom(δ0), and δ0 is a bimodule derivation, that is, δ0(ab) =
δ0(a)b + π(a)δ0(b) for all a, b ∈ B.

(iii) For a ∈ A0, b ∈ B, ‖δ0(a)b‖K ≤ Ca‖b‖2, where ‖.‖K denotes the
Hilbert space norm of K, and Ca is a constant depending only on a. Thus,
for any fixed a ∈ A0, the map B � b �→ √

2δ0(a)b ∈ K extends to a
unique bounded linear map between the Hilbert spaces L2(A, τ ) and K,
and this bounded map will be denoted by δ(a).

(iv) The triple (L, π, δ) satisfy the following cocycle relation:

∂L(a, b, c) ≡ δ(a)∗π(b)δ(c) = L(a∗bc)−L(a∗b)c−a∗L(bc)+a∗L(b)c,

for a, b, c ∈ A0.
(v) K is the closed linear span of {δ(a)b : a, b ∈ A0}.

(vi) π extends to a normal ∗-homomorphism on Ā.

Proof:
The proof of (i), (ii) and (iii) can be found in [32]. We give a brief account of it
here. We begin with the observation that for any CP map � from a C∗-algebra
C ⊆ B(H0) to itself, the map β := � − I is CCP. This can be proved by
writing the CP map � in the form �(x) = V ∗π(x)V by the Theorem 2.2.9,
where π is a ∗-representation of C in B(H) for some Hilbert space H and
V ∈ B(H0,H). It follows by a straightforward calculation that for a, b, c ∈ C,
the kernel Ka(b, c) := β(b∗a∗ac)+b∗β(a∗a)c−β(b∗a∗a)c−b∗β(a∗ac) can
be written as

Ka(b, c) = (V b − π(b)V )∗π(a∗a)(V c − π(c)V ),

from which it is immediate that Ka is a positive definite kernel, hence β is CCP.
Now, for ε > 0, consider the operator (I − εL)−1 = ∫∞0 e−t Tεt dt . This can

be viewed as a contractive operator on each of the spaces A, A (= πτ (A)′′) as
well as L2(A, τ ). In fact, it is clearly a CP map on A ⊇ A. Thus,
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�ε := 1
ε ((I − εL)−1 − I ) = −L(I − εL)−1 is a bounded CCP map, hence

Kε : A×A→ A defined below is positive definite:

Kε(a, b) = �ε(a∗b)+ a∗�ε(1)a −�ε(a∗)b − a∗�ε(b).

Since 0 ≤ Tt (1) ≤ 1, it is obvious that �ε(1) ≤ 0, hence the kernel K ′
ε(a, b) :=

Kε(a, b)−a∗�ε(1)b is also positive definite. Note that for a, b∈B⊆Dom(L2),

τ (a∗�ε(b))

= 〈a, (−L2)(1− εL2)
−1b〉

= 〈(−L2)
1
2 (a), (−L2)

1
2 (1− εL2)

−1(b)〉
which converges to

〈(−L2)
1
2 (a), (−L2)

1
2 (b)〉 = 〈(−L2)

1
2 (a), (−L2)

1
2 (b)〉, as ε → 0+ .

This allows us to define the following positive definite sesquilinear form η on
B ⊗alg B :

η(a ⊗ b, c ⊗ d) = lim
ε→0+

1
2
τ(b∗K ′

ε(a, c)d).

We construct a Hilbert space K from B ⊗alg B by taking quotient by the sub-
space {b : η(x, x) = 0} and then completing the quotient. Let us denote the
inner product and norm on K by 〈·, ·〉K and ‖ · ‖K respectively. Let K0 denote
the C-linear span of elements of the form [b ⊗ c], b, c ∈ B, where [b ⊗ c]
denotes the equivalence class of (b ⊗ c) in K after taking quotient and com-
pletion mentioned before. It is obvious that K0 is dense in K. To define the left
and right A-module structure on K, we proceed as follows. For a, b, c ∈ B,
define

[b ⊗ c].a = [b ⊗ ca],
a.[b ⊗ c] = [ab ⊗ c] − [a ⊗ bc],

and then extend on K0 by linearity. By a simple calculation (see pages 8–11
of [32] for details), we can derive the following inequalities for a ∈ B, ξ ∈ K0:

‖a.ξ‖2
K ≤ ‖a‖2∞‖ξ‖2

K, ‖ξ.a‖2
K ≤ ‖a‖2∞‖ξ‖2

K.

By the density of B in A, we can define left and right actions by an arbitrary
element of A. This proves (i).

For a ∈ B, we define δ0(a) ∈ K as the unique element satisfying

〈δ0(a), [b ⊗ c]〉K = 1
2

(
Ẽ(a, bc)+ Ẽ(b∗, ca∗)− Ẽ(b∗a, c)

)
,

where b, c ∈ B and Ẽ(x, y) := 〈(−L2)
1
2 (x), (−L2)

1
2 (y)〉 for all x, y ∈

Dom(E). We refer to [32] for the estimates needed for proving the existence
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and uniqueness of the vector δ0(a) defined above, and also the bimodule deriva-
tion property.

To prove (iii), let us first note that by Proposition 4.4 (ii) of [32] (page 13),
we have

δ0(a)b = [a ⊗ b],
where a, b ∈ B. Now, for a, b ∈ B,

‖[a ⊗ b]‖2
K

= lim
ε→0+

1
2
τ(b∗K ′

ε(a, a)b)

≤ lim sup
ε→0+

1
2
‖K ′

ε(a, a)‖∞τ(b∗b)

= lim sup
ε→0+

1
2
‖K ′

ε(a, a)‖∞‖b‖2
2.

Choose a ∈ A0 ⊆ Dom(L). Since A0 is a ∗-algebra, we have a∗, a∗a ∈ A0,
and it is clear that K ′

ε(a, a) → −L(a∗a) + L(a∗)a + a∗L(a) as ε → 0+,

hence ca := 1
2 lim→0+ ‖K ′

ε(a, a)‖∞ exists and is finite. This proves (iii).
We verify (iv) by straightforward calculations, which we omit. To prove (v),

we first recall from [32] that K can be taken to be the closed linear span
of the vectors of the form δ0(a)b, a, b ∈ B. Now, by Lemma 3.3 of [32],
‖δ0(a)b‖2

K ≤ ‖b‖2∞E(a). Since A0 is on the one hand norm-dense in A and
also forms the core for E on the other, (v) follows.

Let us now prove (vi). It is enough to prove that whenever we have a Cauchy
net aµ ∈ A0 in the weak topology, then 〈ξ, π(aµ)ξ 〉 is also Cauchy for any
fixed ξ belonging to the dense subspace of K spanned by the vectors of the
form δ(b)c, b, c ∈ A0. But it is clear that for this, it suffices to show that
a �→ 〈δ(b)b′, π(a)δ(b)b′〉K is weakly continuous. Now, by the symmetry of L
and the trace property of τ , we have that for a ∈ A0,

〈δ(b)b′, π(a)δ(b)b′〉K = 〈b, abL(b′b′∗)〉 − 〈b, aL(bb′b′∗)〉
−〈L(bb′b′∗), ab〉 + 〈L(bb′(bb′)∗), a〉.

The first three terms in the right-hand side are clearly weakly continuous in a,
so we have to concentrate only on the last term, which is of the form
τ(L(xx∗)a) for x ∈ A0. Now, we have

τ(L(xx∗)a) = τ(L(x)x∗a)+ τ(xL(x∗)a)+ τ(δ(x∗)∗δ(x∗)a),

and since L(A0) ⊆ A0, the first two terms in the right hand side of the
above expression are weakly continuous in a, so we are left with the term
τ(δ(x∗)∗δ(x∗)a). Let us choose an approximate identity en of the C∗-algebra
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A such that each en belongs to Aτ (this is clearly possible, since Aτ is a
norm-dense ∗-ideal, and for z ∈ Aτ , one has that |z| ∈ Aτ ). By normality
of τ , τ(δ(x∗)∗δ(x∗)) = supn τ(enδ(x∗)∗δ(x∗)en) = 2 supn ‖δ0(x∗)en‖2

K ≤
2 supn ‖en‖2∞E(x∗) < ∞, since ‖en‖∞ ≤ 1 and x∗ ∈ A0 ⊆ Dom(E). Thus,
δ(x∗)∗δ(x∗) = y2 for some y ∈ Aτ , hence τ(δ(x∗)∗δ(x∗)a) = τ(yay), which
proves the required weak continuity. �

Now we obtain a Christensen–Evans type structure of the generator L.

Theorem 3.2.31 In the notation of Theorem 3.2.30, let R : L2 → K be defined
as follows:

Dom(R) = A0, Rx ≡ √
2δ0(x).

Then R has a densely defined adjoint R∗, whose domain contains the linear
span of the vectors δ(x)y, x, y ∈ A0 and

R∗(δ(x)y) = xL(y)− L(x)y − L(xy).

We denote the closure of R by the same notation R. For x, y ∈ A0,

(R∗π(x)R − 1
2

R∗Rx − 1
2

x R∗R)(y) = L(x)y.

Furthermore,
δ(x)y = (Rx − π(x)R)(y), x, y ∈ A0,

L2 = −1
2

R∗R.

Proof:
For x, y, z ∈ A0, we observe by using the symmetry of L that

〈δ(x)y, Rz〉
= 2〈δ0(x)y, δ0(z)

= τ(y∗L(x∗z)− y∗L(x∗)z − y∗x∗L(z))
= τ(L(y∗)x∗z − (L(x)y)∗z − L(xy)∗z)

= 〈{xL(y)− L(x)y − L(xy)}, z〉.
This suffices for the proof of the statements regarding R∗. It can be verified
by a straightforward computation that (R∗π(x)R − 1

2 R∗Rx − 1
2 x R∗R)(y) =

L(x)y holds for x, y ∈ A0. The remaining statements are also verified in a
straightforward manner. �

3.2.4 A class of quantum dynamical semigroups on uniformly hyperfinite
(U.H.F.) C∗-algebra

In this subsection we shall describe a physically interesting class of conserva-
tive Q.D.S. constructed by T. Matsui in [88] on the U.H.F. C∗-algebras of class
N∞. The reader is also referred to [63] for some of the details.



3.2 The case of strongly continuous Q.D.S. 69

Let A be the uniformly hyperfinite (U.H.F.) C∗-algebra generated as the
C∗-completion of infinite tensor product

⊗
j∈Zd MN (C), where N and d are

two fixed positive integers. This is a particular type of approximately finite
dimensional (AF) C∗-algebras discussed in, for example, [33]. Let us give a
concrete description of this C∗-algebra here. Choose and fix a unit vector ξ0 in
CN and consider the Hilbert space h obtained as the countable infinite tensor
product of copies of CN , with ξ0 as the stabilizing vector, as discussed below.
Let J denote the set of all sequences (v j ) indexed by j ∈ Zd , with v j ∈ CN

for all j , and v j = ξ0 for all but finitely many values of j. Let h0 be the space
of formal C-linear combinations of elements in J , equipped with the semiinner
product 〈·, ·〉 defined on the elements of J by setting

〈(v j ), (u j )〉 :=
∏

j

〈v j , u j 〉,

and extending on h0 by linearity. Note that the above infinite product is finite
because for all but finitely many j , u j = v j = ξ0, thus 〈v j , u j 〉 = 1 for all but
finitely many j’s. We denote by h the Hilbert space obtained by taking quotient
by the subspace {x ∈ h0 | 〈x, x〉 = 0} and then completing the quotient. For
x ∈ MN (C) and fixed j ∈ Zd , let x ( j) be the unique bounded operator given
by its action on the dense subspace h0 as follows:

x ( j)(vk) := (v ′k),

where v ′k = vk for k #= j, v ′j = xv j . Consider the ∗-subalgebra Aloc of B(h)
generated by the operators {x ( j), x ∈ MN (C), j ∈ Zd}, and let A be its norm-
completion with respect to the norm of B(h). It is well-known (see [33]) that
there is a unique normalized trace on A, which we shall denote by tr.

It is clear that for any finite subset � = { j1, . . . , jk} of Zd , the tensor prod-
uct
⊗

j∈� MN (C) can be embedded as a ∗-subalgebra A� of Aloc in a canoni-
cal way, by identifying an element of the form

⊗
j∈� x j (where x j ∈ MN (C))

with a = x ( j1)
j1
· · · x ( jk )

jk in Aloc. We shall also use the notation x ( j1)
j1
⊗· · ·⊗x ( jk )

jk
to denote the above element a. Such elements will be called simple tensor ele-
ments of A and the j th component of a, denoted by a( j), is defined to be x jl if
j = jl for some l, and 1MN otherwise. Thus, for x ∈ MN (C) and j ∈ Zd , we
have x ( j)

( j) = x and x ( j)
(k) = 1 for k #= j. The support of a, denoted by supp(a), is

defined to be the set { j ∈ Zd : a( j) #= 1}. For a general element a ∈ A such that
a =∑∞

n=1 cnan with an being simple tensor elements in A and cn being com-
plex coefficients, we define supp(a) := ∪n≥1supp(an) and we set |a| = car-
dinality of supp(a). Thus, A� is the ∗-subalgebra generated by elements of A
with support contained in �, and Aloc consists of elements with finite support.
When � = {k}, we write Ak instead of A{k}. For k ∈Zd , the translation τk on
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A is an automorphism determined by τk(x ( j)) := x ( j+k) for all x ∈ MN (C)

and j ∈ Zd . Thus, we get an action τ of the infinite discrete group Zd on A.

For x ∈ A we denote τk(x) by xk .

We also need another dense subset of A, which is in a sense like the first
Sobolev space in A. For this, we need to note that MN (C) is spanned by a pair
of noncommutative representatives {U, V } of ZN = {0, 1, . . . , N − 1} such
that U N = V N = 1 and U V = wV U, where w ∈ C is the primitive N th
root of unity. These U, V can be chosen to be the N × N circulant matrices. In
particular for N = 2, a possible choice is given by U = σx and V = σz, where
σx and σz denote the Pauli-spin matrices. Let G be the cyclic group ZN × ZN .

For g = (α, β) ∈ G, its inverse is −g = (−α,−β). Now for j ∈ Zd and
g = (α, β) ∈ G, we set W j,g = U ( j)αV ( j)β ∈ Aloc and an automorphism π j,g

of Aloc, given by π j,g(x) = W j,g x W ∗
j,g. Now we define

σ j,g(x) = π j,g(x)− x, for all x ∈ A, and ‖x‖1 =
∑
j,g

‖σ j,g(x)‖.

Let C1(A) = {x ∈ A: ‖x‖1 < ∞}. It is not difficult to see that ‖x∗‖1 =
‖τ j (x)‖1 = ‖x‖1 and since C1(A) contains the dense ∗-subalgebra Aloc,

C1(A) is a dense τ invariant ∗-subalgebra of A.
Let G := ∏ j∈Zd G be the infinite direct product of the finite group G at

each lattice site. Thus each g ∈ G has j th component g( j) = (α j , β j ) ∈ G.

For g ∈ G we define its support by supp(g) = { j ∈ Zd : g( j) #= (0, 0)} and
|g| = cardinality of supp(g). Let us consider the projective unitary representa-
tion of G, given by G � g �→Ug =∏ j∈Zd W j,g( j) ∈ A.

For a given completely positive map T on A, we formally define the Lind-
bladian

L =
∑
k∈Zd

Lk,

where
Lk(x) = τkL0(τ−k x), for all x ∈ A,

with
L0(x) = −1

2
{T (1), x} + T (x), (3.6)

and {A, B} := AB + B A.

In particular we consider the Lindbladian L for the completely positive map

T (x) =
∞∑

l=0

a(l)∗xa(l), for all x ∈ A,

associated with a sequence of elements {a(l)} in A, with a(l) =∑g∈G cl,gUg

such that
∑∞

l=0
∑

g∈G

∣∣cl,g
∣∣ |g|2 <∞.
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Before we prove that the above formal generator can indeed be given a rig-
orous meaning, we need a technical lemma.

Lemma 3.2.32 Let λ > 0, and x be a self-adjoint element in C1(A). Then
there exists a bounded operator � on l1(Zd × G) such that

(λ− �)‖σ·(x)‖( j, g′) ≤ ‖σ j,g′((λ− L)x)‖.
In fact � is an infinite positive matrix which can be expressed as a sum of two
matrices:

� = �(0) + �(1),

where

�(0) f ( j, g′) := 2
∑
g∈G

|cg|
∑

k∈supp(g)

∑
l:l+k∈supp(g)

∑
g′′∈G

f ( j − k + l, g′′)

and

�(1) f ( j, g′) := 2
∑

k∈Zd

⎧⎨⎩ ∑
G�g: j−k∈supp(g)

|cg |
⎫⎬⎭∑

ν∈G
|cν |

∑
l∈supp(ν)

∑
g′′∈G

f (l + k, g′′)

for f ∈ l1(Zd × G).

Proof:
For simplicity, we shall only consider the case when there is just one a(l),
say r . That is, we assume that T is of the form, T (x) = r∗xr for some r ∈ A,
given by, r =∑ cgUg ,

∑∣∣cg
∣∣ |g|2 < ∞. The general case can be treated in a

very similar way.
For a fixed λ > 0, and a self-adjoint element x in C1(A), let us write y :=

(λ− L)x . For ( j, g′) ∈ Zd × G, we have,

σ j,g′(x) = 1
λ
{σ j,g′(σ j,g′(y)+ L(x))}.

Now it follows from the definition that

σ j,g′(L(x))

= 1
2

∑
k∈Zd

{π j,g′([r∗k , x]rk)− [r∗k , x]rk + π j,g′(r∗k [x, rk])− r∗k [x, rk]}

= 1
2

∑
k∈Zd

{Ak(σ j,g′(x))+ [σ j,g′(r∗k ), x]π j,g′(rk)π j,g′(r∗k )[x, σ j,g′(rk)]

+[r∗k , x]σ j,g′(rk)+ σ j,g′(r∗k )[x, rk]}, (3.7)
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where

Ak(x) = [π j,g′(r∗k ), x]π j,g′(rk)+ π j,g′(r∗k )[x, π j,g′(rk)].
It is clear that for each k, Ak is a bounded CCP map and Ak(1) = 0. Thus Ak is
the generator of a contractive CP semigroup, say (T (k)

t )t≥0. As x is self-adjoint,
so is σ j,g′(x), so we can find a state ψ on A such that

|ψ(σ j,g′(x))| = ‖σ j,g′(x)‖.
First let us assume,

ψ(σ j,g′(x)) = ‖σ j,g′(x)‖. (3.8)

Since T (k)
t is contractive and positive, we have

ψ(T (k)
t (σ j,g′(x)))

≤ |ψ(T (k)
t (σ j,g′(x)))| ≤ ‖T (k)

t (σ j,g′(x))‖
≤ ‖σ j,g′(x)‖ = ψ(T (k)

0 (σ j,g′(x))).

So,
ψ(Ak(σ j,g′(x))) ≤ 0. (3.9)

Now evaluating the state ψ on σ j,g′(x) we have by (3.8),

‖σ j,g′(x)‖ = 1
λ
{ψ(σ j,g′(y))+ ψ(σ j,g′(L(x)))}.

By (3.7) and (3.9), this gives

‖σ j,g′(x)‖ ≤ 1
λ
{ψ(σ j,g′(y))+ 1

2

∑
k∈Zd

{ψ([σ j,g′(r∗k ), x]π j,g′(rk))

+ψ(π j,g′(r∗k )[x, σ j,g′(rk)])+ ψ([r∗k , x]σ j,g′(rk))+ ψ(σ j,g′(r∗k )[x, rk])}
≤ 1

λ
‖σ j,g′(y)‖ + 1

2λ

∑
k∈Zd

{‖r‖ ‖[σ j,g′(r∗k ), x]‖ + ‖r‖ ‖[σ j,g′(rk), x]‖

+‖[r∗k , x]‖ ‖σ j,g′(rk)‖ + +‖σ j,g′(r∗k )‖ ‖[rk, x]‖}. (3.10)

If ψ(σ j,g′(x)) = −‖σ j,g′(x)‖, replacing x by −x, same argument as above
gives the inequality (3.10).
Now in order to estimate the second term of (3.10), first let us consider, for
g ∈ G : j ∈ supp(g)

‖[σ j,g′(Ug), x]‖ = ‖[U ( j)αV ( j)βUgV ( j)−β
U ( j)−α −Ug, x]‖

= ‖[(wα(β j−β)−β(α j−α) − 1)Ug, x]‖ ≤ 2‖[Ug, x]‖
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So we have

‖[σ j,g′(rk), x]‖
=
∑
k∈Zd

∑
g: j−k∈supp(g)

|cg|‖[σ j,g′(τkUg), x]‖

≤ 2
∑
k∈Zd

∑
g: j−k∈supp(g)

|cg|‖[τkUg, x]‖

≤ 2
∑
k∈Zd

∑
g: j−k∈supp(g)

|cg|
∑

l:l−k∈supp(g)

‖σl,g(l−k) (x)‖

≤ 2
∑
k∈Zd

∑
g: j−k∈supp(g)

|cg|
∑

l:l−k∈supp(g)

∑
g′′∈G

‖σl,g′′(x)‖

≤ 2
∑
k∈Zd

∑
g: j+k∈supp(g)

|cg|
∑

l:l+k∈supp(g)

∑
g′′∈G

‖σl,g′′(x)‖

≤ 2
∑
g∈G

|cg|
∑

k∈supp(g)− j

∑
l:l+k∈supp(g)

∑
g′′∈G

‖σl,g′′(x)‖

≤ 2
∑
g∈G

|cg|
∑

k∈supp(g)

∑
l:l+k∈supp(g)

∑
g′′∈G

‖σ j−k+l,g′′(x)‖.

Thus,

1
2

∑
k∈Zd

{‖r‖ ‖[σ j,g′(r∗k ), x]‖ + ‖r‖ ‖[σ j,g′(rk), x]‖} ≤ �(0)(‖σ·(x)‖)( j, g′).

A similar estimate gives

‖σ j,g′ (r
∗
k )‖ ‖[rk , x]‖ ≤

⎧⎨⎩2
∑

g: j−k∈supp(g)

|cg |
⎫⎬⎭∑

ν∈G
|cν |

∑
l∈supp(ν)

∑
g′′∈G

‖σl+k,g′′ (x)‖.

So, we have

1
2

∑
k∈Zd

‖σ j,g′(r∗k )‖ ‖[rk, x]‖ + ‖[r∗k , x]‖ ‖σ j,g′(rk)‖ ≤ �(1)‖σ·(x)‖( j, g′).

A simple estimate enables us to conclude that

‖�( f )‖l1 ≤ N 2

⎧⎨⎩∑
g∈G

|cg| |g|2
⎫⎬⎭
⎧⎨⎩4‖r‖ +

∑
g∈G

|cg| |g|2
⎫⎬⎭ ‖ f ‖l1 .

�

Remark 3.2.33 This lemma implies that for λ > ‖�‖l1(Zd×G), �−λ is invert-
ible and

‖σ j,g′(x)‖ ≤ (� − λ)−1‖σ·((L− λ)x)‖( j, g′). (3.11)



74 Quantum dynamical semigroups

We are now in a position to state and prove the following theorem contained
in [88].

Theorem 3.2.34 (i) The map L formally defined above is well defined on C1(A).

(ii) The closure L̂ of L|C1(A) is the generator of a conservative Q.D.S. (Tt )t≥0

on A.

Proof:
For simplicity let us consider the Lindbladian L associated with an element
r =∑g∈G cgUg ∈ A such that |r |2 :=∑g∈G

∣∣cg
∣∣ |g|2 <∞. Here L takes the

form
L(x) =

∑
k∈Zd

Lk(x)

with
Lk(x) = 1

2
{[r∗k , x]rk + r∗k [x, rk]}, for all k ∈ Zd .

Denoting these two bounded derivations
[
r∗k , .
]

and [., rk] on A by δ†
k and δk

respectively, L(x) = 1
2
∑

k∈Zd δ†
k (x)rk + r∗k δk(x).

In order to prove (i), for x ∈ C1(A), let us estimate the norm of L(x):

‖L(x)‖ ≤ 1
2

∑
k∈Zd

‖δ†
k (x)rk + r∗k δk(x)‖

≤ ‖r‖
2

∑
k∈Zd

‖δ†
k (x)‖ + ‖δk(x)‖

≤ ‖r‖
2

∑
k∈Zd

∑
g∈G

|cg|‖[τkUg, x]‖ + ‖[τkU∗
g , x]‖.

Since we have

‖[Ug, x]‖ = ‖[
∏

j∈Zd

W j,g( j) , x]‖ ≤
∑

j∈supp(g)

‖[W j,g( j) , x]‖ =
∑

j∈supp(g)

‖σ j,g( j) (x)‖,

it follows that

‖L(x)‖ ≤ ‖r‖
2

∑
k∈Zd

∑
g∈G

|cg|
∑

j∈supp(g)+k

‖σ j,g( j−k) (x)‖ + ‖σ j,−g( j−k) (x)‖

≤ ‖r‖
∑
k∈Zd

∑
g∈G

|cg|
∑

j∈supp(g)+k

∑
g′∈G

‖σ j,g′(x)‖

≤ ‖r‖
∑
g∈G

|cg||g|
∑
k∈Zd

∑
g′∈G

‖σ j,g′(x)‖

≤ ‖r‖
∑
g∈G

|cg| |g| ||x ||1

≤ |r |22||x ||1.
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Now let us come to the proof of (ii). For each n ≥ 1, we set L(n) =∑
|k|≤n Lk . It is clear that L(n) is a bounded CCP map on A. So L(n) is the

generator of contractive Q.D.S. (T (n)
t ) on A and for λ ≥ 0, ‖(L(n) − λ)(x)‖ ≥

λ‖x‖, for all x ∈ A and ‖(L(n) − λ)−1‖ ≤ 1
λ for λ > 0.

For λ > ‖�‖l1 , in order to show that Ran(L̂ − λ) is dense in (A, ‖ · ‖),
we consider the following. Let y be a self-adjoint element in C1(A). Since
(L(n) − λ) is invertible for every n, we can choose self-adjoint xn ∈ A so that
(L(n) − λ)(xn) = y. A careful look at the arguments for proving (3.11) reveals
that it holds also for L(n) and thus we have,

‖σα′(xn)‖ ≤
∑
α

{(λ− �)−1}α′,α‖σα(y)‖. (3.12)

Summing over α′, it follows that

‖(xn)‖1 ≤ ‖(λ− �)−1‖ ‖y‖1 <∞

and hence xn ∈ C1(A). Now setting yn = (L− λ)(xn), we have

‖yn − y‖ = ‖(L− L(n))xn‖ =
∑
|k|>n

Lk(xn).

The above quantity is clearly dominated by

‖r‖
∑
|k|>n

∑
g∈G

|cg|
∑

g1∈G

∑
j∈supp(g)+k

‖σ j,g1(xn)‖

≤ ‖r‖
∑
|k|>n

∑
g∈G

|cg|{
∑

g1∈G

∑
j∈supp(g)+k

(λ−�)−1{‖σ·(y)‖}( j, g1)} (by (3.12)),

which goes to 0 as n tends to ∞ since∑
|k|>1

∑
g∈G

|cg|
∑

g1∈G

∑
j∈supp(g)+k

(λ− �)−1{‖σ·(y)‖}( j, g1)

≤
∑
g∈G

|cg| |g|
∑
j∈Zd

∑
g1∈G

(λ− �)−1{‖σ·(y)‖}( j, g1)

≤
∑
g∈G

|cg| |g| ‖(λ− �)−1‖ ‖y‖1 <∞.

This shows that yn converges to y. For an arbitrary element y ∈ C1(A), we
apply the above line of reasoning to the real and imaginary parts of y and
conclude that Ran(L̂− λ) as well as (L− λ)(C1(A)) are dense in C1(A) and
therefore they are also dense in A.
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Now for y = (L − λ)(x) in the dense ∗-subalgebra (L − λ)(C1(A)), let us
consider

‖(L(n) − λ)−1(y)− (L̂− λ)−1(y)‖
= ‖(L(n) − λ)−1(L̂− L(n))(L̂− λ)−1(y)‖
≤
∥∥∥∥∥(L(n) − λ)−1

∥∥∥∥∥ ∑|k|>n

Lk(x)

∥∥∥∥∥
≤ 1

λ

∥∥∥∥∥ ∑|k|>n

Lk(x)

∥∥∥∥∥
which tends to 0 as n tends to ∞. Thus

‖(L̂− λ)−1(y)‖ ≤ 1
λ
‖y‖

and by the Hille–Yosida Theorem L̂ generate a contractive semigroup, say (Tt ).
By Proposition 2.3.3, it follows that the contractive CP semigroup T (n)

t con-
verges to Tt strongly as n tends to ∞, which proves that Tt is contractive and
CP.

Finally, the semigroup Tt satisfies

Tt (x) = x +
∫ t

0
Ts(L̂(x))ds, for all x ∈ Dom(L̂).

Since 1 ∈ C1(A) and L̂(1) = L(1) = 0, it follows that Tt (1) = 1, for all t ≥ 0.
�

We conclude this subsection with a brief discussion on ergodicity of the
semigroups constructed here following [88]. We say that Tt is ergodic if there
exists an invariant state ψ satisfying

‖Tt (x)− ψ(x)1‖ → 0 as t →∞, for all x ∈ A. (3.13)

In [88], T. Matsui has discussed some criteria for ergodicity of the Q.D.S. Tt .

Some examples of such semigroups associated with partial states on the U.H.F.
algebra and their perturbation are given.

For a state φ on MN (C) and k ∈ Zd , the partial state φk on A is a CP
map determined by φk(x) = φ(x(k))x{k}c , for x = x(k)x{k}c , where x(k) ∈ Ak

and x{k}c ∈ A{k}c . We can find a natural number N ′ ≤ N 2 and elements
{L(m) : m = 1, 2, . . . , N ′} in MN (C) such that

φ(x) =
N ′∑

m=1

L(m)∗x L(m), for all x ∈ MN (C) and
N ′∑

m=1

L(m)∗L(m) = 1.
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For m = 1, . . . , N ′, let us consider the element L(m)
0 ∈ A0 with the zero-th

component being L(m). Now for k ∈ Zd , writing L(m)
k = τk(L(m)

0 ), the partial
state φk is given by

φk(x) =
N ′∑

m=1

L(m)
k

∗
x L(m)

k , for all x ∈ A.

Here the Linbladian Lφ corresponding to the partial state φ0 is formally given
by

Lφ(x) =
∑
k∈Zd

Lφ
k (x),

where

Lφ
k (x) = φk(x)− x = 1

2

N ′∑
m=1

[L(m)
k

∗
, x]L(m)

k + L(m)
k

∗[x, L(m)
k ].

It follows from Theorem 3.2.34 that Lφ is defined on C1(A). Moreover, the
closure L̂φ of Lφ/C1(A) generates a conservative Q.D.S. T φ

t on A given by

T φ
t

(∏
k∈�

x(k)

)
=
∏
k∈�

{φ(x(k))+ e−t (x(k) − φ(x(k)))}.

Here we note that the map � defined by

�

(∏
k∈�

x(k)

)
= lim

t→∞ T φ
t

(∏
k∈�

x(k)

)
=
∏
k∈�

φ(x(k))

extends as a state on A which is an invariant state for the ergodic Q.D.S. T φ
t .

For any real number c, let us consider the perturbation

L(c)(x) = Lφ(x)+ cL(x), for all x ∈ C1(A).

It is clear that L(c) is the Linbladian associated with the CP map

T (x) =
N ′∑

m=1

L(m)
k

∗
x L(m)

k + c
∞∑

l=0

a∗l xal , for all x ∈ A

and by Theorem 3.2.34 it follows that the closure ˆL(c) of L(c)/C1(A) generate
a Q.D.S. T (c)

t . Moreover, the following can be shown.
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Proposition 3.2.35 There exists a constant c0 such that for 0 ≤ c ≤ c0 the
above Q.D.S. T (c)

t is ergodic with the invariant state �(c) and we have

‖T (c)
t (x)‖1 ≤ 2e−(1− c

c0
)t‖x‖1, (3.14)

‖T (c)
t (x)−�(c)(x)1‖ ≤ 4

N 2 e−(1− c
c0

)t‖x‖1, for all x ∈ C1(A).

We omit the proof of this result and refer the reader to [88].

Remark 3.2.36 The invariant state �(c) corresponding to the ergodic Q.D.S.
T (c)

t is given by

�(c)(x) = �(x)+ c
∫ ∞

0
�(L(T (c)

t (x)))dt, for all x ∈ C1(A).



4
Hilbert modules

In this chapter we introduce the idea of Hilbert modules and briefly discuss
some useful results on them. For a more detailed account on this subject, the
reader is referred to [81], [90], [98] (and [122] for von Neumann modules).

4.1 Hilbert C∗-modules

A Hilbert space is a complex vector space equipped with a complex-valued
inner product. A natural generalization of this is the concept of Hilbert module,
which has become quite an important tool of analysis and mathematical physics
in recent times.

Definition 4.1.1 Given a ∗-subalgebra A ⊆ B(h) (where h is a Hilbert space),
a semi-Hilbert A-module E is a right A-module equipped with a sesquilinear
map 〈., .〉 : E × E → A satisfying 〈x, y〉∗ = 〈y, x〉, 〈x, ya〉 = 〈x, y〉a and
〈x, x〉 ≥ 0 for x, y ∈ E and a ∈ A. A semi-Hilbert module E is called a
pre-Hilbert module if 〈x, x〉 = 0 if and only if x = 0; and it is called a Hilbert
C∗-module if furthermore A is a C∗-algebra and E is complete in the norm
x �→ ‖〈x, x〉‖ 1

2 where ‖.‖ the C∗-norm of A.

It is clear that any semi-Hilbert A-module can be made into a Hilbert module
in a canonical way: first quotienting it by the ideal {x : 〈x, x〉 = 0} and then
completing the quotient.

Let us assume that A is a C∗-algebra. The A-valued inner product 〈., .〉 of
a Hilbert module shares some of the important properties of usual complex-
valued inner product of a Hilbert space, such as the Cauchy–Schwartz inequal-
ity, which we prove now.
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Theorem 4.1.2 Let A be a C∗-algebra and E be a pre-Hilbert A-module.
Then, for x, y ∈ E, we have the following inequality in the sense of C∗-
algebra:

0 ≤ 〈x, y〉〈y, x〉 ≤ 〈x, x〉‖〈y, y〉‖.

Proof:
Let a = 〈x, x〉, b = 〈y, y〉 and c = 〈x, y〉. It is enough to prove that for every
positive linear functional φ on A,

φ(cc∗) ≤ ‖b‖φ(a).

Fix any positive linear functional φ on A. Since the inequality φ(cc∗) ≤
‖b‖φ(a) is clearly valid in case φ(cc∗) = 0, let us assume without loss of
generality that φ(cc∗) > 0. For any real number λ, we have from the property
of the inner product 〈·, ·〉 that 〈x− yλc∗, x− yλc∗〉 ≥ 0 in A, which on simpli-
fication becomes a − 2λcc∗ + λ2cbc∗ ≥ 0. But 0 ≤ cbc∗ ≤ ‖b‖cc∗ since b is
a nonnegative element of A, and hence we get that a−2λcc∗ +λ2‖b‖cc∗ ≥ 0.
After applying φ on this C∗-algebraic inequality, we conclude that φ(a) −
2λφ(cc∗) + λ2‖b‖φ(cc∗) ≥ 0 for all real values of λ, which is equivalent to
the discriminant of the expression in the left-hand side being nonpositive, that
is, 4φ(cc∗)2 − 4φ(a)‖b‖φ(cc∗) ≤ 0. Since φ(cc∗) is strictly positive by our
assumption, we get the desired inequality φ(cc∗) ≤ ‖b‖φ(a). �

From this C∗-algebraic Cauchy–Schwartz inequality, it is possible to deduce
a weaker version of this inequality by taking the norm on both sides, namely,
‖〈x, y〉‖2 ≤ ‖〈x, x〉‖‖〈y, y〉‖, or in other words, ‖〈x, y〉‖2 ≤ ‖x‖2‖y‖2, since
the norm on E is defined by ‖x‖ := ‖〈x, x〉‖ 1

2 .

However, some of the crucial properties of Hilbert spaces do not extend to
general Hilbert modules: the most remarkable ones are the projection theorem
and self-duality. We say that a vector-subspace F of a Hilbert A-module E is
a submodule if xa ∈ F for all x ∈ F, a ∈ A. A norm-closed submodule F of
E is said to be orthocomplemented, or simply complemented if there is a direct
sum decomposition of the form E = F ⊕ G, where G is a closed submodule
with 〈 f, g〉 = 0, for all f ∈ F, g ∈ G. It is remarkable that, in contrast to
the Hilbert space case, closed submodules of a general Hilbert module need
not be complemented. To give a very simple example of this, let us take A
to be the commutative C∗-algebra C[0, 1] and take E to be the same as A
as a Banach space, with its own right action and the inner product given by
〈x, y〉 : = x∗y, x, y ∈ A. Consider the closed subspace F = C0[0, 1] =
{ f ∈ C[0, 1] : f (0) = f (1) = 0}. It can be observed that any element
f in E such that 〈g, f 〉 = 0 for all g ∈ F must be the zero function, and
therefore the existence of a decomposition of the form E = F ⊕ G, with
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〈 f1, f2〉 = 0 for all f1 ∈ F, f2 ∈ G, implies G = {0}, hence F = E . But
clearly F is a strict subset of E : for example the identity of A is not in F .

Furthermore, the Banach space of all A-valued, A-linear, bounded maps
on a Hilbert A-module E may not be isometrically anti-isomorphic to E , in
contrast to the Riesz’ theorem for complex Hilbert space. These unpleasant
features make the study of Hilbert modules considerably difficult and chal-
lenging. For example, a bounded A-linear map from one Hilbert A-module
to another may not have an adjoint. For this reason, the role played by the
set of bounded linear maps between Hilbert spaces is taken over by the set
of adjointable linear maps. To be more precise, let us make the following
definition.

Definition 4.1.3 Let E and F be two Hilbert A-modules. We say that a C-
linear map L from E to F is adjointable if there exists a C-linear map L∗ from
F to E such that 〈L(x), y〉 = 〈x, L∗(y)〉 for all x ∈ E, y ∈ F . We call L∗
the adjoint of L . The set of all adjointable maps from E to F is denoted by
L(E, F). In case E = F , we write L(E) for L(E, E).

The first important fact to be noted is that an adjointable map is automatically
A-linear and norm-bounded, which we prove below.

Theorem 4.1.4 Let E, F be Hilbert A-modules and L ∈ L(E, F). Then we
have the following conditions.

(i) Both L and its adjoint L∗ are A-linear.
(ii) L is a norm-bounded map from E to F, viewed as Banach spaces. Simi-

larly, L∗ is bounded.
(iii) L∗ is the unique C-linear map satisfying 〈L(x), y〉= 〈x, L∗(y)〉 for all

x ∈ E,

y ∈ F. Furthermore, (L∗)∗ = L .

(iv) If E1, E2, E3 are Hilbert A-modules and L1 ∈L(E1, E2), L2 ∈L(E2, E3),

then L2L1 := L2 ◦ L1 ∈ L(E1, E3) with (L2L1)
∗ = L∗1 L∗2.

Proof:
(i) Fix x ∈ E, a ∈ A. We have that for any y ∈ F, 〈y, L(xa)〉 = 〈L∗(y), xa〉 =
〈L∗(y), x〉a = 〈y, L(x)〉a = 〈y, L(x)a〉. Since 〈y, z〉 = 0 for all y ∈ F
implies z = 0, we conclude that L(xa) = L(x)a. Similarly the A-linearity
of L∗ can be proved.
(ii) By the well-known closed graph theorem, it is enough to show that L is
a closed map from the Banach space E to the Banach space F . Let xn, n =
1, 2, . . . be a sequence of elements in E with xn → x ∈ E, and also assume
that L(xn) → y ∈ F. For any z ∈ F, we have that 〈z, (y − Lx)〉 = 〈z, y〉 −
〈L∗(z), x〉 = limn→∞(〈z, L(xn)〉 − 〈L∗(z), xn〉) == 0, which proves that
y = L(x). This shows that L is closed, hence bounded. Similar arguments can
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be given to prove the boundedness of L∗. We omit the proof of (iii) and (iv)
since they are very straightforward. �

We say that an element L ∈ L(E, F) is an isometry if 〈Lx, Ly〉 = 〈x, y〉
for all x, y ∈ E . L is said to be unitary if L is isometry and its range is the
whole of F.

We observe that for x ∈ E, ‖x‖ = supz∈E,‖z‖≤1 ‖〈x, z〉‖. The supremum in
the right-hand side is in fact attained by taking z = x/‖x‖, when x is not 0,
and z = 0 otherwise. We define a norm on L(E, F) by ‖L‖ := supx∈E,‖x‖≤1
‖L(x)‖. We have already proven that for L ∈ L(E, F), ‖L‖ is indeed finite.
Clearly, L(E) is a C∗-algebra with this norm. We also observe the following
useful fact.

Lemma 4.1.5 An element L of the C∗-algebra L(E) is nonnegative, that is, of
the form L = K ∗K for some K ∈ L(E), if and only if 〈x, L(x)〉 ≥ 0 ∈ A for
all x ∈ E .

Proof:
If L = K ∗K , it is obvious that 〈x, L(x)〉 ≥ 0 for all x . To show the converse,
let us assume that 〈x, L(x)〉 ≥ 0 for all x ∈ E . So, in particular, 〈x, L(x)〉 =
〈x, L(x)〉∗ = 〈L(x), x〉 = 〈x, L∗(x)〉. By usual polarization argument, it fol-
lows that 〈x, L(y)〉 = 〈x, L∗(y)〉 for all x, y ∈ E, hence L = L∗, that is,
L is a self-adjoint element of the C∗-algebra L(E). By the general theory of
C∗-algebras as discussed in Chapter 2, we can write L = L+ − L−, where
L+, L− are nonnegative elements of L(E) with L+L− = L−L+ = 0. From
the assumption that 〈x, L(x)〉 ≥ 0 we have that 0 ≤ 〈x, L−(x)〉 ≤ 〈x, L+(x)〉
for all x . Choosing x = L−(y) for y ∈ E, we have that 0 ≤ 〈y, L3−(y)〉 ≤
〈L−(y), L+L−(y)〉 = 0. By polarization we conclude that L3− = 0, and as L−
is a nonnegative element of the C∗-algebra L(E), it follows that L− = 0, so
that L = L+, which is a nonnegative element. �

Fix two Hilbert A-modules E and F . For t ∈ L(E, F) and x ∈ E , it can be
proved by straightforward arguments that 〈t x, t x〉 = 〈x, t∗t (x)〉 ≤ ‖t‖2〈x, x〉,
where ‖t‖ denotes the map-norm of t . Indeed, as t∗t is a nonnegative ele-
ment of the unital C∗-algebra L(E), we have that ‖t‖2 I − t∗t is nonnega-
tive, hence by the Lemma 4.1.5, ‖t‖2〈x, x〉 ≥ 〈x, t∗t (x)〉. The topology on
L(E, F) given by the family of seminorms {‖.‖x , ‖.‖y : x ∈ E, y ∈ F} where
‖t‖x = ‖〈t x, t x〉 1

2 ‖ and ‖t‖y = ‖〈t∗y, t∗y〉 1
2 ‖, is known as the strict topology.

For x ∈ E , y ∈ F , we denote by |y >< x | ≡ θx,y the element of L(E, F)

defined by θx,y(z) = y〈x, z〉 (z ∈ E). The L(E)-norm-closed subset generated
by A-linear span of {θx,y : x ∈ E, y ∈ F} is called the set of compact opera-
tors and denoted by K(E, F), and we denote K(E, E) by K(E). It should be
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noted that these objects need not be compact in the sense of compact opera-
tors between two Banach spaces, though this abuse of terminology has become
standard. It is known that K(E, F) is dense in L(E, F) in the strict topology. It
is clear that K(E) is a C∗-algebra which is dense in the C∗-algebra L(E) with
respect to the strict topology.

At this point, we shall prove the following result which is going to be useful
in the sequel.

Theorem 4.1.6 Given a ∗-subalgebra A ⊆ B(h), and a pre-Hilbert A-module
E, there is a Hilbert space H and an A-linear isometric embedding � : E →
B(h,H), such that H is the closed linear span of elements of the form �(e)u
for e ∈ E, u ∈ h. Furthermore, the choice of the pair (H, �) is unique in the
following sense: if there is any other pair (H′, �′) with the above property,
then there is a unitary operator U : H→ H′ such that U� = �′.

Proof:
We let H0 ≡ E + h be the algebraic complex linear span of all formal symbols
(e, u) where e ∈ E, u ∈ h, and define a complex-valued semi-inner product
〈·, ·〉 on H0 given by

〈(e, u), ( f, v)〉 := 〈u, 〈e, f 〉A v〉h
(where 〈·, ·〉h is the complex-valued inner-product of h, 〈·, ·〉A is the A-valued
inner product of E : we shall however not use these suffixes in our later discus-
sion any more), and then linearly extend it on the whole of H0, and note that
this form is positive definite. We then take the quotient of H0 by the subspace
{X ∈ H0 : 〈X, X〉 = 0}, and complete the quotient space in the norm coming
from 〈·, ·〉 to get a Hilbert space H. Let us denote by [X ] the equivalence class
in H corresponding to an element X ∈ H0. By construction the set of all such
[X ] is dense in H. Now, let � : E → B(h,H) be defined by

�(e)(u) := [(e, u)],
for e ∈ E, u ∈ h. To verify that � is indeed A-linear, we need to verify that

〈(�(ea)− �(e)a)u, (�(ea)− �(e)a)u〉 = 0

for e ∈ E, a ∈ A, u ∈ h. Indeed,

〈(�(ea)− �(e)a)u, (�(ea)− �(e)a)u〉
= 〈[ea, u], [ea, u]〉 − 〈[e, au], [ea, u]〉 − 〈[ea, u], [e, au]〉 + 〈[e, au], [e, au]〉
= 〈u, 〈ea, ea〉u〉 − 〈au, 〈e, ea〉u〉 − 〈u, 〈ea, e〉au〉 + 〈au, 〈e, e〉au〉
= 〈u, a∗〈e, e〉au〉 − 〈u, a∗〈e, e〉au〉 − 〈u, a∗〈e, e〉au〉 + 〈u, a∗〈e, e〉au〉
= 0.
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Clearly, for any fixed e ∈ E , �(e) is a bounded operator, as we have ‖�(e)u‖2=
〈u, 〈e, e〉u〉 ≤ ‖e‖2‖u‖2. Furthermore, it is clear that �(e)∗ ∈ B(H, h) given
by �(e)∗([( f, v)]) = 〈e, f 〉v for f ∈ E, v ∈ h, and from this it follows that
〈u, �(e)∗�( f )v〉 = 〈u, 〈e, f 〉v〉, that is, the inner product between �(e) and
�( f ) as elements of B(h,H), namely �(e)∗�( f ), coincides with the A-valued
inner product 〈e, f 〉 of E . In other words, � is indeed an isometry, and thus
clearly continuous and injective. The fact that H is the closed linear span of
elements of the form �(e)u, e ∈ E, u ∈ h, is obvious from our construction.
Finally, the uniqueness of (H, �) also follows by straightforward arguments.

�

Remark 4.1.7 It is a simple observation from the proof of the above theorem
that if A is a C∗-algebra and E is a Hilbert C∗ A-module, then the image
of E under � in B(h,H) will be closed in the norm topology inherited from
B(h,H).

Let us now prove a few useful results. For a C∗-algebra A and a Hilbert A-
module E , we denote by 〈E, E〉 the norm-closed C-linear span of elements of
the form 〈e, f 〉, e, f ∈ E . Since 〈e, f 〉∗ = 〈 f, e〉, and 〈e, f 〉a = 〈e, f a〉 ∈
〈E, E〉 for all a ∈ A, it is clear that 〈E, E〉 is a norm-closed two sided ideal in
A. In particular, 〈E, E〉 is a C∗-algebra itself.

Lemma 4.1.8 The complex linear span of {eb : e ∈ E, b ∈ 〈E, E〉} is norm-
dense in E.

Proof:
Since 〈E, E〉 is a C∗-algebra, take an approximate identity pν indexed by some
net, such that supν ‖pν‖ ≤ 1. Fix any e ∈ E and observe that 〈(epν − e),
(epν − e)〉 = pν〈e, e〉pν + 〈e, e〉 − 〈e, e〉pν − pν〈e, e〉. Since limν pν〈e, e〉 =
〈e, e〉 = limν〈e, e〉pν, it follows that epν → e. �

Recall the definition of multiplier algebra M(A) of a C∗-algebra A dis-
cussed in Chapter 2. One has (see [81]) the following result.

Theorem 4.1.9 The multiplier algebra M(K(E)) of K(E), the compact adjo-
intable operators on E, is isomorphic with L(E) for any Hilbert module E.

Proof:
By the Theorem 4.1.6, let us assume that E is a submodule of B(h,H) for
some Hilbert spaces h,H, where A ⊆ B(h) and {ξu, ξ ∈ E, u ∈ h} is total in
H. We shall first identify L(E) with a suitable subalgebra of B(H). Define a
map � : L(E)→ B(H) by

�(L)(ξu) := L(ξ)u,
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for ξ ∈ E , u ∈ h and L ∈ L(E); and then extend it C-linearly on the dense
set spanned by vectors of the form ξu with ξ, u as above. We need to verify
that this is well defined. Take � =∑n

i=1 ξi ui ∈ H, where ξi ∈ E and ui ∈ h,
n integer. Considering L as an element of B(H) and using the Hilbert space
inequality < �, L∗L� >≤ ‖L‖2‖�‖2, we see that ‖�(L)�‖2 = ∑i, j <

ui ,< ξi , L∗L(ξ j ) > u j >=< �, L∗L� >≤ ‖L‖2‖�‖2. From this, it fol-
lows that �(L) is well defined and it extends to a bounded operator on H with
the norm less than or equal to the norm of L . Moreover, for ξ, η ∈ E and
u, v ∈ h, we have that 〈ξu,�(L)(ηv)〉 = 〈ξu, L(η)v〉 = 〈u, 〈ξ, L(η)〉v〉 =
〈u, 〈L∗(ξ), η〉v〉 = 〈�(L∗)(ξu), ηv〉. By the totality of the vectors of the
form ξu, ξ, u as above, we conclude that �(L)∗ = �(L∗). Thus, � is a ∗-
homomorphism from the C∗-algebra L(E) into the C∗-algebra B(H). Further-
more, �(L) = 0 for some L ∈ L(E) implies that L(ξ)u = 0 for all ξ ∈ E
and u ∈ h, which in turn implies that L(ξ) = 0 for all ξ ∈ E, so L = 0.
Thus, � is a one-to-one map, and we have L(E) ∼= Ran(�) ⊆ B(H). We
claim that in fact, Ran(�) = {B ∈ B(H) : B∗ξ, Bξ ∈ E, for all ξ ∈ E}.
Note that since an element ξ of E is also an element of B(h,H), Bξ just
means the composition of B ∈ B(H) with ξ , so that Bξ ∈ B(h,H), for any
B ∈ B(H), although Bξ in general may not be in E . To verify the claim, first
observe that for any L ∈ L(E), ξ ∈ E, we have that �(L)ξ = L(ξ) ∈ E .
Similarly, �(L)∗ξ = �(L∗)ξ ∈ E . Conversely, take B ∈ B(H) such that
Bξ, B∗ξ ∈ E, for all ξ ∈ E . Define L from E to E by setting L(ξ) := Bξ ,
so that we have �(L) = B. We need to check that L is indeed A-linear and
adjointable. For a ∈ A, L(ξa) = Bξa = (Bξ)a = L(ξ)a, which proves
A-linearity. Furthermore, L∗ is given by L∗(ξ) := B∗ξ. This proves the claim.

Next, we note that the restriction of � to the sub C∗-algebra K(E) of L(E)

is nondegenerate. Indeed, for ξ, η, θ ∈ E and u ∈ h, we have that �(|ξ ><

η|)(θu) = ξ 〈η, θ〉u, and since by Lemma 4.1.8, linear span of {ξ 〈η, θ〉, ξ, η,
θ ∈ E} is norm-dense in E , it follows that the complex linear span of ele-
ments of the form �(|ξ >< η|)X , where X ∈ H is dense in H. This proves
that �|K(E) is nondegenerate and therefore, M(K(E)) ∼= {B ∈ B(H) :
B�(K ),�(K )B ∈ �(K(E)), for all K ∈ K(E)}. Now, suppose that B ∈
B(H) is such that B�(K ),�(K )B ∈ �(K(E)) for all K ∈ K(E), or equiva-
lently B�(K ), B∗�(K ) ∈ �(K(E)) for all K ∈ K(E). In particular, choos-
ing K = |ξ >< η|, ξ, η ∈ E , we see that Bξ 〈η, θ〉 ∈ E and B∗ξ 〈η, θ〉 ∈ E for
all ξ, η, θ ∈ E . By applying Lemma 4.1.8, we get that B E ⊆ E, B∗E ⊆ E,

that is, B ∈ �(L(E)). Conversely, since K(E) is an ideal in L(E), it fol-
lows that for any B = �(L) for L ∈ L(E), we have B�(K ) = �(L K ) ∈
�(K(E)) for all K ∈ K(E). Similarly, B∗�(K(E)) ⊆ �(K(E)). Thus we
have proved that M(K(E)) ∼= �(L(E)) ∼= L(E), since � is one-to-one. �
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Let us now give a few concrete examples of Hilbert modules. For any Hilbert
space H and C∗-algebra A, one may consider the algebraic tensor product
A⊗alg H as a pre-Hilbert module by putting an inner product given by〈∑

i

xi ⊗ ηi ,
∑

j

x ′j ⊗ η′j

〉
=
∑
i, j

x∗i x ′j 〈ηi , η
′
j 〉,

which is clearly a candidate for inner product. The right A-module structure is
defined by taking (x⊗η)a := (xa⊗η) and extending linearly. The completion
of this pre-Hilbert module under the norm inherited from the above inner prod-
uct is denoted by HA or A ⊗C∗ H (sometimes the suffix C∗ may be dropped
if understood from the context). In case H is separable and infinite dimen-
sional, HA can be described as a set as the collection of all sequences (xk)

∞
k=1

with xk ∈ A, such that the series
∑

x∗k xk is convergent in the norm of A. If
A = C[0, 1], HA can be described as the set C([0, 1],H) := { f : [0, 1] →
H : [0, 1] � t �→ ‖ f (t)‖H continuous}, where ‖.‖H denotes the norm of the
Hilbert space H. For f, g ∈ C([0, 1],H), the C[0, 1]-valued inner product is
given by 〈 f, g〉(t) := 〈 f (t), g(t)〉H, with 〈·, ·〉H denoting the (C-valued) inner
product of H.

It turns out that the relatively simple Hilbert modules of the form HA are a
kind of universal objects, as the following theorem due to Kasparov asserts.

Theorem 4.1.10 (Kasparov’s stabilization theorem)
Let E be a countably generated Hilbert A-module, that is, there is a countable
set B = {y1, y2, . . .} in E such that the norm closure of the right A-linear span
of B is the whole of E. Then there exists a unitary element t in L(E⊕HA,HA),
where HA is as above with H a separable infinite dimensional Hilbert space.
In other words, E ⊕ HA is isomorphic as a Hilbert module with HA, and in
particular E is embedded (by the map t |E ) in HA as a complemented closed
submodule.

Proof:
We briefly sketch the main steps of the proof, following Mingo and Phillips
[90]. Without loss of generality one can assume A to be unital; the nonunital
case can be taken care of by the standard unitization procedure. Let {ηi } be
a countable normalized set of generators of E with each generator repeated
infinitely often. Let {ei } be an orthonormal basis of H, and let ξi ≡ 1 ⊗ ei ∈
HA. Consider the map T ∈ L(HA, E ⊕HA) given by

T (ξi ) = 2−iηi ⊕ 4−iξi ,

and extending by A-linearity and continuity. Clearly, as each ηi is repeated
infinitely often, one has for any fixed i , ηi ⊕ 2−kξk ∈ Ran(T ) for infinitely
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many k, and thus ηi⊕0 is in the closure of Ran(T ) for every i . Hence, 0⊕ξk =
4k T (ξk)− 2k(ηk ⊕ 0) ∈ Ran(T ) too for each k, which proves that the closure
of Ran(T ) contains ηi ⊕ ξk for all i, k, hence must be the whole of E ⊕HA.

We shall now argue that Ran(T ∗T ) is dense in HA. First of all, it is straight-
forward to see that T ∈ K(HA, E ⊕HA), and hence T ∗T ∈ K(HA). Further-
more, it can be verified that T ∗T can be written in the following infinite matrix
form, with respect to the basis {ξi }i of HA:

T ∗T = K1 + K2,

where

K1 = diag(4−4i )i=1,2,..., K2 = ((4−i− j 〈ηi , η j 〉))i, j=1,2,....

Clearly K2 is nonnegative element of K(HA), so T ∗T ≥ K1. However, from
the matrix representation of K1 it is obvious that K1 , and hence T ∗T is strictly
positive element of K(HA) in the sense of page 9, that is, for any positive
functional ρ on the C∗-algebra K(HA) such that limµ ρ(eµ) = 1 for any
approximate identity eµ, we have ρ(T ∗T ) to be strictly positive. By the result
mentioned in page 9, (T ∗T )K(HA) is dense in K(HA), and since the linear
span of the set {Ax, A ∈ K(HA), x ∈ HA} is dense in HA, it follows that
Ran(T ∗T ) is dense in HA, hence so is Ran(|T |). We now define an A-linear
map V : HA → E ⊕HA by V (|T |ξ) := T ξ, which is clearly seen to be an
isometry, and furthermore, since Ran(|T |) and Ran(T ) are dense in HA and
E ⊕HA respectively, V has a unique continuous extension, which is a unitary
isomorphism between the Hilbert modules HA and E ⊕HA. Thus the choice
t = V ∗ does the job in the statement of the present theorem. �

Let us mention an important consequence of the above theorem, which will
be useful in Chapter 5.

Theorem 4.1.11 Let H be a separable Hilbert space. Then, for any C∗-algebra
A, we have, L(A⊗C∗ H) ∼=M(A⊗K(H)). Thus, in the notation of Theorem
4.1.10, for every s ∈ L(E), tst∗ ∈ L(A ⊗C∗ H) ∼= M(A ⊗ K(H)); hence
L(E) can be embedded as a sub C∗-algebra in M(A⊗K(H)).

We shall conclude our preliminary discussion on Hilbert C∗-modules with the
following unification of Stinespring and GNS constructions in the framework
of Hilbert modules.

Theorem 4.1.12 (KSGNS construction)
Let A, B be C∗-algebras, F be a Hilbert B-module and ρ : A → L(F) be
continuous with respect to the strict topologies on A and L(F). Furthermore,
assume that ρ is completely positive. Then we have the following.
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(i) There exist a Hilbert B-module Fρ , ∗-homomorphism πρ : A → L(Fρ)

and an element vρ in L(F, Fρ) such that ρ(a) = v∗ρπρ(a)vρ for all a ∈ A
and the B-linear span of {πρ(a)vρ f : a ∈ A, f ∈ F} is dense in Fρ .

(ii) If G is any Hilbert B-module, π : A → L(G) is a ∗-homomorphism,
w ∈ L(F, G) such that ρ(a) = w∗π(a)w for all a ∈ A, and furthermore
the B-linear span of {π(a)w f : a ∈ A, f ∈ F} is dense in G, then there
exists a unitary u ∈ L(Fρ, G) such that π(a) = uπρ(a)u∗ and w = uvρ .

Proof:
The proof uses very similar ideas as the proof of Theorem 2.2.9. Without loss
of generality, we can assume that A is unital, since if necessary we can replace
A by the unital C∗-algebra M(A), and by the continuity of ρ with respect to
the appropriate strict topology, can lift ρ on M(A), which is the closure of
A with respect to the strict topology. Consider the set S of formal C-linear
combinations of the pairs of the form (a, f ) with a ∈ A, f ∈ F. Define a
right B-module structure on S by setting (a, f )b := (a, f b) and by extending
linearly. Furthermore, equip S with a bilinear B-valued form 〈·, ·〉ρ given by

〈(a, f ), (a′, f ′)〉ρ := 〈 f, ρ(a∗a′) f ′〉,
a, a′ ∈ A, f, f ′ ∈ F, and extending linearly. From the assumption that ρ is
completely positive it is possible to verify that 〈·, ·〉ρ is indeed nonnegative def-
inite. So, by the usual procedure of taking the quotient by the submodule {X ∈
S : 〈X, X〉ρ = 0} and completing the quotient, we obtain a Hilbert B-module
Fρ. We shall denote the equivalence class in Fρ corresponding to the element
(a, f ) ∈ S by [a, f ]. Now, define πρ : A → L(Fρ) by πρ(a)([a′, f ]) :=
[aa′, f ]. It is simple to verify that πρ(ab) = πρ(a)πρ(b) for all a, b ∈ A. Fur-
thermore, 〈πρ(a)[a1, f1], [a2, f2]〉ρ = 〈 f1, ρ((aa1)

∗a2) f2〉 = 〈 f1, ρ(a∗1a∗a2)

f2〉 = 〈[a1, f1], πρ(a∗)[a2, f2]〉ρ. This proves that πρ(a)∗ = πρ(a∗). Finally,
we define vρ : F → Fρ by vρ( f ) = [1, f ]. We can verify that ρ(a) =
v∗ρπρ(a)vρ by a direct and straightforward calculation. This proves (i). The
proof of (ii) is also routine and hence omitted. �

The triple (Fρ, πρ, vρ) is called the KSGNS triple associated with ρ. In case
F = B = C, we recover the GNS construction, whereas the Stinespring’s
theorem is obtained by putting B = C.

4.2 Hilbert von Neumann modules

If A is a concrete C∗-algebra in B(h) for some Hilbert space h, then for any
Hilbert space H, the pre-Hilbert module A⊗algH may be viewed as a subset of
B(h, h⊗H) and A⊗C∗H is the closure of this subset under the operator-norm
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inherited from B(h, h ⊗H). Instead, we may inherit one of the locally convex
topologies from B(h, h⊗H), e.g. the topology of strong operator convergence,
and require the closure of A ⊗alg H under this topology. This will lead to
another topological module, in general bigger than A⊗C∗ H. To be precise, let
us consider the topology of strong operator convergence, that is, the one given
by the seminorms {X �→ ‖Xu‖ , u ∈ h}. We denote the closure by A′′ ⊗s H
or simply by A′′ ⊗ H when there is no possibility of confusion. A′′ ⊗ H has
a natural A′′ module action from both sides and has a natural A′′-valued inner
product. In view of this, we may assume that A itself is a unital von Neumann
algebra in B(h). Thus we define a Hilbert (von Neumann) A-module to be a
right Hilbert A-module E , such that E is equipped with the weakest locally
convex topology in which the map E � ξ �→ 〈ξ, ξ 〉 1

2 ∈ A is continuous (with
respect to the strong operator topology on A), and assume furthermore that E
is complete in this topology. It should be noted that for any Hilbert space H,
B(h,H) has a canonical Hilbert von Neumann B(h)-module structure, with the
inner product 〈R, S〉 := R∗S for R, S ∈ B(h,H).

Remark 4.2.1 Consider the Theorem 4.1.6 and assume that A is a von Neu-
mann algebra and E is a Hilbert von Neumann A-module. Then it is not dif-
ficult to see from the proof of the Theorem 4.1.6 that the image of E under �

will be closed under the weak operator topology (and hence strong operator
topology as well), inherited from B(h,H).

We are now going to show that Hilbert von Neumann modules are very well-
behaved in contrast to their C∗-counterparts, namely they possess the crucial
property that every closed submodule is complemented, and hence most of the
results valid for a Hilbert space can be translated with little or no modification
in the framework of Hilbert von Neumann modules, which is not true for a
general Hilbert C∗-module. We begin with proving the existence of a sort of
orthonormal basis in any Hilbert von Neumann module (see [121] for more
details).

Theorem 4.2.2 Given a von Neumann algebra A ⊆ B(h) and a Hilbert von
Neumann A-module E, looked upon as a submodule of B(h,H) for some
Hilbert space H as in the Theorem 4.1.6, there exists a family (eβ)β∈I of par-
tial isometries in E, (to be called a complete quasi orthonormal system for E),
indexed by some set I , with the following properties:

(i) 〈eβ, eα〉 = e∗βeβδβα; and
(ii) for any e ∈ E, the net eJ :=∑β∈J eβ〈eβ, e〉, indexed by the finite subsets

J ⊆ I , partially ordered by inclusion, converges in the topology of E to e.
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Proof:
Without loss of generality (by the Theorem 4.1.6 and Remark 4.2.1) we can
assume that {eu, e ∈ E, u ∈ h} is total in H, and the topology of E is inherited
from the strong-operator topology of B(h,H). Now, let us call (following the
terminology of [121]) a collection (eβ)β∈T for some indexed set T to be a
quasi-orthonormal system if (eβ) satisfy the property (i) in the statement of the
present theorem, but not necessarily (ii). By the standard argument involving
Zorn’s Lemma it can be proved that there is a maximal element (where we
have chosen the natural partial ordering by inclusion for the class of all quasi-
orthonormal systems of E), and let us denote this maximal quasi-orthonormal
system by (eβ)β∈I . We claim that this system will satisfy the property (ii) in
the statement of the theorem, and thereby completing the proof. Note that if we
take pα = eαe∗α, then pαeα = eα and pα pβ = 0 for different α, β. Therefore,
for any finite subset J of I the operator PJ =∑β∈J eβe∗β =

∑
J pβ is a finite

rank projection in L(E), and since the pβ elements are mutually orthogonal,
it is clear that PJ is a nondecreasing net of projections, hence weakly Cauchy.
From this, it can be seen that for each fixed x ∈ E , (PJ x)J converges in
the topology of E . If possible, suppose that there is an element e ∈ E for
which limJ PJ e is not equal to e. Let y = (e− limJ (PJ e)). Clearly, 〈y, eα〉 =
e∗eα −∑β e∗eβe∗βeα = e∗eα − e∗eα = 0, for all α ∈ I. Since y is an element
of B(h,H), we can write the polar decomposition of y as y = v|y|, where
v is a partial isometry in B(h,H) and |y| = 〈y, y〉 1

2 ∈ A. Choose vn =
yn(1+ n|y|)−1 ∈ E, n = 1, 2, . . . , we see that vn → v in the strong operator
topology, so that v ∈ E (since E is closed under the strong operator topology).
Furthermore, since v∗neα = n(1 + n|y|)−1 y∗eα = 0 for all α, we have that
〈v, eα〉 = v∗eα = 0. Thus, we can form a quasi orthonormal system in E by
adding v to (eβ)I which will be strictly larger than (eβ)I and thus contradicts
the assumed maximality, unless v = 0. So, v = 0, that is, y = 0, proving our
claim. �

Using Zorn’s Lemma, we can deduce similarly the following, the proof of
which is omitted.

Lemma 4.2.3 Given any quasi-orthonormal system (eα)α∈I1 for some Hilbert
von Neumann A-module E (as defined in the proof of the previous theorem),
we can always find a complete quasi-orthonormal system (eβ)β∈I for E with
I1 ⊆ I.

This lemma enables us to prove the following theorem.

Theorem 4.2.4 Let A ⊆ B(h) be a von Neumann algebra and E be a Hilbert
von Neumann A-module. Then, for any closed (with respect to the locally
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convex topology of E) submodule F of E, there is a direct-sum decomposi-
tion of E as E = F ⊕ F⊥, where F⊥ := {e ∈ E : 〈e, f 〉 = 0 for all f ∈ F}.
Proof:
By Theorem 4.2.2 and Lemma 4.2.3, we choose a complete quasi-orthonormal
system (eα)α∈I1 for F and enlarge it to a complete quasi-orthonormal sys-
tem (eβ)β∈I for E . Let I2 := I − I1, and it is clear that for β ∈ I2, eβ ∈
F⊥. Now, given any e ∈ E , we can write it as e = e1 + e2, where e1 =
limJ1⊆I1

∑
β∈J1

eβ〈eβ, e〉, and e2 = limJ2⊆I2

∑
β∈J2

eβ〈eβ, e〉, with J1, J2

finite subsets of I1 and I2 respectively. Clearly, e1 ∈ F, and e2 ∈ F⊥, thus
completing the proof. �

The existence of complete quasi-orthonormal systems leads to the following
result about Hilbert von Neumann modules, which is analogous to the Riesz’
representation theorem in Hilbert spaces.

Proposition 4.2.5 Let E be a Hilbert von Neumann A-module, where A ⊆
B(h) is a von Neumann algebra. Suppose that � : E → A is an A-linear
continuous map. Then there exists an element e� ∈ E such that �(e) =
〈e�, e〉 for all e ∈ E . This means that a Hilbert von Neumann module is self-
dual.

We omit the proof since we shall have no occasion to use this result and the
reader is referred to [121] for a proof.

Next we shall obtain a characterization of Hilbert von Neumann A-modules
by showing that they always arise canonically from some normal ∗-representa
tion of the commutant von Neumann algebra A′ of A. To this end, we first
introduce the notion of the intertwiner module as follows.

Theorem 4.2.6 Let B ⊆ B(h) be a von Neumann algebra and π : B → B(H)

be some normal ∗-representation of B. Let I ≡ I(B, π) := {R ∈ B(h,H) :
π(b)R = Rb, for all b ∈ B}. Then I can be given a Hilbert B′-module struc-
ture (where B′ is the commutant of B in B(h)) by inheriting the right action of
B(h) on B(h,H) and the canonical B(h) valued inner product of B(h,H). I
is also complete in the strong operator topology inherited from B(h,H).

Proof:
For a ∈ B′, b ∈ B and R ∈ I, we have π(b)Ra = Rba = (Ra)b, since a and
b commute with each other. This proves Ra ∈ I. Furthermore, for R, S ∈ I
and b ∈ B, we have that bR∗S = (Rb∗)∗S = (π(b)∗R)∗S = R∗π(b)S =
R∗Sb, that is, R∗S ∈ B′. Finally, the completeness mentioned in the statement
of the present theorem follows by standard arguments. �

The following theorem shows how Hilbert von Neumann A modules are in
one-to-one correspondence with the normal ∗-representations (modulo unitary
isomorphism) of A′.
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Theorem 4.2.7 Let A be a von Neumann algebra in B(h) and let E be a
Hilbert von Neumann A-module ⊆ B(h,H), where H is a Hilbert space.
Assume furthermore that {eu, e ∈ E, u ∈ h} is a total subset of H. Then
we can find a unique normal ∗-representation ρ : A′ → B(H) such that
E = I(A′, ρ).
Proof:
The uniqueness of ρ is clear, since the action ρ(a) is uniquely determined
on the total set of vectors consisting of {eu, e ∈ E, u ∈ h}. To prove the
existence, we begin with the obvious definition ρ(a)(eu) = e(au), e ∈ E, u ∈
h. However, we need to prove that ρ(a) is well-defined and extends to a unique
bounded linear operator on H. Fix e1, . . . , en ∈ E and u1, . . . , un ∈ h, n
positive integer. We have ∥∥∥∥∥ρ(a)

(∑
i

ei ui

)∥∥∥∥∥
2

=
∑
i, j

〈ui , a∗〈ei , e j 〉au j 〉

=
∑
i, j

〈ui , a∗a〈ei , e j 〉u j 〉,

since a and 〈ei , e j 〉 commute. Now, the n×n A-valued matrix (〈ei , e j 〉)i, j=1,...,n

is a nonnegative element in Mn(A) = Mn⊗A ⊆ Mn⊗B(h), and its each entry
(with respect to an orthonormal basis of Cn) commutes with each entry of the
nonnegative element diag(‖a‖2 I−a∗a) of Mn⊗B(h). So, the product of them,
that is, (((‖a‖2 I − a∗a)〈ei , e j 〉))i j is nonnegative. Using this fact, we see that
‖ρ(a)(∑i ei ui )‖2 ≤ ‖a‖2‖∑i ei ui‖2 from which it follows that ρ(a) is well-
defined and extends to a bounded linear operator on H with operator-norm less
than or equal to that of a. Furthermore, it is clear from the definition that a �→
ρ(a) is a ∗-representation of A′. Its normality can also be verified by routine
arguments. Indeed, if aα is an nondecreasing net of nonnegative elements in
A′, with aα ↑ a, then from the definition of ρ it is obvious that 〈ξ, ρ(aα)ξ 〉 ↑
〈ξ, ρ(a)ξ 〉 for ξ in the algebraic linear span of {eu, e ∈ E, u ∈ h}. However,
since this linear span is dense in H and also since ‖ρ(aα)‖ ≤ ‖ρ(a)‖ for all α,
it follows that the same conclusion holds for any ξ ∈ H, hence the normality
of ρ is verified.

Finally, it is clear that E ⊆ I(A′, ρ). By Theorem 4.2.4, I(A′, ρ) = E ⊕
E⊥, where E⊥ is taken in I(A′, ρ). It is enough to show E⊥ = {0}, but
it is clear that for any element e′ ∈ E⊥ and u ∈ h, we have 〈e′u, ev〉 =
〈u, 〈e′, e〉v〉 = 0 for any e ∈ E, v ∈ h, and by totality of the set {eu, e ∈
E, u ∈ h}, 〈e′u, η〉 = 0 for all η ∈ H, so e′u = 0 for all u ∈ h,, that is, e′ = 0.
This completes the proof. �
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This result, combined with the result about the structure of normal
∗-representations of von Neumann algebras mentioned in Chapter 2 (Propo-
sition 2.1.7), we obtain an analogue of the Kasparov’s stabilization theorem
for any Hilbert von Neumann module. However, before that, we need to note
a few simple but useful facts about the Hilbert von Neumann module of the
form A⊗H, where H is a Hilbert space, possibly nonseparable. For this, let us
first introduce some notations, which will be very useful in subsequent chapters
also. Let H1,H2 be two Hilbert spaces and A be a (possibly unbounded) linear
operator from H1 to H1 ⊗H2 with domain D. For each f ∈ H2, we define a
linear operator 〈 f, A〉 with domain D and taking value in H1 such that

〈〈 f, A〉u, v〉 = 〈Au, v ⊗ f 〉, (4.1)

for u ∈ D, v ∈ H1. This definition makes sense because we have, |〈Au, v ⊗
f 〉| ≤ ‖Au‖ ‖ f ‖ ‖v‖, and thus H1 � v → 〈Au, v ⊗ f 〉 is a bounded linear
functional. Moreover, ‖〈 f, A〉u‖ ≤ ‖Au‖ ‖ f ‖, for all u ∈ D, f ∈ H2. Sim-
ilarly, for each fixed u ∈ D, v ∈ H1, H2 � f → 〈Au, v ⊗ f 〉 is bounded
linear functional, and hence there exists a unique element of H2, to be denoted
by Av,u , satisfying

〈Av,u, f 〉 = 〈Au, v ⊗ f 〉 = 〈〈 f, A〉u, v〉. (4.2)

We shall denote by 〈A, f 〉 the adjoint of 〈 f, A〉, whenever it exists. Clearly, if
A is bounded, then so is 〈 f, A〉 and ‖〈 f, A〉‖ ≤ ‖A‖ ‖ f ‖. Similarly, for any
T ∈ B(H1 ⊗ H2) and f ∈ H2, one can define T f ∈ B(H1,H1 ⊗ H2) by
setting T f u = T (u ⊗ f ). With the above notations at our disposal, let us give
a brief sketch of some properties of A⊗H.

Lemma 4.2.8 Any element X of A⊗H can be written as, X =∑α∈J xα⊗γα ,
where {γα}α∈J is an orthonormal basis of H and xα ∈ A. The above sum over
a possibly uncountable index set J makes sense in the usual way: it is strongly
convergent and for all u ∈ h, there exists an at most countable subset Ju of
J such that Xu = ∑α∈Ju

(xαu) ⊗ γα . Moreover, once {γα} is fixed, xα’s are
uniquely determined by X.

Proof:
Set xα = 〈γα, X〉. Clearly, if X ∈ A ⊗alg H, xα ∈ A for all α. Since any
element of A ⊗ H is a strong limit of elements from A ⊗alg H; and since A
is strongly closed, it follows that xα ∈ A for an arbitrary X ∈ A ⊗ H. Now,
for a fixed u ∈ h, let Ju be the (at most countable ) set of indices such that
for all α ∈ Ju, there exists vα ∈ h with 〈Xu, vα ⊗ γα〉 #= 0. Then for any
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v ∈ h and γ ∈ H, we have with cγα = 〈γα, γ 〉,
〈Xu, v ⊗ γ 〉 =

∑
α∈Ju

cγα 〈Xu, v ⊗ γα〉 =
∑
α∈Ju

cγα 〈〈γα, X〉u, v〉

=
∑
α∈Ju

〈xαu, v〉〈γα, γ 〉 =
〈∑
α∈Ju

(xα ⊗ γα)u, v ⊗ γ

〉
;

that is, X = ∑α∈J xα ⊗ γα in the sense described in the statement of the
lemma. Given {γα}, the choice of xα values is unique, because for any fixed
α0, 〈γα0 , X〉 = xα0 , which follows from the previous computation if we take
γ to be γα0 . �

Corollary 4.2.9 Let X, Y ∈ A ⊗ H be given by X = ∑α∈J xα ⊗ γα and
Y = ∑α∈J yα ⊗ γα as in the lemma above. For any finite subset I of J , if we
denote by X I and YI the elements

∑
α∈I xα⊗γα and

∑
α∈I yα⊗γα respectively,

then limI 〈X I , YI 〉 = 〈X, Y 〉 where the limit is taken over the directed family of
finite subsets of J with usual partial ordering by inclusion.

Proof:
The proof is an adaptation of Lemma 27.7 in [100], hence the details are
omitted.

�

We give below a convenient necessary and sufficient criterion for verifying
whether an element of B(h, h ⊗H) belongs to A⊗H.

Lemma 4.2.10 Let X ∈ B(h, h⊗H). Then X belongs to A⊗H if and only if
〈γ, X〉 ∈ A for all γ in some dense subset E of H.

Proof:
That X ∈ A ⊗ H implies 〈γ, X〉 ∈ A for all γ ∈ H has already been
observed in the proof of the previous lemma. For the converse, first we claim
that 〈γ, X〉 ∈ A for all γ in E (where E is dense in H) will imply 〈γ, X〉 ∈ A
for all γ ∈ H. Indeed, for any γ ∈ H there exists a net γα ∈ E such that
γα → γ, and hence ‖〈γ, X〉 − 〈γα, X〉‖ ≤ ‖γα − γ ‖‖X‖ → 0. Now let us
fix an orthonormal basis {γα}α∈J of H and write X = ∑α∈J 〈γα, X〉 ⊗ γα by
Lemma 4.2.8. Clearly, the net XI indexed by finite subsets I of J (partially
ordered by inclusion) converges strongly to X . Since XI ∈ A ⊗alg H for any
such finite subset I (as 〈γα, X〉 ∈ A for all α), the proof follows by noting
that A is strongly closed. �

In case H = �(k), the Fock space over some Hilbert space k (see Section
2.4), we call the module A ⊗ �(k) the right Fock A-module over �(k), for
short the Fock module, and denote it by A⊗ �.

The next theorem spells out the generic structure of a Hilbert von Neumann
A-module.
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Theorem 4.2.11 Given any Hilbert von Neumann A-module E, there is a
Hilbert space (possibly nonseparable) H0 such that E is isometrically isomor-
phic with some closed (Hilbert von Neumann)-submodule of the Hilbert von
Neumann A-module A⊗H0.

Proof:
By Theorem 4.2.7, we may assume that E = I(A′, ρ) for some normal
∗-representation of ρ : A′ → B(H) for some Hilbert space H, such that
ρ(1) = 1H. Now, by appealing to the Proposition 2.1.7 of Chapter 2, we
obtain some Hilbert space H0 and a Hilbert space isometry �0 : H→ h⊗H0

(where h is such that A ⊆ B(h) and A′ is the commutant of A in B(h)) such
that ρ(a) = �∗

0 (a ⊗ 1)�0 for all a ∈ A′ and P = �0�
∗
0 is a projection in

A ⊗ B(H0). We shall now explicitly calculate the space I(A′, ρ). Let R ∈
B(h,H) be such that Ra = ρ(a)R for all a ∈ A′. Applying �0 on both sides
of this equality, we get that �0 Ra = P(a⊗1)�0 R, and since P commutes with
(A′ ⊗ 1) and P�0 = �0, it follows that �0 Ra = (a⊗ 1)�0 R, for all a ∈ A′,
that is, �0 R ∈ A ⊗H0. In fact, every step in the above calculation is clearly
reversible, and thus we get that

I(A′, ρ) = {R ∈ B(h,H) : �0 R ∈ A⊗H0}.
We now define � : I(A′, ρ) → A ⊗ H0 by �(R) := �0 R, and clearly this
is an A-linear isometry, with the adjoint given by A ⊗ H0 � S �→ �∗

0 S ∈
I(A′, ρ). We note that �∗

0 S is in I(A′, ρ) because �0�
∗
0 S = P S, which is in

A⊗H0 as P ∈ A⊗ B(H0). Thus, E = I(A′, ρ) is isometrically isomorphic
with the closed submodule P(A⊗H0). �

For various applications of Hilbert modules in quantum probability and
related fields, we refer the reader to [7] and [120].

4.3 Group actions on Hilbert modules

4.3.1 The case of Hilbert C∗-modules

Let us first discuss the case of Hilbert C∗-modules. Let G be a locally com-
pact group, A be a C∗-algebra, and assume that there is a strongly continuous
representation α : G → Aut(A) as discussed in Chapter 2. Following the ter-
minology of [90], we introduce the concept of a Hilbert C∗ G −A-module as
follows.

Definition 4.3.1 A Hilbert C∗ G − A module (or G − A module for short)
is a pair (E, β) where E is a Hilbert C∗ A-module and β is a map from G
into the set of C-linear (caution : not A-linear !) maps from E to E , such that
βg, g ∈ G satisfies the following:
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(i) βgh = βg ◦ βh for g, h ∈ G, βe = Id, where e is the identity element
of G;

(ii) βg(ξa) = βg(ξ)αg(a) for ξ ∈ E, a ∈ A;
(iii) g �→ βg(ξ) is continuous for each fixed ξ ∈ E;
(iv) 〈βg(ξ), βg(η)〉 = αg(〈ξ, η〉) for all ξ, η ∈ E, where 〈·, ·〉 denotes the

A-valued inner product of E .

When β is understood from the context, we may refer to E as a G − A
module, without explicitly mentioning the pair (E, β). Given two G−A mod-
ules (E1, β) and (E2, γ ), there is a natural G-action π induced on L(E1, E2),
given by πg(T )(ξ) := γg(T (βg−1(ξ))) for g ∈ G, ξ ∈ E1, T ∈ L(E1, E2).

T ∈ L(E1, E2) is said to be G-equivariant if πg(T ) = T for all g ∈ G. It
is clear that for each fixed T ∈ L(E1, E2) and ξ ∈ E1, g �→ πg(T )ξ is
continuous. We say that T is G-continuous if g �→ πg(T ) is continuous with
respect to the norm topology on L(E1, E2). We say that E1 and E2 are isomor-
phic as G −A-modules, or that they are equivariantly isomorphic if there is a
G-equivariant unitary map T ∈ L(E1, E2).

We shall now prove an analogue of Kasparov’s theorem in the framework
of G − A modules. Before that, it is necessary to introduce some notation.
Following [90], for any Hilbert A-module F , let us denote by F∞ the Hilbert
A-module obtained by taking a direct sum of countably infinitely many copies
of F . More precisely, F∞ as a set is defined to consist of all sequences ( f1,

f2, . . .), fi ∈ F , such that the series
∑

n〈 fn, fn〉 converges in the norm of
A. The right A-module structure on F∞ is the obvious one: ( f1, f2, . . .)a :=
( f1a, f2a, . . .), and the A-valued inner product is given be the sum of com-
ponentwise inner product. We note that for a separable infinite dimensional
Hilbert space H, we have HA = A∞, viewing A as an A-module in the obvi-
ous way. Furthermore, in case F is a G − A module with the corresponding
G-action β, then so is F∞ by taking the G-action β∞g as β∞g ( f1, f2, . . .) :=
(βg( f1), βg( f2), . . .).

A word of caution about this notation: A∞ should not be confused with the
notation A∞ which will be introduced and used in Chapters 8 and 9 to denote
‘smooth’ subalgebras.

For a G − A module (E, β), we define a right A-module structure on Cc

(G, E) (the set of continuous compactly supported functions from G to E) by
setting ( f a)(t) := f (t)a, t ∈ G, a ∈ A. We also define an A-valued inner
product by

〈 f1, f2〉 :=
∫

G
〈 f1(t), f2(t)〉dt,

where dt denotes integration with respect to some fixed left Haar measure
on G. We denote the completion of the pre-Hilbert A-module Cc(G, E) by
L2(G, E), which is a Hilbert C∗ A-module. Furthermore, we make it into a
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G−Amodule by defining a G-action on Cc(G, E) by β̃g( f )(t)=βg( f (g−1t)),
g, t ∈ G, and extending it by continuity on L2(G, E). In fact, it is clear that
L2(G, E) is the completion of the algebraic tensor product of L2(G) and E ,
with the G-action being the tensor product of the left regular representation on
L2(G) and the given action β on E . It may also be noted that since any Hilbert
A module can be viewed as a G − A module by taking the trivial G-action,
we can actually perform the above construction for any A-module E to obtain
L2(G, E), which will be a G −A module.

Lemma 4.3.2 Let (E1, β) and (E2, γ ) be two G−A modules such that E1, E2

are isomorphic as Hilbert A-modules, that is, there is an A-linear unitary (not
necessarily equivariant) U from E1 onto E2. Then L2(G, E1) and L2(G, E2)

are isomorphic as G −A-modules.

Proof:
Define V : Cc(G, E1)→ Cc(G, E2) by

(V f )(t) = γt (U (βt−1( f (t)))).

It is not difficult to observe that V is A-linear, since

(V ( f a))(t) = γt (U (βt−1( f (t)a)))

= γt (U (βt−1( f (t))αt−1(a))) = γt (U (βt−1( f (t)))αt−1(a))

= γt (U (βt−1( f (t))))αt (αt−1(a)) = (V f )(t)a.

Similarly, by using the property (iv) in the definition of a G −A module, one
can verify that V is an isometry. That V is onto and G-equivariant follow also
by straightforward arguments. Thus, V extends to an equivariant unitary from
L2(G, E1) onto L2(G, E2). �

Using this lemma, we state and prove the following equivariant analogue
of Kasparov’s theorem. However, we need the compactness of G for technical
purposes.

Theorem 4.3.3 Let (E, β) be a Hilbert C∗ G − A module and assume that
E is countably generated as a Hilbert A-module, that is, there is a countable
set S = {e1, e2, · · ·} of elements of E such that the right A-linear span of
S is dense in E. Assume furthermore that G is compact. Then, there is a
G-equivariant unitary from E ⊕ L2(G,A∞) onto L2(G,A∞).

Proof:
Let us first show that E ⊕ L2(G, E)∞ ∼= L2(G, E)∞ as G − A modules, by
explicitly constructing an equivariant unitary map. Define V : E → L2(G, E)
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given by (V ξ)(t) := ξ, for all t ∈ G. Clearly V is a G-equivariant isometry.
Now, define U : E ⊕ L2(G, E)∞ → L2(G, E)∞ by

U (ξ ⊕ ( f1, f2, . . .)) := (V ξ + (1− V V ∗) f1, V V ∗ f1 + (1− V V ∗) f2, . . .),

where ξ ∈ E and f1, f2, . . . ∈ L2(G, E). It is clear that U is G-equivariant as
V is so. Furthermore, by direct computation it is easy to see that the adjoint U∗
of U is given by,

U∗( f1, f2, . . .) = (V ∗ f1 ⊕ (V V ∗ f2 + (1− V V ∗) f1, V V ∗ f3 + (1− V V ∗) f3, . . .)).

Now, by using the fact that V ∗V = Id, it can be verified that U and U∗
are inverses of each other, that is, U is a unitary, which proves the claim that
E ⊕ L2(G, E)∞ and L2(G, E)∞ are isomorphic as G −A-modules.

Let us now note that for any G − A module F , L2(G, F)∞ ∼= (L2(G) ⊗
F)⊕ (L2(G)⊗ F)⊕· · · ∼= L2(G)⊗ (F ⊕ F ⊕· · ·) ∼= L2(G, F∞), as G−A-
modules. In particular, L2(G,A)∞ ∼= L2(G,A∞). Also, it is a straightforward
observation that A∞ and (A∞)∞ are isomorphic as Hilbert C∗ A-modules,
hence by the Lemma 4.3.2, we have that L2(G,A∞)∞ ∼= L2(G, (A∞)∞)) ∼=
L2(G,A∞) ∼= L2(G,A)∞ as G − A modules. But on the other hand, by
the Kasparov’s theorem (Theorem 4.1.10) proved for C∗-modules without any
group action, we know that A∞ and E ⊕ A∞ are isomorphic as Hilbert A-
modules, hence by Lemma 4.3.2, we have the isomorphisms of G−A-modules:
L2(G,A∞) ∼= L2(G, E⊕A∞). Thus, we have, L2(G,A)∞∼= L2(G,A∞)∞∼=
L2(G, E ⊕ A∞)∞ ∼= L2(G, E)∞ ⊕ L2(G,A∞)∞ ∼= L2(G, E)∞ ⊕
L2(G,A)∞. Finally, using the earlier proven fact that E ⊕ L2(G, E)∞ is
isomorphic with L2(G, E)∞, we have the following isomorphisms of G − A
modules:

E ⊕ L2(G,A)∞ ∼= E ⊕ L2(G, E)∞ ⊕ L2(G,A)∞
∼= L2(G, E)∞ ⊕ L2(G,A)∞ ∼= L2(G,A)∞
∼= L2(G,A∞).

This completes the proof. �

Remark 4.3.4 We observe that L2(G,HA) ∼= A⊗C∗ (H⊗ L2(G)) as G −A
module with the G-action on A ⊗C∗ (H ⊗ L2(G)) given by αg ⊗ 1H ⊗ Lg,

where Lg is the left regular representation. Thus, the above theorem in par-
ticular implies that E is isometrically isomorphic with a closed complemented
submodule of the Hilbert A-module A ⊗C∗ (H ⊗ L2(G)) (where H is sepa-
rable), and the G-action on E is inherited from the action αg ⊗ 1 ⊗ Lg on
A⊗C∗ (H⊗ L2(G)).
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4.3.2 The case of Hilbert von Neumann modules

Let us assume now that A ⊆ B(h) is a von Neumann algebra, where h is a
Hilbert space and G is a locally compact group with a strongly continuous
unitary representation g �→ ug ∈ B(h). Let αg(a) := ugau∗g, for all g ∈ G,

a ∈ B(h), and assume that αg(A) ⊆ A, for all g ∈ G. We define a Hilbert
von Neumann G −A module (E, β) in a similar way as we have done for the
C∗-module case, that is, in the Definition 4.3.1, but with the requirement that
E is now a Hilbert von Neumann A-module equipped with the natural locally
convex topology described earlier, and that we replace the norm-continuity in
(iii) of the above definition by a weaker continuity: namely, the continuity of
g �→ βg(ξ) (for fixed ξ ∈ E) with respect to the locally convex topology of E .
We shall now prove an equivariant version of Theorem 4.2.11, and we shall not
need compactness of the group G in this case.

Theorem 4.3.5 Let (E, β) be a Hilbert von Neumann G − A module, where
A and G are as above. Then we can find a Hilbert space k0 and a A-linear
isometry � : E → A ⊗ H0, where H0 := L2(G) ⊗ k0, such that �βg�

∗ =
(αg ⊗ Lg ⊗ Ik0)P, for all g ∈ G, where P denotes the projection ��∗ and Lg

is the left regular representation of G in L2(G).

Proof:
The proof of this theorem is adapted from [30]. We shall prove the theorem in
two steps. First, we shall prove an equivariant version of Theorem 4.2.7, using
the same notation. Assume, as in Theorem 4.2.7, that E is a submodule of
B(h,H) for some Hilbert space H and {eu, e ∈ E, u ∈ h} is total in H. Define
ρ : A′ → B(H) as in 4.2.7, so that E = I(A′, ρ). Note that since αg(a) ∈ A
for all a ∈ A and g ∈ G, we indeed have that αg(A′) ⊆ A′. To see this, fix
b ∈ A′ and g ∈ G. Since ugau∗g belongs to A for every a ∈ A, we have that
ugau∗gb = bugau∗g. Multiplying both sides by u∗g on the left and by ug on the
right, and since ug is unitary, we get a(u∗gbug) = (u∗gbug)a for all a ∈ A.
That is, u∗gbug belongs to A′. Since this is valid for all g ∈ G, by replacing g
by g−1, we conclude that αg(b) := ugbu∗g ∈ A′.

Now, our aim is to define a unitary representation of G in H such that ρ is
covariant with respect to that representation, where G-action on A′ is taken to
be αg . Define an operator Vg on H for each g ∈ G by setting

Vg(ξv) := βg(ξ)ugv, ξ ∈ E, v ∈ h;

and extending it linearly on the span of {ξv, ξ ∈ E, v ∈ h}. We have to check
that this is well-defined and admits a unitary extension to the whole of H. Fix
ξ1, . . . , ξm, η1, . . . , ηn ∈ E, v1, . . . , vm, v ′1, . . . , v ′n ∈ h, m, n are integers.
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We have 〈 m∑
i=1

ξivi , Vg

⎛⎝ n∑
j=1

η jv
′
j

⎞⎠〉
=
∑
i, j

〈vi , 〈ξi , βg(η j )〉ug(v
′
j )〉

=
∑
i, j

〈vi , 〈βg(βg−1(ξi )), βg(η j )〉ug(v
′
j )〉

=
∑
i, j

〈vi , αg(〈βg−1(ξi ), (η j )〉)ug(v
′
j )〉

=
∑
i, j

〈vi , ug〈βg−1(ξi ), (η j )〉v ′j 〉

=
〈( m∑

i=1

βg−1(ξi )u∗gvi

)
,

⎛⎝ n∑
j=1

η jv
′
j

⎞⎠〉 .
Thus, if X ≡ ∑ j η jv

′
j = 0, then 〈Y, Vg(X)〉 = 0 for all Y belonging to the

span of the total set S ≡ {ξv, ξ ∈ E, v ∈ h}, hence Vg(X) = 0. Proceeding in a
very similar way we can show that 〈Vg(Y ), Vg(X)〉 = 〈Y, X〉 for X, Y as above.
Furthermore, since βg and ug are bijections on E and h, respectively, it is clear
that Vg maps the total set S onto itself. So, Vg has a unique unitary extension
on H, to be denoted again by the same notation. Furthermore, VgVh = Vgh and
Ve = Id (where e is the identity of G) on S, and hence on the whole of H. To
prove the strong continuity of g �→ Vg , it is enough to prove that g �→ Vg X is
continuous for any X of the form ξv, ξ ∈ E, v ∈ h. But

‖Vg(ξv)− ξv‖2 = 2〈ξv, ξv〉 − 〈Vg(ξv), ξv〉 − 〈ξv, Vg(ξv)〉.
Now, we have

〈Vg(ξv), ξv〉 − 〈ξv, ξv〉 = 〈βg(ξ)(ugv − v), ξv〉 + 〈(βg(ξ)− ξ)v, ξv〉.
By assumption limg→e(βg(ξ) − ξ) = 0 with respect to the weak operator
topology, so 〈(βg(ξ)− ξ)v, ξv〉 → 0 as g → e. Furthermore,

|〈βg(ξ)(ugv − v), ξv〉|
≤ ‖ξv‖‖βg(ξ)‖‖ugv − v‖
= ‖ξv‖‖〈βg(ξ), βg(ξ)〉‖ 1

2 ‖ugv − v‖,
which goes to 0 as g → e, since ug is strongly continuous and

‖〈βg(ξ), βg(ξ)〉‖ = ‖αg(〈ξ, ξ 〉)‖ = ‖ug〈ξ, ξ 〉u∗g‖ ≤ ‖ξ‖.
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It is to be noted that ρ is also covariant with respect to Vg , since for b ∈ A′ and
ξ ∈ E, v ∈ h, we have

Vgρ(b)Vg−1(ξv) = Vgρ(b)(βg−1(ξ)u∗gv)
= Vg(βg−1(ξ)bu∗gv) = βg(βg−1(ξ))ugbu∗gv
= ξαg(b)v = ρ(αg(b))(ξv).

In the next step, we shall appeal to the theory of crossed product von Neu-
mann algebras as discussed in Chapter 2. Recall that by Proposition 2.1.19,
A′

G ≡ A′ >�αG is the weak closure of the set {(ug ⊗ Lg), (b ⊗ 1), g ∈
G, b ∈ A′} ⊆ B(h) ⊗ B(L2(G)), and using the general theory described in
Subsection 2.1.3, there is a normal ∗-representation ρ̃ : A′

G → B(H) satis-
fying ρ̃(b ⊗ 1) = ρ(b) and ρ̃(ug ⊗ Lg) = Vg. By Proposition 2.1.7, we can
find some Hilbert space k0 and an isometry (as ρ̃ is clearly unital) � : H →
h ⊗ L2(G)⊗ k0 ≡ h ⊗H0 such that �∗(X ⊗ 1k0)� = ρ̃(X), for all X ∈ A′

G .

We claim that this � satisfies the properties mentioned in the statement of the
theorem, thereby completing the proof. For this, note that by Proposition 2.1.7,
P := ��∗ commutes with X ⊗ 1k0 for all X ∈ A′

G, so in particular with
(ug ⊗ Lg ⊗ 1), g ∈ G. So we have

�Vg�
∗ = P(ug ⊗ Lg ⊗ 1)P = (ug ⊗ Lg ⊗ 1)��∗,

which implies that �Vg = (ug ⊗ Lg ⊗ 1)�. Thus,

�βg(ξ) = �Vg(ξ)u∗g = (ug ⊗ Lg ⊗ 1)�ξu∗g = (αg ⊗ Lg ⊗ 1)(�(ξ)),

hence �βg�
∗ = (αg ⊗ Lg ⊗ 1)��∗ = (αg ⊗ Lg ⊗ 1)P . Furthermore, the fact

that �(E) ⊆ A⊗H0 can be verified as in the proof of the Theorem 4.2.11. �





5
Quantum stochastic calculus with bounded

coefficients

5.1 Basic processes

In this chapter, we shall first discuss the construction of the four basic processes
(creation, annihilation, number and time) for a fairly general class of coeffi-
cients (not necessarily bounded), and the construction and properties of left
stochastic integrals with respect to such processes. However, we shall con-
fine ourselves to the class of bounded coefficients for defining right integrals,
and also for studying quantum stochastic differential equations in this chap-
ter, leaving the discussion on such equations with more general (unbounded)
coefficients for Chapter 7 of the book.

Let us recall the notations introduced in Section 4.2 of Chapter 4, particu-
larly formulae (4.1), (4.2) and related notation. Let H1 and H2 be two Hilbert
spaces (possibly non-separable). Let E(V) denote the complex linear span of
exponential vectors e(g) for g belonging to some subspace (not necessarily
closed) V of H2.

Now, we define a map S : � f (H2)→ �(H2) by setting,

S(g1 ⊗ g2 ⊗ · · · ⊗ gn) = 1
(n − 1)!

∑
σ∈Sn

gσ(1) ⊗ · · · ⊗ gσ(n), (5.1)

and linearly extending it to H⊗n

2 , where Sn is the group of permutations of n
objects. Clearly, ‖S|H⊗n

2
‖ ≤ n. We denote by S̃ the operator 1H1 ⊗ S.

Let us denote by Lin(V1,V2) the space of linear (without any continuity or
boundedness assumption) maps from a vector space V1 to another vector space
V2, where V1,V2 need not be Hilbert spaces. We also adopt the convention of
denoting algebraic and topological tensor product of vector spaces by the same
symbol ⊗ whenever there is no chance of confusion. In particular, we shall
use the symbol V1 ⊗ V2 to mean algebraic tensor product whenever at least
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one of the spaces involved is a nonclosed subspace of a Hilbert space. How-
ever, when both of them are closed subspaces, we shall notationally distinguish
between the algebraic and topological tensor products, and use the symbol⊗alg

for the algebraic tensor product. It should also be noted that we shall often omit
the tensor product symbol ⊗ between two or more vectors when there is no
confusion.

Let A be a linear map from H1 to H1 ⊗ H2 with domain D, that is, A ∈
Lin(D,H1 ⊗ H2). Let us now define the creation operator a†(A) abstractly
which will act on the linear span of vectors of the form vg⊗n

and ve(g) (where
g⊗n

denotes g ⊗ · · · ⊗ g︸ ︷︷ ︸
n times

), n ≥ 0, with v ∈ D, g ∈ H2. We define,

a†(A)(vg⊗n
) = 1√

n + 1
S̃((Av)⊗ g⊗n

). (5.2)

We observe that
∑

n≥0
1
n! ‖a†(A)(vg⊗n

)‖2 < ∞, which allows us to define
a†(A)(ve(g)) as the direct sum ⊕n≥0

1

(n!) 1
2

a†(A)(vg⊗n
). We have the follow-

ing simple but useful observation.

Lemma 5.1.1 For v ∈ D, u ∈ H1 and g, w ∈ H2,

〈a†(A)(ve(g)), ue(w)〉 = 〈Au,v , w〉〈e(g), e(w)〉 = d
dε
〈e(g+ εAu,v ), e(w)〉|ε=0.

(5.3)

Proof:
First observe that

〈a†(A)(vg⊗n
), ue(w)〉 =

〈
1√

n + 1
S̃((Av)⊗ g⊗n

),
1√

(n + 1)!u ⊗ w⊗n+1
〉
.

It is clear that the adjoint S∗ of the operator S is given by S∗( f ⊗n
) = n f ⊗n

.
Thus, we have that

〈S̃((Av)⊗ g⊗n
), u ⊗ w⊗n+1〉 = 〈((Av)⊗ g⊗n

), u ⊗ S∗(w⊗n+1
)〉

= (n + 1)〈Av, u ⊗ w〉〈g, w〉n
= (n + 1)

√
n!〈Au,v , w〉〈g⊗n

, e(w)〉.
Hence

〈a†(A)(vg⊗n
), ue(w)〉 = (n + 1)

√
n!√

(n + 1)!√n + 1
〈Au,v , w〉〈g⊗n

, e(w)〉
= 〈Au,v , w〉〈g⊗n

, e(w)〉.
From this the result follows. �
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We now define the annihilation operator a(B) where B is a densely defined
linear map from H1 to H1 ⊗H2, with the domain Dom(B), say, that is, B ∈
Lin(Dom(B),H1⊗H2). The domain of a(B) is taken to be the complex linear
span of vectors of the form ue(ξ) and uξ⊗n

(n = 1, 2, · · ·), such that u ∈
Dom(〈B, ξ 〉) (〈B, ξ 〉 := 〈ξ, B〉∗); and

a(B)ue(ξ) := (〈B, ξ 〉u)e(ξ),

a(B)uξ⊗n := 1√
n!

dn

dsn |s=0a(B)(ue(sξ)) = √
n(〈B, ξ〉u)ξ⊗n−1

.

Furthermore, we define the number operator �(T ) for T ∈ Lin(Dom(T ),

H1⊗H2), where Dom(T ) ⊆ H1⊗H2. We take Dom(�(T )) to be the complex
linear span of vectors of the form ue(ξ) with (u, ξ) satisfying u⊗ξ ∈ Dom(T ),

that is, u ∈ Dom(Tξ ), and set

�(T )ue(ξ) := a†(Tξ )(ue(ξ)).

We also define �(T )(uξ⊗n
) := 1√

n!
dn

dsn |s=0�(T )(ue(sξ)), which clearly
exists.

Remark 5.1.2 If there are subspaces (not necessarily closed) D1,D2 of H1,

H2, respectively, such that D1 ⊆ Dom(B) ∩ f ∈D2 Dom(〈B, f 〉), then both
a†(B) and a(B) have D1 ⊗ E(D2) in their domains and one can also verify
that a†(A) is the adjoint of a(A) on D1 ⊗ E(D2).

Next, to define the basic processes, we need some more notations. Let h and k0

be Hilbert spaces, k = L2(R+, k0), kt = L2([0, t])⊗ k0, kt = L2((t,∞))⊗
k0, �t = �(kt ), �t = �(kt ), � = �(k). We assume that D0,V0 are dense sub-
spaces of h and k0 respectively, and R, R′ ∈ Lin(D0, h ⊗ k0), T ∈ Lin(D0 ⊗
V0, h ⊗ k0) are closable operators. Assume furthermore that D0 ⊆ ∩ξ∈V0

Dom(〈R′, ξ 〉). We define R�
t : D0 ⊗ �t → h ⊗ �t ⊗ kt for t ≥ 0 and a

bounded interval � in (t,∞) by

R�
t (uψ) = P((1h ⊗ χ�)(Ru)⊗ ψ),

where χ� : k0 → kt is the operator which takes α to χ�(·)α for α ∈ k0, and
P is the canonical unitary isomorphism from h ⊗ k ⊗ � to h ⊗ � ⊗ k. We
denote by L p

loc the set of f ∈ k such that
∫ t

0 ‖ f (s)‖pds <∞ for all t ≥ 0, and
by C the set of bounded continuous functions in k. For a measurable k0-valued
function f in k = L2(R+, k0), we shall denote by ft and f t respectively the
functions f χ[0,t] ∈ kt and f χ(t,∞) ∈ kt .
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We now define the creation field a†
R(�) on either of the domains consisting

of finite linear combinations of vectors of the form ut ⊗ f t⊗n
or of ut ⊗ e( f t )

for ut ∈ D0 ⊗ �t , f t ∈ �t , n ≥ 0, as

a†
R(�) = a†(R�

t ), (5.4)

where a†(R�
t ) carries the meaning discussed before Lemma 5.1.1, with H1 =

h ⊗ �t ,H2 = kt and D = D0 ⊗ �t .

Let T �
f t be the densely defined linear map from h ⊗ �t to h ⊗ �t ⊗ kt ,

with the domain consisting of linear span of vectors of the form uψ , with ψ ∈
L2((t,∞), k0) satisfying ψ(s) ∈ V0 for almost all s; and T �

f t is given by

T �
f t (uαt ) = P(1⊗ χ̂�)(T̂ (u f t )⊗ αt ). (5.5)

Here, T̂ is the densely defined map on (h ⊗ L2((t,∞), k0)) ≡ L2((t,∞), h ⊗
k0) with the domain consisting of L2-functions η : (t,∞) → h ⊗ k0 with
η(s) ∈ D0 ⊗ V0 for almost all s, and given by, T̂ (η)(s) = T (η(s)), s > t . χ̂�

is the multiplication by χ�(·) on L2((t,∞), k0). Clearly, in case T is bounded,
‖T̂ ‖ ≤ ‖T ‖, which makes T �

f t also bounded.
With the above notation, we define the annihilation and number fields aR′(�)

and �T (�) as follows

aR′(�)(ut e( f t )) = ((

∫
�

〈R′, f (s)〉ds)ut )e( f t ), (5.6)

and
�T (�)(ut e( f t )) = a†(T �

f t )(ut e( f t )); (5.7)

for f such that f (s) ∈ V0 for almost all s > t. We note here that objects similar
to aR(·), a†

R′(·) and �T (·) were used in [71], however in a coordinatized form.
For Hilbert spaces H1,H2,H3 and a closable densely defined operator B ∈

Lin(H1,H2), we denote by B⊗ IH3 (or simply B⊗ I if H3 is understood from
the context) the closure of the densely defined closable operator B ⊗alg I :
Dom(B) ⊗alg H3 → H2 ⊗alg H3. Note that Dom(B) ⊗alg H3 is a core for
B ⊗ I.

Definition 5.1.3 Let D1 be a dense subspace of h and V0 be a dense subspace
of k0. Let V denote the space of V0-valued simple, right continuous functions
on [0,∞). That is,

V=
⎧⎨⎩f =

k∑
i=0

χ[ti ,ti+1)ξi : 0= t0 ≤ t1 ≤ · · · < tk+1=∞; k positive integer, ξi ∈ V0

⎫⎬⎭ .

We say that a family (Ht )t≥0 of linear maps on h ⊗ � is an adapted (D1,V0)-
admissible process if
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(i) the domain of Ht contains vectors of the form v f ⊗
n

t ψ t , n = 1, 2, . . . and
ve( ft )ψ

t , where v ∈ D1, ft ∈ kt , such that ft is a simple V0-valued right
continuous function, and ψ t ∈ �t ;

(ii) there are operators Ĥt ∈ Lin(D1⊗E(kt ), h⊗�t ) such that Ht = Ĥt⊗I |�t ;
(iii) given f ∈ V there exist Hilbert space h1, and closable maps rt ≡ r f

t ∈
Lin(D1, h1) depending only on t and f such that

sup
0≤s≤t

‖Hs(ue( f ))‖ ≤ ‖rt u‖, for all t ≥ 0, u ∈ D1, f ∈ V. (5.8)

Clearly, the definition of Ht ue( f ) can be extended to u belonging to the
domain of the closure of rt (again denoted by rt , if no confusion arises), and
we shall denote this extension of Ht by the same symbol again. If D1 = h,
it follows from the closed graph theorem that rt is bounded for each t , and
replacing r f

t by c(t, f )I = ‖rt‖I , we can re-write (5.8) as

sup
0≤s≤t

‖Hs(ue( f ))‖ ≤ c(t, f )‖u‖, for all u ∈ h, f ∈ V. (5.9)

If, moreover, V0 = k0 and the inequality (5.8) holds for all f ∈ k, we call
(Ht ) an adapted admissible (or simply admissible if adaptedness is understood)
process.

We shall often denote an operator B and its trivial extension B
⊗

I to some
bigger space by the same notation, unless there is any confusion in doing so.
We also denote the unitary isomorphism from h⊗k0⊗�(k) onto h⊗�(k)⊗k0

and that from h⊗ k⊗�(k) onto h⊗�(k)⊗ k by the same letter P . Clearly, for
an adapted (D1,V0)-admissible process (Ht ), Ht P acts on any vector of the
form w ⊗ e(g) where w ∈ D1⊗algk0, g ∈ V and we have the estimate

sup
0≤s≤t

‖Hs P(we(g))‖ ≤ ‖(r g
t ⊗ Ik0)w‖.

This allows one to extend Ht P on the whole of the domain containing vectors
of the form w̄e(g), w̄ ∈ Dom((rt ⊗ Ik0)) ⊆ h ⊗ k0, g ∈ V . We denote
this extension again by Ht P . When P is taken to be the isomorphism from
h⊗ k ⊗�(k) onto h⊗�(k)⊗ k, we define Ht P in an exactly parallel manner.

Next we prove a few preliminary results which will be needed for estab-
lishing the quantum Itô formula in the next subsection. In what follows, (Ht )

and (H ′
t ) are assumed to be adapted (D1,V0)-admissible processes for some

D1,V0 with closable operators r f
t : D1 → h1, r ′ f

t : D1 → h′1, so that we have

sup
0≤s≤t

‖Hs(ue( f ))‖ ≤ ‖r f
t u‖, for all u ∈ D1, f ∈ V; (5.10)

and

sup
0≤s≤t

‖H ′
s(ue( f ))‖ ≤ ‖r ′ f

t u‖, for all u ∈ D1, f ∈ V. (5.11)
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Lemma 5.1.4 Let �,�′ ⊆ (t,∞) be intervals of finite length, R, S ∈ Lin(D0,

h ⊗ k0), u, v ∈ D0; g, f ∈ V . Assume furthermore that

R(D0) ⊆ ∩t≥0Dom(rt ⊗ I ), and S(D0) ⊆ ∩t≥0Dom(r ′t ⊗ I ).

Then we have

〈Ht a
†
R(�)(ve(g)), H ′

t a†
S(�

′)(ue( f ))〉
= e〈gt , f t 〉{〈Ht R�

t (ve(gt )), H ′
t S�′

t (ue( ft ))〉 + 〈〈 f t , Ht R�
t 〉ve(gt ),

〈gt , H ′
t S�′

t 〉ue( ft )〉}
=
∫

�∩�′
〈(Ht P R)(ve(g)), (H ′

t P S)(ue( f ))〉ds+

∫
�

∫
�′
〈〈 f (s), Ht P R〉(ve(g)), 〈g(s′), H ′

t P S〉(ue( f ))〉ds ds′. (5.12)

Proof:
We fix f, g and denote r f

t , r ′gt etc. simply by rt and r ′t respectively. For the
present proof, we make the convention of writing d f (ε)

dε |ε=ε0 for the following
limit (whenever it exists):

lim
n→∞n

(
f
(
ε0 + 1

n

)
− f (ε0)

)
Let R� denote (1 ⊗ χ�)R ∈ Lin(D0, h ⊗ k) for R ∈ Lin(D0, h ⊗ k0). Let
us now choose and fix orthonormal bases {eν}ν∈J and {kα}α∈I of h ⊗ �t and
�t respectively (t ≥ 0). We also choose subsets J0 and I0, which are at most
countable, of J and I , respectively, as follows. Let J0 be such that

〈Ht P R�(ve(g)), eν ⊗ kα〉 = 0 = 〈eν ⊗ kα, H ′
t P S�′(ue( f ))〉

for all α ∈ I , whenever ν #∈ J0. Fixing this J0, we choose I0 to be the union of
Iν,n, ν ∈ J0, n = 1, 2, · · · ,∞, such that

〈e(gt + 1
n
(Ht P R�)eν ,ve(gt )), kα〉 = 0 = 〈kα, e( f t + 1

n
(H ′

t P S�′)eν ,ue( ft ))〉

for all α #∈ Iν,n when n <∞, and

〈e(gt ), kα〉 = 0 = 〈kα, e( f t )〉 for α #∈ Iν,∞.

We now have

〈Ht a
†
R(�)(ve(g)), H ′

t a†
S(�

′)(ue( f ))〉
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=
∑
ν∈J0
α∈I0

〈Ht a
†
R(�)(ve(g)), eν ⊗ kα〉〈eν ⊗ kα, H ′

t a†
S(�

′)(ue( f ))〉

=
∑
ν∈J0
α∈I0

( d
dε
〈e(gt + ε(Ht P R�)eν ,ve(gt )), kα〉|ε=0

)

×
( d

dη
〈kα, e( f t + η(H ′

t P S�′)eν ,ue( ft ))〉|η=0

)
=
∑
ν∈J0

∂2

∂ε∂η

(∑
α∈I0

〈e(gt + ε(Ht P R�)eν ,ve(gt )

)
, kα〉

〈kα, e( f t + η(H ′
t P S�′)eν ,ue( ft ))〉|ε=0=η)

=
∑
ν∈J0

∂2

∂ε∂η
(〈e(gt + ε(Ht P R�)eν ,ve(gt )),

e( f t + η(H ′
t P S�′)(eν ,ue( ft ))〉|ε=0=η)

=
∑
ν∈J0

e〈gt , f t 〉(〈(Ht P R�)eν ,ve(gt ), (H ′
t P S�′)eν ,ue( ft )〉

+ 〈(Ht P R�)eν ,ve(gt ), f t 〉〈gt , (H ′
t P S�′)eν ,ue( ft )〉)

Before proceeding further, let us justify the intermediate step in the above cal-
culations, which involves an interchange of summation and limit, by appealing
to the Dominated Convergence theorem. Indeed, for any fixed α ∈ I0, ψ, ψ ′
∈ kt , if we write k(n)

α for the projection of kα on kt⊗n
(n ≥ 0), then 〈e(gt +

εψ), kα〉 can be expressed as
∑

i≥0 c(α)i εi , where c(α)i =∑n≥i
1√
n!
(n

i

)〈gt⊗(n−i)

⊗ ψ⊗(i)
, k(n)

α 〉, where gt⊗(n−i) ≡ gt ⊗ · · · ⊗ gt︸ ︷︷ ︸
(n−i)−times

, and ψ⊗(i) ≡ ψ ⊗ · · · ⊗ ψ︸ ︷︷ ︸
i−times

. It

can be verified that the above is an absolutely summable power series in ε,
converging uniformly for ε ∈ [0, M], say, for any fixed M > 0. Similar analy-
sis can be done for 〈kα, e( f t + ηψ ′)〉. By the Mean Value theorem and some
simple estimation, and since {k(n)

α }α∈I0 are mutually orthogonal for any fixed
n, with ‖k(n)

α ‖ ≤ 1 for all α, we have that for ε, η, ε′, η′ in [0, M],

1
|(ε − ε′)(η − η′)|

∑
α∈I0

|(〈e(gt + εψ), kα〉 − 〈e(gt + ε′ψ), kα〉)

× (〈kα, e( f t + ηψ ′)〉 − 〈kα, e( f t + η′ψ ′)〉)|
≤

∑
n≥0,m≥0,

0≤i≤n,0≤ j≤m

i. j.Mi+ j−2
√

n!m!
(

n
i

)(
m
j

)∑
α∈I0

|〈gt⊗(n−i) ⊗ ψ⊗(i)
, k(n)

α 〉

〈k(n)
α , f t⊗(m− j) ⊗ ψ ′⊗( j) 〉|
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≤
∑

n,m,i, j

i j Mi+ j−2
√

n!m!
(

n
i

)(
m
j

)
‖gt⊗(n−i) ⊗ ψ⊗(i)‖ ‖ f t⊗(m− j) ⊗ ψ ′⊗( j) ‖

≤
∑
n≥0
m≥0

mn‖ψ‖ ‖ψ ′‖ (‖gt‖ + M‖ψ‖)n−1(‖ f t‖ + M‖ψ ′‖)m−1
√

m!n! <∞.

This allows us to apply the Dominated Convergence theorem.
Let us now choose a countable subset I ′0 of I so that 0 = 〈(Ht P R�)eν ,ve(gt ),

kα〉 = 〈kα, (H ′
t P S�′)eν ,ue( ft )〉 for α not in I ′0, and for all ν ∈ J0.

Clearly, we have∑
ν∈J0

〈(Ht P R�)eν ,ve(gt ), (H ′
t P S�′)eν ,ue( ft )〉

=
∑

ν∈J0,α∈I ′0

〈(Ht P R�)(ve(gt )), eν ⊗ kα〉 〈eν ⊗ kα, (H ′
t P S�′)(ue( ft ))〉

= 〈(Ht P R�)(ve(gt )), (H ′
t P S�′)(ue( ft ))〉.

Since D1 ⊗alg k0 is a core for rt ⊗ I and r ′t ⊗ I, we can choose sequences
ω(n), ω′(n) of vectors which can be written as finite sums of the form, ω(n) =∑

v
(n)
i ⊗β

(n)
i , ω′(n) =∑i u(n)

i ⊗α
(n)
i , where u(n)

i , v
(n)
i ∈ D1, β

(n)
i , α

(n)
i ∈ k0,

and as n →∞, we have the following convergence:

ω(n) → Rv, ω′(n) → Su,

(rt ⊗ I )ω(n) → (rt ⊗ I )Rv, (r ′t ⊗ I )ω′(n) → (r ′t ⊗ I )Su.

Then we have

‖Ht P(1⊗ χ�) (ω(n) ⊗ e(gt ))− Ht P R�(ve(gt ))‖
≤ ‖(rt ⊗ I )(ω(n) − (Rv))‖ |�| → 0 as n →∞,

where |�| denotes the Lebesgue measure of �. Similarly,
‖H ′

t P(1⊗ χ�′) (ω′
(n) ⊗ e( ft ))− (H ′

t P S�′)(ue( ft ))‖ → 0 as n →∞. Hence
we obtain

〈(Ht P R�)(ve(gt )), (H ′
t P S�′(ue( ft )))〉

= lim
n→∞〈Ht P(1⊗ χ�)(ω(n)e(gt )), H ′

t P(1⊗ χ�′)(ω
′(n)e( ft ))〉

= lim
n→∞

∫ 〈
Ht
(∑

i

v
(n)
i ⊗ e(gt )⊗ β

(n)
i

)
, H ′

t

(∑
i

u(n)
i ⊗ e( ft )⊗ α

(n)
i

)〉
χ�∩�′ (s)ds

= lim
n→∞|� ∩�′|〈(Ht P)(ω(n)e(gt )), (H ′

t P)(ω′(n)e( ft ))〉
= |� ∩�′|〈(Ht P R)(ve(gt )), (H ′

t P S)(ue( ft ))〉
=
∫

�∩�′
〈Ht P R(ve(gt )), H ′

t P S(ue( ft ))〉ds.
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Moreover,∑
ν∈J0

〈(Ht P R�)eν ,ve(gt ), f t 〉 〈gt , (H ′
t P S�′)eν ,ue( ft )〉

=
∑
ν∈J0

〈〈 f t , Ht P R�〉(ve(gt )), eν〉 〈eν, 〈gt , H ′
t P S�′ 〉 (ue( ft ))〉

= 〈〈 f t , Ht P R�〉(ve(gt )), 〈gt , (H ′
t P S�′)〉(ue( ft ))〉,

where the last step follows by Parseval’s identity, noting the fact that for ν #∈ J0,
〈〈 f t , Ht P R�〉(ve(gt )), eν〉 = 0 because for such ν, 〈(Ht P R�)(ve(gt )), eν ⊗
kα〉 = 0 for all α ∈ I ; and similarly 〈eν, 〈gt , (H ′

t P S�′)〉(ue( ft ))〉 = 0 for all
ν #∈ J0.

We complete the proof by observing that

〈 f t , Ht R�
t 〉 =

∫
�

〈 f (s), Ht P R〉ds, and

〈gt , H ′
t S�′

t 〉 =
∫
�′
〈g(s′), H ′

t P S〉ds′.

To see this, it is enough to note that for ω ∈ h, ξt ∈ kt , we have,

〈〈 f t , Ht R�
t 〉(ve(gt )), ωe(ξt )〉

=
∫
�

〈(Ht P R)(ve(gt )), ωe(ξt )⊗ f t (s)〉ds,which can be justified by conside-

ring ω(n) as before and applying the Dominated Convergence theorem.

Since � ⊆ (t,∞) and hence f t (s) = f (s) for s ∈ �, the above expression
can now be written as∫

�

〈(Ht P R)(ve(gt )), we(ht ) f (s)〉ds

=
∫
�

〈〈 f (s), Ht P R〉(ve(gt )), we(ht )〉ds.

This completes the proof. �

Remark 5.1.5 If Ht , H ′
t , R and S are bounded, then (5.12) of Lemma 5.1.4

holds without the restriction on the vectors u, v and on the functions f, g.
Moreover, in this case one can replace h and k by h ⊗ �t and kt , respectively.
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Lemma 5.1.6 Let T, T ′ be closable linear maps from D0 ⊗ V0 to h ⊗ k0 with
Ran(T ) ⊆ ∩t≥0Dom(rt ⊗ I ), Ran(T ′) ⊆ ∩t≥0Dom(r ′t ⊗ I ), u, v ∈ D0, and
g, f ∈ V, that is, f (s), g(s) ∈ V0 for all s. Then we have

〈(Ht T �
gt )(ve(g)), (H ′

t T �′
f t )(ue( f ))〉

=
∫

�∩�′
〈Ht PT P∗(ve(g)g(s)), H ′

t PT ′P∗(ue( f ) f (s))〉ds,

and
〈gt , H ′

t T �′
f t 〉 =

∫
�′
〈g(s), H ′

t T ′f (s)〉ds.

Proof:
We choose sequences w(n), w′(n) in h ⊗ L2((t,∞), k0), which can be written
as finite sums, w(n) =∑i v

(n)
i ⊗ g(n)

i and w′(n) =∑ j u(n)
j ⊗ f (n)j ; v(n)i , u(n)

j ∈
D1, g(n)

i , f (n)j ∈ L2((t,∞), k0) with g(n)
i (s), f (n)j (s) ∈ V0; and w(n) →

T̂ (vgt ), w′(n) → T̂ ′(u f t ), (rt ⊗ Ikt )w(n) → (rt ⊗ I )T̂ (vgt ), (r ′t ⊗ I )w′(n) →
(r ′t ⊗ I )T̂ ′(vgt ) as n →∞. Clearly we have

〈Ht T �
gt (ve(g)), H ′

t T ′�
′

f t (ue( f ))〉
= lim

n→∞

∫ 〈∑
i

Ht (vi e(g))χ�(s)gi (s),
∑

j

H ′
t (u j e( f ))χ�′(s) f j (s)

〉
ds

= lim
n→∞

∫
�∩�′

〈Ht P(w(n)(s)e(g)), H ′
t P(w′(n) (s)e( f ))〉ds

=
∫

�∩�′
〈Ht P(T̂ (vgt )(s)e(g)), H ′

t P(T̂ ′(u f t )(s)e( f ))〉ds.

The last step follows because
∫

�∩�′
‖Ht P(w(n)(s)e(g)) − Ht P(T̂ (vgt )(s)e

(g))‖2ds is majorised by ‖(r g
t ⊗ I )(w(n) − T̂ (vgt ))‖2 which goes to 0, and

similar statement holds for H ′
t and w′(n) . Since for s ∈ � ∩ �′ ⊆ (t,∞),

Ht P(T̂ (vgt )(s)e(g)) = Ht P(T (vg(s))e(g)) = Ht PT P∗(ve(g)g(s)), and
similarly H ′

t P(T̂ ′(u f t )(s)e( f )) = H ′
t PT P∗(ue( f ) f (s)), the proof of the

first part of the lemma is complete. The proof of the other part of the lemma is
similar. �

Lemma 5.1.7 In the notation of Lemma 5.1.4, we have

〈η, Ht P R〉ve(g) = Ht ((〈η, R〉v)e(g)),
where v ∈ D0, η ∈ k0, g ∈ V .



5.2 Stochastic integrals and quantum Itô formulae 113

Proof:
Let us recall that we can replace rt in (5.8) by its closure, to be denoted by the
same notation, and thus replace D1 by the domain of the closure of rt . In other
words, we can assume without loss of generality that rt is closed. It follows
from the estimate (5.8) that for every fixed g, f ∈ V , t ≥ 0, there is a unique
linear map Mt with the domain D1 satisfying 〈Ht (ve(g)), ue( f )〉 = 〈Mtv, u〉
for v ∈ D1, u ∈ h. Let M̃t = Mt ⊗ 1k0 .

For η ∈ k0 and any Hilbert space H, we introduce bounded linear map
Cη : H ⊗ k0 → H given by Cη(u ⊗ ξ) := u〈η, ξ 〉. Thus, 〈η, R〉v = Cη(Rv).

We claim that for ξ ∈ Dom(rt ⊗ I ), Cη(ξ) ∈ Dom(rt ) and

Cη(rt ⊗ I )ξ = rt Cηξ.

Clearly, the above equality holds for ξ ∈ D1⊗alg k0. Using the fact that D1⊗alg

k0 is a core for rt ⊗ I, given ξ ∈ Dom(rt ⊗ I ), we choose sequence ξn from
D1⊗alg k0 such that ξn → ξ, (rt ⊗ I )ξn → (rt ⊗ I )ξ. Hence we have Cηξn →
Cηξ, rt Cηξn = Cη(rt ⊗ I )ξn → Cη(rt ⊗ I )ξ. Since rt is closed, the claim
is proved. By a similar argument using the estimate (5.8), we conclude that
Cηξ ∈ Dom(Mt ) with

Cη M̃tξ = Mt Cηξ.

Furthermore,
〈Ht P(we(g)), P(w′e( f ))〉 = 〈M̃tw,w′〉

for all w ∈ Dom(rt ⊗ I ), w′ ∈ h ⊗ k0. This again follows by first observing
it for w,w′ ∈ D1 ⊗alg k0 and then using the estimate (5.8), together with the
core property of D1 ⊗alg k0 mentioned earlier.

Thus, we have for v ∈ D0, u ∈ h

〈〈η, Ht P R〉ve(g), ue( f )〉 = 〈Ht P((Rv)e(g)), ue( f )η〉

= 〈Ht P((Rv)e(g)), P(uηe( f ))〉 = 〈M̃t (Rv), (uη)〉
= 〈Mt 〈η, R〉v, u〉 = 〈Ht ((〈η, R〉v)e(g)), ue( f )〉.

This completes the proof, since the vectors of the form ue( f ) are total in
h ⊗ �(k). �

5.2 Stochastic integrals and quantum Itô formulae

Following the ideas of [70] and [100], we call an adapted (D1,V0)-admissible
process (Ht )t≥0 satisfying sup

0≤s≤t
‖Hsve(g)‖ ≤ ‖r g

t v‖ (for all v ∈ D1, g ∈ V),
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simple if Ht is of the form,

Ht =
m∑

i=0

Hti χ[ti ,ti+1)(t)

where m is a positive integer and 0 ≡ t0 < t1 < · · · < tm < tm+1 ≡ ∞. If M
denotes one of the four basic processes aR, a†

R and �T and t I , and if (Ht ) is

simple, then we define the left quantum stochastic integral
t∫

0
Hs M(ds) in the

natural manner:
t∫

0

Hs M(ds) =
m∑

i=0

Hti M([ti , ti+1) ∩ [0, t]).

In the case when R, S, T are bounded, we also define the right quantum
stochastic integral

t∫
0

M(ds)Hs =
m∑

i=0

M([ti , ti+1) ∩ [0, t])Hti .

Definition 5.2.1 We call an adapted (D1,V0)-admissible process Ht (D1,V0)-
regular if t �→ Ht (ue( f )) is continuous for all fixed u ∈ D1 and f ∈ V.

It is called regular if for all u ∈ h and f ∈ k satisfying
∫ t

0 ‖ f (s)‖4ds <

∞ for all t, we have ue( f ) ∈ Dom(Ht ) for all t ≥ 0, t �→ Ht ue( f ) is
continuous and there is some constant c(t, f ) such that sups≤t ‖Hsue( f )‖ ≤
c(t, f )‖u‖.
Lemma 5.2.2 If Ht is (D1,V0)-regular, then so is the extension Ht P in the
sense that t �→ Ht Pξ ⊗ e( f ) is continuous for any ξ ∈ ∩t≥0Dom(rt ⊗ I ) ⊆
h ⊗ k0, f ∈ V.

Proof:
The continuity of t �→ Ht P(ξe( f )) is obvious for ξ in the algebraic tensor
product D1 ⊗alg k0. Consider now a general ξ ∈ ∩s≥0Dom(rs ⊗ I ) and a
sequence tn → t ∈ [0,∞). Let t0 be any number such that tn, t ≤ t0 for all n ≥
1. Since D1⊗algk0 is a core for rt0⊗I, for a given ε > 0, we can choose ξ0 from
h⊗alg k0 such that ‖ξ−ξ0‖ < ε, ‖(rt0⊗ I )(ξ−ξ0)‖ < ε; and then an integer N
depending on ξ0 such that ‖Htn P(ξ0e( f ))−Ht P(ξ0e( f ))‖ < ε for all n ≥ N .

Using the triangle inequality and the fact that ‖Hs P((ξ − ξ0)e( f ))‖ ≤ ε for
all s ≤ t0, we get the estimate ‖(Htn P − Ht P)(ξe( f ))‖ ≤ 3ε for all n ≥ N ,

which completes the proof. �

The next theorem gives the quantum Itô formulae for simple integrands.
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Theorem 5.2.3 Let D0,D1 be dense subspaces of h and V0 dense subspace of
k0, R, S, R′, S′ ∈ Lin(D0, h ⊗ k0), T, T ′ ∈ Lin(D0 ⊗ V0, h ⊗ k0), f ∈ V
and r f

t ∈ Lin(D1, h′) (t ≥ 0) be closable operators, where h′ = h f
t is some

Hilbert space (depending on f, t). Assume furthermore the following

(a) D0 ⊆ ∩ξ∈V0 Dom(〈R, ξ 〉) ∩ Dom(〈R′, ξ〉).
(b) E, F, G, H and E ′, F ′, G ′, H ′ are adapted (D1,V0)-admissible simple

processes satisfying sup0≤s≤t {‖Esue( f )‖ + ‖Fsue( f )‖ + ‖Gsue( f )‖ +
‖Hsue( f )‖ + ‖E ′sue( f )‖ + ‖F ′sue( f )‖ + ‖G ′

sue( f )‖ + ‖H ′
sue( f )‖} ≤

‖r f
t u‖ for all u ∈ D1, f ∈ V.

(c) The ranges of R, R′, S, S′, T, T ′ are contained in the domain of r̃t ≡
rt ⊗ Ik0 for all t ≥ 0.

Let

Xt =
∫ t

0

(
Es�T (ds)+ FsaR(ds)+ Gsa†

S(ds)+ Hsds
)
,

X ′t =
∫ t

0

(
E ′s�T ′(ds)+ F ′saR′(ds)+ G ′

sa†
S′(ds)+ H ′ds

)
.

Then for u, v ∈ D0; f, g ∈ V, we have the following.

(i) (First fundamental formula)

〈Xt ve(g), ue( f )〉
=
∫ t

0
ds〈{〈 f (s), Es PTg(s)〉 + Fs 〈R, g(s)〉 + Gs 〈 f (s), S〉 + Hs }(ve(g)), ue( f )〉

(5.13)

(ii) (Second fundamental formula or quantum Itô formula)
For this part suppose that f, g : [0,∞)→ V0 are simple right continuous
functions. Then

〈Xt ve(g), X ′t ue( f )〉
=
∫ t

0
ds
[
〈Xsve(g), {〈g(s), E ′s PT ′f (s)〉 + F ′s 〈R′, f (s)〉 + G ′

s 〈g(s), S′〉 + H ′
s }(ue( f ))〉

]
+
∫ t

0
ds
[〈{〈 f (s), Es PTg(s)〉 + Fs 〈R, g(s)〉 + Gs 〈 f (s), S〉 + Hs }(ve(g)), X ′sue( f )〉]

+
∫ t

0
ds
[
〈Es PTg(s)(ve(g)), E ′s PT ′f (s)(ue( f ))〉 + 〈Es PTg(s)(ve(g)), G ′

s P S′(ue( f ))〉

+ 〈Gs P S(ve(g)), E ′s PT ′f (s)(ue( f ))〉 + 〈Gs P S(ve(g)), G ′
s P S′(ue( f ))〉

]
. (5.14)

(iii) In case the coefficients R,S,T ,R′, S′,T ′ are bounded operators and the
processes E,F,G,H,E ′,F ′,G ′,H ′ are admissible, (i), (ii) hold for all u,
v ∈ h, and f, g ∈ k.

Proof:
The proof is very similar in spirit to the proof in [70], [100]. First, a comment
with regard to the notation used above is in order. For example, for almost
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all s ∈ R+, the expression Es PTg(s)(ve(g)) is to be understood as (Es ⊗
Ik0)P(Tg(s)v⊗e(g)) = (Es⊗ Ik0)P(T (v⊗g(s))⊗e(g)) ∈ h⊗�⊗k0. Thus the
operator Es PTg(s) maps D0⊗� into h⊗�⊗k0 and therefore 〈 f (s), Es PTg(s)〉
maps D0 ⊗ � into h ⊗ �.

We denote the essential supremum of f and g by ‖ f ‖∞ and ‖g‖∞, respec-
tively. We fix t ≥ 0, and without loss of generality, take P ≡ {ti }i=0,1,...,m+1

to be a partition of [0, t] such that 0 = t0 < t1 < · · · < tm+1 = t; and Ls =∑m
i=o Lti χ[ti ,ti+1)(s), L ′s =

∑m
i=0 L ′ti χ[ti ,ti+1)(s), where L is one of the four

coefficient processes E, F, G, H and L ′ is one of the processes E ′, F ′, G ′, H ′.
Observe that the definition of stochastic integrals for simple adapted processes
does not depend on the choice of the partition as long as Ls and L ′s take con-
stant values in any subinterval of the partition; and this allows us to refine P
arbitrarily.

By definition of the basic processes as given in the previous section, we have
that

〈Xtve(g), ue( f )〉
=

m∑
i=0

〈{Eti �T ([ti , ti+1))+ Fti aR([ti , ti+1))+ Gti a
†
S([ti , ti+1))

+Hti (ti+1 − ti )}, ue( f )〉
=

m∑
i=0

〈{Eti a
†

T
[ti ,ti+1)

gti

+ Gti a
†

S
[ti ,ti+1)
ti

}(ve(g)), ue( f )〉 +∫
[ti ,ti+1)

〈{Fti 〈R, g(s)〉 + Hti }(ve(g)), ue( f )〉ds.

Now, note that by Lemma 5.1.1,

〈Gti a
†

S
[ti ,ti+1)
ti

(ve(g)), ue( f )〉

= 〈Gti 〈 f, S[ti ,ti+1)
ti 〉(ve(g)), ue( f )〉

=
∫

[ti ,ti+1)

〈Gti 〈 f (s), S〉ve(g), ue( f )〉ds.

Similarly,

〈Eti a
†

T
[ti ,ti+1)

gti

(ve(g)), ue( f )〉

=
∫

[ti ,ti+1)

〈Eti 〈 f (s), Tgti (s)〉(ve(g)), ue( f )〉ds
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=
∫

[ti ,ti+1)

〈 f (s), Es PTg(s)〉(ve(g)), ue( f )〉.

From this (i) follows.
We shall now briefly sketch the proof of (ii). It is clear that the left-hand side

of (5.14) can be written as SP1 + SP2 + SP3 , where

SP1 =
m∑

i=0

〈Xti (ve(g)), {E ′ti �T ′([ti , ti+1))+ F ′ti aR′([ti , ti+1))+ G′ti a†
S′ ([ti , ti+1))

+H ′
ti (ti+1 − ti )}(ue( f ))〉,

SP2 =
m∑

i=0

〈{Eti �T ([ti , ti+1))+ Fti aR([ti , ti+1))+ Gti a†
S([ti , ti+1))

+Hti (ti+1 − ti )}(ve(g)), X ′ti (ue( f ))〉,

SP3 =
m∑

i=0

〈{Eti �T ([ti , ti+1))+ Fti aR([ti , ti+1))+ Gti a
†
S([ti , ti+1))

+Hti (ti+1 − ti )}(ve(g)), {E ′ti �T ′([ti , ti+1))+ F ′ti aR′([ti , ti+1))

+G ′
ti a

†
S′([ti , ti+1))+ H ′

ti (ti+1 − ti )}(ue( f ))〉.
Similarly, denote by S1, S2, S3 respectively the first, second and third inte-

gral in the right-hand side of (5.14). We want to show SPi → Si as P is made of
arbitrarily small norm, for i = 1, 2, 3. Let ‖P‖ denote the norm of the partition
P . We have

|SP1 − S1|
≤

m∑
i=0

∣∣∣∣ ∫ ti+1

ti
〈(Xti − Xs)(ve(g)), Bs(ue( f ))〉ds

∣∣∣∣
(where Bs = 〈g(s),E′sPT′f(s)〉 + F′s〈R′, f(s)〉 + G′s〈g(s),S′〉 + H′s

≤
m∑

i=0

∫ ti+1

ti
‖(Xti − Xs)(ve(g))‖{‖g‖∞‖r̃ f

t T ′(u f (s))‖ + ‖r f
t 〈R′, f (s)〉u‖

+‖g‖∞‖r̃ f
t S′u‖ + ‖r f

t u‖}ds. (5.15)

Recall at this point that f , g have been assumed to be V0-valued simple right
continuous functions, of the form g = ∑k gkχ[sk ,sk+1), f = ∑l flχ[s′l ,s′l+1)

,

where p, q are positive integers, {0 = s1, . . . , sp+1 = ∞} and {0 = s′1, . . . ,
s′q+1 = ∞} are two finite partitions of [0,∞) and fl , gk are elements of V0.
Thus, taking

M ′(u, f ) := Max{‖r̃ f
t T ′(u fl))‖, ‖r f

t 〈R′, fl〉u‖ : l = 1, . . . , q},
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we can estimate the integrand in the expression (5.15) by the s-independent
quantity {(‖g‖∞ + 1)M ′(u, f )+‖g‖∞‖r̃ f

t S′u‖+‖r f
t u‖}. On the other hand,

for s ∈ [ti , ti+1),

‖(Xti − Xs)(ve(g))‖
≤ ‖Eti �T ([ti , s))(ve(g))‖ + ‖Fti aR([ti , s))(ve(g))‖
+‖Gti a

†
S([ti , s))(ve(g))‖ + ‖Hti (s − ti )(ve(g))‖.

We have by Lemma 5.1.4,

‖Gti a
†
S([ti , s))(ve(g))‖2

= (s − ti )‖Gti P S(ve(g))‖2

+
∫

[ti ,s)×[ti ,s)
〈〈g(τ ), Gti P S〉(ve(g)), 〈g(τ ′), Gti P S〉(ve(g))〉dτdτ ′

≤ (ti+1 − ti )‖r̃ g
t Sv‖2{1+ (ti+1 − ti )‖g‖2∞}.

Similarly,

‖Eti �T ([ti , s))(ve(g))‖2

≤ (ti+1 − ti )M2(v, g){1+ (ti+1 − ti )‖g‖2∞},
and

‖Fti aR([ti , s))(ve(g))‖2 ≤ (ti+1 − ti )2 M2(v, g),

where M(v, g) := Max{‖r̃ g
t T (vgk))‖, ‖r g

t 〈R, gk〉v‖ : k = 1, . . . , p}.
These estimates allow us to majorize the last expression in (5.15) by Ct‖P‖ 1

2

when ‖P‖ (:= Max{(ti+1 − ti )}) ≤ 1, where

C := {(‖g‖∞ + 1)M ′(u, f )+ ‖g‖∞‖r̃ f
t S′u‖ + ‖r f

t u‖}×
{(‖r̃ g

t Sv‖ + M(v, g))(1+ ‖g‖2∞)
1
2 + M(v, g)+ ‖r g

t v‖}.
This shows that SP1 → S1 as ‖P‖ → 0. Similar analysis can be carried out
for SP2 and SP3 . For example, let us consider one typical term in the expansion
of SP3 , say

∑
i 〈Gti a

†
S([ti , ti+1))(ve(g)), G ′

ti a
†
S′([ti , ti+1))(ue( f ))〉. By Lemma

5.1.4, this is equal to∑
i

〈Gti a
†
S([ti , ti+1))(ve(g)), G ′

ti a
†
S′([ti , ti+1))(ue( f ))〉

=
∫ t

0
〈Gs P S(ve(g)), G ′

s P S′(ue( f ))〉ds

+
m∑

i=0

∫
[ti ,ti+1)×[ti ,ti+1)

〈〈 f (s), Gti P S〉(ve(g)), 〈g(s′), G ′
ti P S′〉(ue( f ))〉dsds′,
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the second term of which can be majorized by some constant (independent
of P) times ‖P‖, and hence goes to 0 as ‖P‖ → 0. A similar analysis can
be carried out for showing that SP2 converges to S2. This completes the proof
of (ii).

The proof of (iii) can be given by a modification of the estimates involved at
each step in the proof of (i) and (ii). Let us show, for example, the convergence
SP1 → S1 as ‖P‖ → 0. Assume that R, S, T, R′, S′, T ′ are bounded and
assume without loss of generality that r f

t = c(t, f )I, r g
t = c(t, g)I for all t.

We have

|SP1 − S1|
≤

m∑
i=0

∣∣∣∣ ∫ ti+1

ti
〈(Xti − Xs)(ve(g)), Bs(ue( f ))〉ds

∣∣∣∣
≤

m∑
i=0

∫ ti+1

ti
c(t, f )‖u‖‖(Xti − Xs)ve(g)‖(‖g(s)‖‖ f (s)‖‖T ′‖

+‖ f (s)‖‖R′‖ + ‖g(s)‖‖S′‖ + 1)ds. (5.16)

For s ∈ [ti , ti+1), we can estimate ‖(Xti − Xs)ve(g)‖ as follows. As before,

‖Gti a
†
S([ti , s))(ve(g))‖2

= c2(t, g)‖v‖2‖S‖2
{
(ti+1 − ti )+

( ∫ ti+1

ti
‖g(τ )‖dτ

)2
}

≤ c2(t, g)‖v‖2‖S‖2{(ti+1 − ti )+ (ti+1 − ti )‖g‖2
[ti ,ti+1)

},

where ‖g‖[ti ,ti+1) :=
(∫ ti+1

ti
‖g(τ )‖2dτ

) 1
2
. Similarly,

‖Eti �T ([ti , s))(ve(g))‖2 ≤ c2(t, g)‖v‖2‖T ‖2‖g‖2
[ti ,ti+1)

(1+ ‖g‖2
[ti ,ti+1)

);

‖Fti aR([ti , s))(ve(g))‖2 ≤ (ti+1 − ti )2c2(t, g)‖R‖2‖v‖2‖g‖2
[ti ,ti+1)

.

Thus,
‖(Xti − Xs)ve(g)‖ ≤ c(t, g)‖v‖Mi (P, g),

where

Mi (P, g) : = ‖S‖(ti+1 − ti )
1
2 (1+ ‖g‖2

[ti ,ti+1)
)

1
2

+‖T ‖‖g‖[ti ,ti+1)(1+ ‖g‖2
[ti ,ti+1)

)
1
2

+(ti+1 − ti )(‖R‖‖g‖[ti ,ti+1) + 1).

Since s �→ ∫ s
0 ‖g(τ )‖2dτ is uniformly continuous on the compact interval

[0, t], for a given ε > 0, we can choose δ > 0 with the property that Maxi
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Mi (P, g) ≤ ε whenever P is a partition with ‖P‖ ≤ δ. For such a P , we have
from (5.16)

|SP1 − S1|
≤ εc(t, f )c(t, g)‖u‖‖v‖

∫ t

0
(‖g(s)‖‖ f (s)‖‖T ′‖

+ ‖ f (s)‖‖R′‖ + ‖g(s)‖‖S′‖ + 1)ds,

which completes the proof of (iii) since f and g are in L1([0, t], k0). �

Next we give the well-known result due to Gronwall.

Lemma 5.2.4 (Gronwall’s Lemma) Let F, G, α be nonnegative continuous
functions on R+ and F, G be monotone nondecreasing. Suppose F(0) = 0
and

α(t) ≤ G(t)+
∫ t

0
α(s)d F(s) for all t ≥ 0.

Then we have,
α(t) ≤ G(t)exp(F(t)) for all t ≥ 0.

Proof:
We have that

α(t) ≤ G(t)+
∫ t

0
α(s)d F(s)

≤ G(t)+
∫ t

0
G(s)d F(s)+

∫ t

0

∫ s

0
α(s1)d F(s1)d F(s)

≤ G(t)(1+ F(t))+
∫ t

0

∫ s

0
α(s1)d F(s1)d F(s),

since G is nondecreasing and F(0) = 0. This leads us to make the following
claim

α(t) ≤ G(t)

{
1+ F(t)+ F(t)2

2
+ · · · + (F(t))n

n!

}

+
∫ t

0

∫ s1

0
· · ·
∫ sn

0
α(sn+1)d F(sn+1) · · · d F(s1). (5.17)

It is verified by induction. We have already shown it for n = 1, and the induc-
tive step from n to n + 1 follows by using

α(sn+1) ≤ G(sn+1)+
∫ sn+1

0
α(sn+2)d F(sn+2) ≤ G(t)+

∫ sn+1

0
α(sn+1)d F(sn+2),

as G is nondecreasing, and noting that∫ t

0

∫ s1

0
· · ·
∫ sn

0
d F(sn+1) · · · d F(s1) = F(t)n+1

(n + 1)! .
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Now, we let n go to ∞, so that∫ t

0

∫ s1

0
· · ·
∫ sn

0
α(sn+1)d F(sn+1) · · · d F(s1) ≤ α(t)

(F(t))n+1

(n + 1)! → 0,

and thus the right-hand side of the inequality (5.17) tends to G(t)exp(F(t)),
which completes the proof of the lemma. �

For a simple integrand Ht , one can derive the following estimate by using
Gronwall’s Lemma as in [100].

Lemma 5.2.5 Let v, g, Xt be as in the Theorem 5.2.3 (ii). Then one has

||Xtve(g)||2

≤ et
∫ t

0
ds
[||{Es PTg(s) + Gs P S}(ve(g))||2 +

||{〈g(s), Es PTg(s)〉 + Fs〈R, g(s)〉 + 〈g(s), Gs P S〉 + Hs}(ve(g))||2].
(5.18)

Proof:
Write A(s) = {〈g(s), Es PTg(s)〉+ Fs〈R, g(s)〉+ 〈g(s), Gs P S〉+ Hs}(ve(g)),
B(s) = (Es PTg(s)+Gs P S)(ve(g)). Then, by the second fundamental formula
(5.14) we have,

‖Xtve(g)‖2

≤ 2Re
(∫ t

0
〈Xs(ve(g)), A(s)〉ds

)
+
∫ t

0
‖B(s)‖2ds

≤
∫ t

0
‖Xs(ve(g))‖2ds +

∫ t

0
(‖A(s)‖2 + ‖B(s)‖2)ds.

The last step follows by the inequality 2Re(〈x, y〉) ≤ ‖x‖2 + ‖y‖2. Now, by
Lemma 5.2.4 we complete the proof, by taking α(t) = ‖Xt (ve(g))‖2, F(t) = t
and G(t) = ∫ t

0 (‖A(s)‖2 + ‖B(s)‖2)ds. �

The extension of the definition of Xt to the case when (E, F, G, H) are (D1,

V0)-regular can now be treated similarly, and we have the following result.

Theorem 5.2.6 Let D1,D0,V0, R, S, T be as in the Theorem 5.2.3, but
assume (E, F, G, H) to be (D1,V0)-regular instead of simple. Then the inte-
gral Xt =

∫ t
0 {Es�T (ds)+ FsaR(ds)+ Gsa†

S(ds)+ Hsds} can be defined as
a linear map on the domain spanned by the vectors of the form ve(g), where
v, g satisfy the conditions in (b) of the Theorem 5.2.3. The first and second
fundamental formulae as well as the estimate (5.18) remain valid and t �→
Xtve(g) is continuous for such v and g. Furthermore, if r̃ gt T, r̃ g t S and r g

t R∗
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are assumed to be closable (where we use the notation Ã for the ampliation
A ⊗ I of an operator A), then (Xt ) is an adapted (D0,V0)-regular process.

If R, S, T are bounded, and (E, F, G, H) are adapted regular processes, the
above integral Xt can be defined on the space spanned by vectors of the form
ve(g) where v ∈ h, g ∈ L4

loc and where L4
loc := {g ∈ k : ∫ t

0 ‖g(s)‖4ds <∞
for all t}. Furthermore, (Xt ) is an adapted regular process in this case.

Proof:
Fix v ∈ D1, g ∈ V as in the statement of the theorem. For n = 1, 2, . . . define
L(n)

t = L j
n

if j
n ≤ t < j+1

n for j = 0, 1, 2, . . ., where L denotes one of the four
processes E, F, G, H . It follows from the assumed regularity of E, F, G, H
that L(n)

t (ve(g)) converges to Lt (ve(g)) uniformly over bounded subintervals
of R+. By Lemma 5.2.2, same statement as above remains true if we replace
L(n)

t and Lt by L(n)
t P , Lt P respectively, and v by ξ ∈ h ⊗ k0. Clearly, each

L(n) is simple adapted process and thus we can form X (n)
t = ∫ t

0 {E (n)
s �T (ds)+

F (n)
s aR(ds)+G(n)

s a†
S(ds)+H (n)

s ds}. By the estimate obtained in Lemma 5.2.5,
we have

||(X (m)
t − X (n)

t
)
ve(g)||2

≤ et
∫ t

0
ds
[||{(E (m)

s − E (n)
s )PTg(s) + (G(m)

s − G(n)
s )P S}(ve(g))||2

+ ||{〈g(s), (E (m)
s − E (n)

s )PTg(s)〉 + (F (m)
s − F (n)

s )〈R, g(s)〉
+ 〈g(s), (G(m)

s − G(n)
s )P S〉 + (H (m)

s − H (n)
s )}(ve(g))||2]. (5.19)

The integrand on the right-hand side of the above clearly goes to 0 as m,

n →∞, and we can estimate the integrand by C(t, g, v) given by

C(t, g, v) := {4(M2(v, g)+ ‖r̃ g
t Sv‖2)+ 8(‖g‖2∞M2(v, g)+ M2(v, g)

+‖g‖2∞‖r̃ g
t Sv‖2 + ‖r g

t v‖2)},

which can be seen to be independent of the integration variable s. We have used
here the notation in the proof of the Theorem 5.2.3 and the fact that

‖(L(m)
s − L(n)

s )P(ξe(g))‖ ≤ ‖r̃ g
t ξ‖

for all s ≤ t and ξ ∈ Dom(r̃ g
t ). From this it follows, by the Dominated con-

vergence theorem, that {X (m)
t (ve(g))} is a Cauchy sequence and hence its limit

defines Xt (ve(g)). It can be seen that the two fundamental formulae in Theo-
rem 5.2.3 and the estimate in the Lemma 5.2.5 are valid for Xt as well. To show
the continuity of t �→ Xt (ve(g)), it suffices to observe that for 0 ≤ t1 ≤ t2 ≤ t,
we have the following, which can be obtained from Lemma 5.2.5 replacing the
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processes E, F, G, H by χ(t1,t2)E, χ(t1,t2)F, χ(t1,t2)G, χ(t1,t2)H , respectively:

‖(Xt1 − Xt2)(ve(g))‖2 ≤ exp(t)
∫ t2

t1
C(t, g, v)ds = exp(t)C(t, v, g)(t2 − t1).

To prove the (D0,V0)-regularity of Xt when r̃ g t T, r̃ g t S and r g
t R∗ are assumed

to be closable, it suffices to obtain closable operators β
g
t defined on D0 such

that sups≤t ‖Xsve(g)‖≤‖βg
t v‖. To this end, we take β

g
t : D0→ L2([0, t], h′′),

with
h′′ = (hg

t ⊗ k0)⊕ (hg
t ⊗ k0)⊕ hg

t ⊕ hg
t ,

such that βg
t is given by

(β
g
t v)(s) := e

t
2 {√2(1+ 2‖g(s)‖2)

1
2 r̃ g

t (T (vg(s))) ⊕√
2(1+ 2‖g(s)‖2)

1
2 r̃ g

t (Sv) ⊕ 2r g
t (〈R, g(s)〉v) ⊕ 2r g

t v}.
Since g is simple, it can be seen that ‖βg

t v‖2 = ∫ t
0 ‖(βg

t v)(s)‖2ds < ∞ for
v ∈ D0 and that sup0≤s≤t ‖Xsve(g)‖ ≤ ‖βg

t v‖, which follows from (5.18).
Also, βg

t is closable since r̃ g
t T, r̃ g

t S, r g
t R∗ and r g

t are so by assumption.
In case R, S, T are assumed to be bounded and D1 = h, without loss of

generality we can also assume that r g
t = c(t, g)I for all t and g. Then for

v ∈ h, g satisfying
∫ t

0 ‖g(s)‖4ds < ∞, we can estimate the integrand on the
right-hand side of (5.19) by the following quantity:

�(s) := c2(t, g)‖v‖2{4(‖g(s)‖2‖T ‖2 + ‖S‖2)+ 8(‖g(s)‖4‖T ‖2

+‖g(s)‖2(‖R‖2 + ‖S‖2)+ 1},
for some constant c(t, g). Since

∫ t
0 �(s)ds < ∞ by our assumption on g, it

follows that Xtve(g) can be defined and t �→ Xtve(g) is continuous for all v
and g. Moreover, we have from Lemma 5.2.5

‖Xt (ve(g))‖2

≤ ‖v‖2c2(t, g)et
∫ t

0
{2(‖T ‖2‖g(s)‖2 + ‖S‖2)+ 4(‖g(s)‖4‖T ‖2 +

‖g(s)‖2‖R‖2 + ‖g(s)‖2‖S‖2 + 1)}ds.

The integral on the right-hand side is finite by the assumption on g, and thus
we get a finite positive constant K (t, g) such that ‖Xtve(g)‖ ≤ ‖v‖K (t, g).
This completes the proof. �

Corollary 5.2.7 (i) Along with the assumptions in the statement of Theorem
5.2.6, assume furthermore that R, S, T are functions of t such that for ξ
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in V0 and u in D0 ⊆ Dom(〈R(t), ξ 〉) ∩ Dom(S(t)) ∩ Dom(T (t)ξ ), each
of the maps t �→ r g

t 〈R(t), ξ 〉u, r̃ g
t S(t)u, r̃ g

t T (t)(uξ) is continuous. Then
the integral

X (t) =
∫ t

0
(Es�T (ds)+ FsaR(ds)+ Gsa†

S(ds)+ Hsds)

is defined on linear span of vectors of the form ve(g) with v ∈ D0 and
g ∈ V. Moreover, t �→ Xtve(g) is continuous for such v and g, and
the adapted process (Xt ) satisfies the estimate (5.18) with the constant
coefficients T, R, S replaced by T (s), R(s) and S(s), respectively.

(ii) In part (i), if we replace the domain D0 of T (t)ξ , 〈R(t), ξ 〉, S(t) (ξ ∈ V0)
by the t-dependent domain D0 ⊗alg E(Vt ), where Vt = V ∩ kt , and if we
assume that t �→ r g

t 〈R(t), ξ 〉ve(gt ), r̃ g
t S(t)ve(gt ), r̃ g

t T (t)(ve(gt )ξ) are
continuous for g ∈ V, v ∈ D0, ξ ∈ V0, then the conclusions in (i) remain
valid.

(iii) Assume that the time-dependent coefficients L(t) (= R(t), S(t), T (t))
in (i) are bounded operators, t �→ ‖L(t)‖ is uniformly bounded over
compact intervals and E, F, G, H are adapted regular processes. Then
Xtve(g) can be defined for all v ∈ h and g in L4

loc, and (Xt ) is also an
adapted regular process.

(iv) The conclusions in (iii) remain valid under the hypotheses of (ii) if the
following additional assumptions are made:

(a) E, F, G, H are adapted regular;
(b) R, S, T are also regular in the sense that for s ≥ 0, v ∈ h and

g ∈ L4
loc, we have the following:

ve(gs) ∈ Dom(S(s)) ∩ξ∈k0 Dom(〈R(s), ξ 〉) ∩ Dom(T (s)ξ ),

sup
s≤t

‖S(s)ve(gs)‖ ≤ c′(t, g)‖v‖,

sup
s≤t

Max{‖T (s)(ve(gs)ξ)‖, ‖〈R(s), ξ 〉ve(gs)‖}
≤ c′(t, g)‖v‖‖ξ‖ for all ξ ∈ k0,

where c′(t, g) is a constant;
(c) s �→ S(s)ve(gs), T (s)ξ (ve(gs)), 〈R(s), ξ 〉ve(gs) are continuous for

v, g as in (b) and all ξ ∈ k0.

Proof:
(i) It may be noted that if we replace constant coefficients in the Theorem 5.2.6
by simple coefficients then the integral is just a finite linear combination of
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integrals with constant coefficients. Thus, it is possible to deduce the existence
of integral and the fundamental formulae, hence also the estimate (5.18) for
simple coefficients. To consider more general time-dependent coefficients as in
the statement of the present corollary, recall that g ∈ V is right continuous sim-
ple function, thus we can choose sequences T (n), R(n), S(n) of simple coeffi-
cients such that r̃ g

t T (n)(s)(vg(s)), r g
t 〈R(n)(s), g(s)〉v and r̃ g

t S(n)(s)v converge
to r̃ g

t T (s)(vg(s)), r g
t 〈R(s), g(s)〉v and r̃ g

t S(s)v respectively for every v ∈ D0

and g ∈ V. With these choices, we can define the integral X (n)(t) on v⊗e(g) in
a natural way using Theorem 5.2.6. The hypotheses of continuity of the coeffi-
cients will allow one to pass to the limit in the integral as well by using the esti-
mate (5.18). For example, sups≤t ||

∫ t
0 Es(�T (n) (ds) − �T (m) (ds))ve(g)||2 ≤∫ t

0 (1+||g(s)||2)||)‖r̃ g
t (T

(n)(s)−T (m)(s))(vg(s))‖2ds → 0 as m, n →∞, by
the Dominated Convergence theorem, since

∫ t
0 (1+‖g(s)‖2)‖r̃ g

t T (s)(vg(s))‖2

ds < ∞ and since s �→ r̃ g
t T (s)(vξ) is continuous for ξ ∈ V0 and g a simple

V0-valued function.

(ii) This part follows from (i) with some natural modifications. For instance, in the
estimate above we shall have instead || ∫ t

0 Es[�T (n) (ds)−�T (m) (ds)]ve(g)||2 ≤∫ t
0 ds(1+ ||g(s)||2)||r̃ g

t (T
(n)(s)− T (m)(s))(v ⊗ e(g)⊗ g(s))||2. Note that for

ξ ∈ V0, the map s �→ r̃ g
t T (s)(ve(g)ξ) = P(T (s)(ve(gs)ξ)⊗ e(gs)) (where

P denotes the identification between h⊗�s⊗k0⊗�s and h⊗�s⊗�s⊗k0 =
h ⊗ � ⊗ k0) is continuous since both the maps s �→ r̃ g

t T (s)(ve(gs)) and
s �→ e(gs) are. Thus, for a simple function g, so that g(s) varies over
a finite set of vectors in V0 for s ∈ [0, t], it is clear that

∫ t
0 ds(1 +

||g(s)||2)||r̃ g
t (T

(n)(s)− T (m)(s))(v ⊗ e(g)⊗ g(s))||2 → 0 as m, n →∞, by
the Dominated Convergence theorem as in the proof of (i).

The proofs of (iii) and (iv) can be given by an applications of these estimates
and arguments used in the proof of the last part of the Theorem 5.2.6. �

Theorem 5.2.8 Right integrals
Assume that D0, V0 are dense subspaces of h and k0 respectively, A ∈
Lin(D0, h), R, S ∈ Lin(D0, h ⊗ k0), T ∈ Lin(D0 ⊗ V0, h ⊗ k0), and (Zs)

is an adapted process such that for ξ ∈ V0, we have D0 ⊗alg E(V) ⊆
∩s≥0Dom(AZs) ∩Dom(〈R, ξ 〉Zs) ∩Dom(SZs) ∩Dom(Tξ Zs). Note that as
before, we have denoted an operator B and B ⊗ I by the same symbol,
where B stands for one of the maps A, 〈R, ξ 〉, S, Tξ . Furthermore, suppose
that s �→ AZsve(g), 〈R, ξ 〉Zsve(g), SZsve(g), T Zsve(g) are continuous
for v ∈ D0, g ∈ V. Then we can define the right integral of the form∫ t

0 M(ds)Zs on the linear span of vectors of the form ve(g), with v ∈ D0,

g ∈ V, where M(ds) = aR(ds) + a†
S(ds) + �T (ds) + Ads; and can also

obtain formulae similar to those in the Theorem 5.2.3 and Theorem 5.2.6.
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Proof:
Indeed, we can apply Corollary 5.2.7 (ii) with E = F = G = I, and
with the choices R(t) = RZt , S(t) = SZt , and T (t) = T Zt to define∫ t

0 (aR(ds)+ a†
S(ds)+�T (ds)Zs)ve(g) for v, g as in the statement of this

theorem. (
∫ t

0 AZsds)ve(g) := ∫ t
0 (AZsve(g))ds is defined as s �→ AZsve(g)

is continuous by assumption. The analogues of first and second fundamental
formulae and the estimate as in the Theorems 5.2.3 and 5.2.6 follow similarly.

�

Remark 5.2.9 It should be noted that for more general unbounded R, S, T ,
we may have domain problems to define the right integrals : the domains of
R, S, T may not be left invariant under the action of Z. This problem can be
solved by the ‘time reversal principle’, which we shall present in Chapter 7,
where we deal with Q.S.D.E. with unbounded coefficients.

From now on, for the rest of the present chapter (in fact for Chapter 6 as
well), we shall assume that the coefficients R, S, T are bounded operators.

Remark 5.2.10 When R, S, T, A in the Theorem 5.2.8 are bounded and Z is
a regular adapted process, the right integral is defined and satisfies the funda-
mental formulae and the estimates in Theorems 5.2.3 and 5.2.6.

Remark 5.2.11 (i) The Itô formulae derived in Theorem 5.2.6 can be put in
a convenient symbolic form. Let π̃0(x) denote x ⊗ 1�(k) and π0(x) denote
x ⊗ 1k0 . Then the Itô formulae are:
aR(dt)π̃0(x)a

†
S(dt) = R∗π0(x)Sdt, �T (dt)π̃0(x)�T ′(dt) = �Tπ0(x)T ′(dt),

�T (dt)π̃0(x)a
†
S(dt) = a†

Tπ0(x)S
(dt), aS(dt)π̃0(x)�T (dt) = aT ∗π0(x∗)S(dt),

and the products of all other types are 0.
(ii) The coordinate-free approach of quantum stochastic calculus developed

here includes the coordinatized version as presented in [100]. Let us con-
sider for example, for f ∈ k0, the operator R f defined by R f u = u⊗ f,
for u ∈ h. We observe that the creation and annihilation operators a†(R f ),

a(R f ) coincide with the creation and annihilation operators a†( f ) and
a( f ) (respectively) defined in [100] associated with f . Indeed, it is
straightforward to see that (R f )u,v = 〈u, v〉 f for u, v ∈ h. Thus, for
g, l ∈ k, 〈a†(R f )ve(g), ue(l)〉 = d

dε (〈e(g + ε〈u, v〉 f ), e(l)〉)|ε=0 =
e〈g,l〉〈v, u〉〈 f, l〉 = 〈v, u〉 d

dε 〈e(g + ε f ), e(l)〉|ε=0 = 〈v, u〉〈a†( f )e(g),
e(l)〉. It is also clear that 〈R f , g〉 = 〈 f, g〉 and hence a(R f )(ve(g)) =
〈 f, g〉ve(g) = v(a( f )e(g)). Finally, the number operator �(T ) in the
sense of [100] for T ∈ B(k0) can be identified with �1h⊗T . We can also
recover the coordinate-version of the Itô formulae as in [100]. Let us
record the Itô formulae in this form too for future use. Let us assume that
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k0 is separable and introduce the basic processes in the notation of [100]:

�0
0(t) := t I,

�i
0(t) := aRei

([0, t]),
�0

i (t) := a†
Rei

([0, t]),
�i

j (t) := �|e j><ei |([0.t]),
for i, j = 1, 2, . . ., where {ei , i = 1, 2, . . .} is an orthonormal basis of k0. Then
the Itô formula (formally) becomes

�α
β(dt)�µ

ν (dt) = δ̂αν �
µ
β (dt),

for α, β = 0, 1, 2, . . . , and where δ̂αβ = 0 if at least one of the two indices α, β

is 0, or if the two indices are unequal, otherwise δ̂αβ = 1.

5.3 Hudson–Parthasarathy (H–P) type equations

We consider the quantum stochastic differential equations (Q.S.D.E.) of the
form,

d Xt = Xt (aR(dt)+ a†
S(dt)+�T (dt)+ Adt), (5.20)

dYt = (aR(dt)+ a†
S(dt)+�T (dt)+ Adt)Yt , (5.21)

with prescribed initial values X̃0 ⊗ 1 and Ỹ0 ⊗ 1 respectively, with X̃0, Ỹ0 ∈
B(h) where R, S ∈ B(h, h ⊗ k0), T ∈ B(h ⊗ k0), A ∈ B(h).

We note that the first of the above two equations has to be interpreted as the
strong integral equation

Xt (ve(g)) = X0ve(g)+
(∫ t

0
Xs(aR(ds)+ a†

S(ds)+�T (ds)+ Ads)
)
ve(g)

for all v ∈ h, g ∈ L2(R+, k0) with
∫ t

0 ‖g(s)‖4ds < ∞ for all t. The second
equation is to be interpreted in a similar way.

Let us at this point introduce some useful compact notation for the quadruple
(R, S, T, A). Let k̂0 := C⊕ k0 and Z ∈ B(h ⊗ k̂0) be defined by

Z =
(

A R∗
S T

)
, (5.22)

with respect to the decomposition h ⊗ k̂0 = h ⊕ h ⊗ k0. We shall call Z
the matrix of coefficients or coefficient matrix, and the equation (5.20) ((5.21),
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respectively) will be referred to as the left (respectively, right) Q.S.D.E. with
the coefficient matrix Z , and the words ‘left’ or ‘right’ may be dropped if under-

stood from the context. We shall denote by Q̂ the projection
(

0 0
0 Ih⊗k0

)
. For

ξ ∈ k0, we shall denote by ξ̂ the vector 1⊕ ξ ∈ k̂0.

Let us now re-write the first and second fundamental formulae (5.13) and
(5.14) for the choices Et = Ft = Gt = Xt , Ht = Xt A, in terms of Z and Q̂:

〈Xtve(g), ue( f )〉 = 〈X0ve(g), ue( f )〉+
∫ t

0
〈Xs〈 f̂ (s), Zĝ(s)〉ve(g), ue( f )〉ds,

(5.23)

〈Xtve(g), Xt ue( f )〉
= 〈X0ve(g), X0ue( f )〉 +

∫ t

0
{〈Xs〈 f̂ (s), Zĝ(s)〉ve(g), Xsue( f )〉

+〈Xsve(g), Xs〈ĝ(s), Z f̂ (s)〉ue( f )〉
+〈Xs Q̂ Zĝ(s)ve(g), Xs Q̂ Z f̂ (s)ue( f )〉}ds. (5.24)

These formulae can be verified by expanding the two sides of the equation in
terms of the constituents of Z and comparing with the relevant expressions in
equations (5.13) and (5.14).

Similarly, one gets for the solution Yt of the right Q.S.D.E. (5.21) the fol-
lowing:

〈Ytve(g), ue( f )〉 = 〈Y0ve(g), ue( f )〉 +
∫ t

0
〈〈 f̂ (s), Zĝ(s)〉Ysve(g), ue( f )〉ds,

(5.25)

〈Ytve(g), Yt ue( f )〉
= 〈Y0ve(g), Y0ue( f )〉 +

∫ t

0
{〈〈 f̂ (s), Zĝ(s)〉Ysve(g), Ysue( f )〉

+ 〈Ysve(g), 〈ĝ(s), Z f̂ (s)〉Ysue( f )〉 + 〈Q̂ Zĝ(s)Ysve(g), Q̂ Z f̂ (s)Ysue( f )〉}ds.

(5.26)

Before we proceed to study existence and other properties of solutions of the
above equations, let us describe the Q.S.D.E. in the ‘coordinatized’ formalism
(see Remark 5.2.11 (ii)), in case when k0 is separable. This is just to keep
open the possibility of switching from one formalism to another. Indeed, even
though the coordinate free language is in general more transparent and neat,
sometimes it may be better or more natural to use the coordinates.

Let {ei }i=1,2,... be an orthonormal basis of k0 and let Zα
β , α, β = 0, 1, 2, · · ·

be defined as bounded operators on h as follows:

Z0
0 = A, Z0

i = 〈ei , R〉∗, Zi
0 = 〈ei , S〉, Zi

j = 〈ei , Te j 〉,
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for i, j = 1, 2, . . . , where it may be recalled that Te j ∈ B(h, h ⊗ k0) is
given by Te j (u) = T (u ⊗ e j ). In this language, an alternative notation for
the Q.S.D.E. (5.20) and (5.21) will be respectively d Xt = Xt Zα

β�
β
α(dt) and

dYt = Zα
βYt�

β
α(dt), where we adopt the convention that repeated indices mean

summation over them.

Theorem 5.3.1 The Q.S.D.E.’s (5.20) and (5.21) admit unique solutions as
adapted regular processes. Furthermore, X∗t and Y ∗t are adapted regular
processes.

Proof:
The standard proofs of existence and uniqueness of solutions along the lines
of that given in [100] (Section 26 for the left equation and Section 27 for the
right equation) work here too. We set up the iteration by taking X (0)

t = I
and X (n+1)

t = ∫ t
0 X (n)

s (aR(ds) + a†
S(ds) + �T (ds) + Ads) for n = 0, 1, . . . .

Fix t0 ≥ 0, g ∈ L∞(R+, k0) satisfying
∫ t

0 ‖g(s)‖4ds < ∞ for all t. By the
inequality ‖p + q + r + s‖2 ≤ 4(‖p‖2 + ‖q‖2 + ‖r‖2 + ‖s‖2), the estimate
(5.18) and Corollary 5.2.7 we have that for t ≤ t0,

||X (1)
t (ve(g))||2 ≤ et

∫ t

0
ds
[||(Tg(s) + S)(ve(g))||2

+ ||(〈g(s), Tg(s)〉 + 〈R, g(s)〉 + 〈g(s), S〉 + A)(ve(g))||2]
≤ 4et0C(t)‖v‖2‖e(g)‖2,

where

C(t) =
∫ t

0
{‖T ‖2‖g(s)‖2(1+ ‖g(s)‖2)+ ‖S‖2(1+ ‖g(s)‖2)+ ‖R‖2‖g(s)‖2 + ‖A‖2}ds.

Now assume the induction hypothesis that

‖X (n)
t (ve(g))‖2 ≤ (4et )n C(t)n

n! ‖v‖2‖e(g)‖2.

Observe that for ξ ∈ h ⊗ k0, ‖X (n)
t P(ξe(g))‖2 ≤ (4et0)n C(t)n

n! ‖ξ‖2‖e(g)‖2,
and hence we have

||X (n+1)
t ve(g)||2

≤ et
∫ t

0
ds
[
||{X (n)

s PTg(s) + X (n)
s P S}(ve(g))||2 +

||{〈g(s), X (n)
s PTg(s)〉 + X (n)

s 〈R, g(s)〉 + 〈g(s), X (n)
s P S〉 + X (n)

s A}(ve(g))||2
]

≤ (4et0)n+1‖v‖2‖e(g)‖2
∫ t

0
{‖T ‖2‖g(s)‖2(1+ ‖g(s)‖2)+ ‖S‖2(1+ ‖g(s)‖2)

+‖R‖2‖g(s)‖2 + ‖A‖2}C(s)n

n! ds
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= (4et0)n+1‖v‖2‖e(g)‖2
∫ t

0

C(s)n

n! dC(s)

= (4et0)n+1‖v‖2‖e(g)‖2 C(t)n+1

(n + 1)! .

This proves the induction hypothesis for all n. Clearly, the process Xt given
by Xt (ve(g)) := ∑∞

n=0 X (n)
t (ve(g)) is well defined, since it follows from the

above estimates that the sum converges absolutely and uniformly over compact
subsets of [0,∞), which in particular implies the continuity of t �→ Xt (ve(g)).
Moreover, we have,

‖Xtve(g)‖ ≤ ‖v‖‖e(g)‖
∑
n≥0

(4et0C(t0))
n
2√

n! .

From this, it is clearly seen that (Xt ) is an adapted regular process. That it is
a solution of (5.20) is also clear. This proves the existence of the left equation.
To show the uniqueness, suppose that X ′t is another solution of (5.20). Since
Xt − X ′t =

∫ t
0 (Xs− X ′s)(aR(ds) + a†

S(ds) + �T (ds) + Ads), an argument
similar to the above shows that ‖(Xt − X ′t )(ve(g))‖2 ≤ 4et0 C(t0)n

n! ‖v‖2‖e(g)‖2

for all n and hence Xtve(g) = X ′tve(g).
The proof for the right equation (5.21) is similar. For the iteration process in

the case of the right equation to make sense, one has to take into account the
Remark 5.2.10 while interpreting the right integrals involved.

Finally, let us prove the regularity of (X∗t ) and (Y ∗t ). It is enough to sketch
the arguments for (X∗t ), as (Y ∗t ) can be treated similarly. Consider the iterates
X (n)

t . We claim that

‖X (n)
t
∗
ve(g)‖2 ≤ 4et0C ′(t0)n

n! ‖ve(g)‖2,

where C ′(t) is given by an expression similar to C(t), with R, S, T, A replaced
by S, R, T ∗, A∗ respectively. This claim can be verified by induction as before,
using that X (n)

t
∗

satisfies a right Q.S.D.E. of the form

X (n+1)
t

∗ =
∫ t

0
(a†

R(ds)+ aS(ds)+�T ∗(ds)+ A∗ds)X (n)
s
∗
.

From this, the regularity of X∗t follows. �

Theorem 5.3.2 Let Xt satisfy the Q.S.D.E. (5.20) with the initial condition
X0 = I and with the coefficient matrix Z as in the beginning of the present
section. Then we have the following.

(i) Xt is a contraction for each t ≥ 0 if and only if the following operator
inequality holds:

Z + Z∗ + Z Q̂ Z∗ ≤ 0. (5.27)
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(ii) Xt is a co-isometry for each t if and only if the above inequality is replaced
by an equality, that is, Z + Z∗ + Z Q̂ Z∗ = 0.

Proof:
It is a straightforward observation that Wt = X∗t satisfies the right Q.S.D.E. of
the form (5.21) with the coefficient matrix Z∗. For u, v ∈ h and f, g ∈ C, by a
simple calculation using the formula (5.26) we get the following:

〈Wt ve(g), Wt ue( f )〉−〈ve(g), ue( f )〉 =
∫ t

0
〈Wsve(g), 〈ĝ(s), (Z+Z∗+Z Q̂ Z∗) f̂ (s)〉Wsue( f )〉.

(5.28)

Let us denote the operator Z+Z∗+Z Q̂ Z∗ by B. If B ≤ 0, we have for vectors
u1, u2, . . . , un ∈ h and f1, f2, . . . , fn ∈ C,∥∥∥∥∥

n∑
i=1

Wt (ui e( fi ))

∥∥∥∥∥
2

−
∥∥∥∥∥

n∑
i=1

ui e( fi )

∥∥∥∥∥
2

=
∑
i, j

∫ t

0
〈Wsui e( fi ), 〈 f̂i (s), B f̂ j (s)

〉Wsu j e( f j )〉ds

=
∫ t

0

∑
i, j

−〈(−B)
1
2

f̂i (s)
(Wsui e( fi )), (−B)

1
2

f̂ j (s)
(Wsu j e( f j ))〉ds

= −
∫ t

0

∥∥∥∥∥∑
i

(−B)
1
2

f̂i (s)
(Wsui e( fi ))

∥∥∥∥∥
2

ds ≤ 0;

where we have used the fact that B ≤ 0 to take the square root of −B. This
clearly implies that Wt (and hence Xt ) is a contraction for each t .

Conversely, if Xt is a contraction, we have 〈Wtve(g), Wtve(g)〉 − 〈ve(g),
ve(g)〉 ≤ 0 for all v, g. Thus, for t > 0, we have

1
t

∫ t

0
〈Wsve(g), 〈ĝ(s), Bĝ(s)〉Wsve(g)〉 ≤ 0. (5.29)

For v ′ ∈ h and ξ ′ = (λ ⊕ ξ) ∈ k̂0, where λ ∈ C, λ #= 0 and ξ ∈ k0, choose a
bounded continuous function g : R+ → k0 with g(0) = λ−1ξ, and also v =
λv ′. It follows by taking t → 0+ in (5.29) that 〈v ′ξ ′, B(v ′ξ ′)〉 ≤ 0. By taking
limit λ→ 0, we get the above inequality also for ξ ′ = (0⊕ξ). Similarly, it can
be shown that for v ′1, · · · , v ′n ∈ h and ξ ′1, · · · , ξ ′n ∈ k0

∑
i j 〈v ′iξ ′i , B(v ′jξ ′j )〉 ≤ 0.

This proves that B ≤ 0.
Moreover, it is also immediate from the above calculation, by replacing the

inequalities involved by equalities, that 〈Wtve(g), Wt ue( f )〉 = 〈ve(g), ue( f )〉
for all u, v, f, g; if and only if B = 0. This completes the proof. �

The condition Z + Z∗ + Z Q̂ Z∗ = 0 is clearly seen to be equivalent to the
following set of conditions in terms of R, S, T, A:

A + A∗ + R∗R = 0, (5.30)
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R + S + T R = 0, (5.31)

T + T ∗ + T T ∗ = 0. (5.32)

We can write (5.32) as (T + I )(T ∗ + I ) = I, which is equivalent to saying that
T = �− I where � := T+ I is a co-isometry. Furthermore, the relation (5.31)
can now be written as S = −�R, and (5.30) leads to the form A = i H− 1

2 R∗R
for some self-adjoint H. Motivated by this, we now consider the following
special Q.S.D.E.:

dUt = Ut (aR(dt)− a†
�R(dt)+��−1(dt)+ (i H − 1

2
R∗R)dt), U0 = I,

where � is a unitary in B(h ⊗ k0), R ∈ B(h, h ⊗ k0) and H is a self-adjoint
element of B(h). Then we have:

Theorem 5.3.3 (see [91], [94] also)
The unique solution Ut of the above Q.S.D.E. is unitary for all t ≥ 0.

Proof:
It follows from Lemma 5.3.2 that Ut is a co-isometry for all t , so it remains
to show that it is also an isometry for all t. To this end, we note the following
facts:

(a) For fixed g, f ∈ L2(R+, k0) ∩ L∞(R+, k0) and t ≥ 0, there exists a
unique operator M f,g

t ∈ B(h) such that

〈v, M f,g
t u〉 = 〈Ut (ve(g)), Ut (ue( f ))〉.

(b) Setting M̃ f,g
t = M f,g

t ⊗ 1k0 , we have that for all w,w′ ∈ h ⊗ k0,

〈Ut P(we(g)), Ut P(w′e( f ))〉 = 〈w, M̃ f,g
t w′〉.

It is a simple computation using the quantum Itô formulae ((5.14) in Theorem
5.2.6) to verify that

〈v, M f,g
t u〉 − 〈ve(g), ue( f )〉 =

t∫
0

ds[〈v, M f,g
s 〈R, f (s)〉u〉 + 〈v, 〈g(s), R〉M f,g

s u〉

−〈v, M f,g
s 〈g(s),�R〉u〉+〈vg(s), M̃ f,g

s ((�−1)(u f (s)))〉+〈v, M f,g
s (i H− 1

2
R∗R)u〉

−〈v, 〈�R, f (s)〉M f,g
s u〉+〈vg(s), (�∗−1)M̃ f,g

s (u f (s))〉+〈v, (−i H−1
2

R∗R)M f,g
s u〉

+〈�Rv, M̃ f,g
s (�Ru)〉−〈�Rv, M̃ f,g

s (�−1)(u f (s))〉−〈vg(s), (�∗−1)M̃ f,g
s (�Ru)〉

+〈vg(s), (�∗ − 1)M̃ f,g
s (� − 1)(u f (s))〉].
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Let us consider maps Yi , i = 1, . . . , 5 from [0,∞) × B(h) to B(h) given
by:

Y1(s, X) = X〈R, f (s)〉 + 〈g(s), R〉X − X〈g(s),�R〉 − 1
2
(X R∗R + R∗R X)+

i[X, H ] − 〈�R, f (s)〉X, Y2(s, X) = R∗�∗ X̃�R,

Y3(s, X) = 〈g(s), {(�∗ − 1)X̃ + X̃(� − 1)+ (�∗ − 1)X̃(� − 1)} f (s)〉,
Y4(s, X) = −〈(�∗ − I )X̃∗�R, f (s)〉, Y5(s, X) = −〈(�∗ − I )X̃�R, g(s)〉∗,

where X̃ = (X ⊗ 1k0). Then it follows that,

〈v, M f,g
t u〉 − 〈ve(g), ue( f )〉 =

∫ t

s
〈v,

5∑
i=1

Yi (s, M f,g
s )u〉ds,

that is,
d M f,g

t

dt
=

5∑
i=1

Yi (t, M f,g
t ).

We note that M f,g
0 =< e(g), e( f ) > I is a solution of the above equation since∑5

i=1 Yi (t, I ) = 0, � being unitary. Moreover, Yi (t, ·) is linear and bounded
for each i . Thus by the uniqueness of a solution of the Banach space-valued
initial value problem, we conclude that M f,g

t = M f,g
0 for all t , or equivalently

that Ut is an isometry. �

5.4 Map-valued, Evans–Hudson (E–H)-type quantum stochastic calculus

In the previous subsections, we have considered Q.S.D.E.’s on the Hilbert space
h ⊗ �. Now we shall study an associated class of Q.S.D.E.’s, but on the Fock
module A ⊗ �. This is closely related to the Evans–Hudson (E–H) type of
Q.S.D.E.’s ( [44, 100]).

First we have to formulate the notion of map-valued quantum stochastic
processes and the associated integrals. We shall give the definition of integra-
tor processes with coefficients belonging to a class of maps more general than
bounded. After that, we study a special class of map-valued Q.S.D.E., but this
time with bounded coefficients only. The existence and properties of solutions
of similar map-valued Q.S.D.E. with unbounded coefficients will be taken up
in later chapters.

5.4.1 The formalism of map-valued quantum stochastic integration

Let A ⊆ B(h) be a von Neumann algebra, k0 be a Hilbert space, and let us
consider a quadruplet of linear (but not necessarily bounded) maps (L, δ, δ′, σ )
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defined on an ultra-weak dense ∗-subalgebra A0 of A, such that for x ∈ A0,

we have δ(x), δ′(x) ∈ A⊗k0, L(x) ∈ A and σ(x) ∈ A⊗B(k0). As before, let
us denote by k the Hilbert space L2(R+, k0), by � the symmetric Fock space
on k and by L p

loc (where p ≥ 1) the set of f ∈ k such that
∫ t

0 ‖ f (s)‖pds <∞
for all t ≥ 0.

We now introduce the basic map-valued processes. Fix t ≥ 0, a bounded
interval � ⊆ (t,∞), elements x1, x2, . . . , xn ∈ A0 and vectors f1, f2, . . . , fn

∈ k; u ∈ h. We define the following:(
aδ(�)

( n∑
i=1

xi ⊗ e( fi )

))
u =

n∑
i=1

aδ(x∗i )(�)(ue( fi )),

(
a†
δ′(�)

( n∑
i=1

xi ⊗ e( fi )

))
u =

n∑
i=1

a†
δ′(xi )

(�)(ue( fi )),(
�σ (�)

( n∑
i=1

xi ⊗ e( fi )

))
u =

n∑
i=1

�σ(xi )(�)(ue( fi )),(
IL(�)

( n∑
i=1

xi ⊗ e( fi )

))
u =

n∑
i=1

|�|(L(xi )u)⊗ e( fi )),

where |�| denotes the length of �.

Lemma 5.4.1 The above processes are well defined on A0 ⊗alg E(k) and they
take values in A⊗ �(k).

Proof:
First note that e( f1), . . . , e( fn) are linearly independent whenever f1, . . . , fn

are distinct, from which it is clear that
∑n

i=1 xi ⊗ e( fi ) = 0 implies xi = 0
for all i , whenever fi ’s are distinct. This will establish that the processes are
well defined. The second part of the lemma will follow from Lemma 4.2.10
with the choice of the dense set E to be E(k) and H = �(k) and by noting the
fact that L, δ, δ′ and σ have appropriate ranges. For example,

〈e(g), a†
δ′(�)(x ⊗ e( f ))〉 = 〈e(g), e( f )〉

∫
�

〈g(s), δ′(x)〉ds,

which belongs to A, so the range of a†
δ′(�) is contained in A⊗�(k). Similarly,

one verifies that

〈e(g),�σ (�)(x ⊗ e( f ))〉 = 〈e(g), e( f )〉
∫
�

〈g(s), σ (x) f (s)〉ds,

which belongs to A since σ(x) ∈ A⊗ B(k0). �
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Definition 5.4.2 A family of (possibly unbounded) linear maps (Y (t))t≥0 :
Dom(Y (t)) ⊆ A⊗ � to A⊗ � is said to be a map-valued process. It is said to
be:

(i) adapted, if there is a family of (possibly unbounded, linear) maps Y0(t)
from A⊗�t to A⊗�t , such that Dom(Y0(t))⊗alg �

t ⊆ Dom(Y (t)), with
Y (t) = Y0(t)⊗alg I�t on Dom(Y0(t))⊗alg �t (where �t = �(L2((t,∞),

k0))), for all t ≥ 0;
(ii) regular, if Y (t) is defined on A ⊗alg E(k), t �→ Y (t)(x ⊗ e( f ))u is

continuous for every fixed x ∈ A, u ∈ h, f ∈ L4
loc and furthermore,

there exist positive constants Ct , Hilbert space H′′, and bounded opera-
tors rt ∈ B(h, h ⊗H′′) such that

||Y (t)(x ⊗ e( f ))u|| ≤ Ct0‖e( f )‖||(x ⊗ 1H′′)rt0u|| for all t ≤ t0, (5.33)

for all x ∈ A, u, f as before.

Let us now assume that A0 = A and the maps (L, δ, δ′, σ ) are bounded. We
want to define the integral of the form

∫ t
0 Y (s) ◦ (aδ + a†

δ′ + �σ + IL)(ds)
where Y (t) is an adapted regular map-valued process. We need the following
lemma for this.

Lemma 5.4.3 (The Lifting lemma) Let H be a Hilbert space and V be a vector
space. Let β : A⊗alg V → A⊗H be a linear map satisfying the estimate

||β(x ⊗ η)u|| ≤ cη||(x ⊗ 1H′′)ru|| (5.34)

for some Hilbert space H′′ and r ∈ B(h, h⊗H′′) ( both independent of η ) and
for u ∈ h, η ∈ V and some positive constant cη depending on η. Then, for any
Hilbert space H′, we can define a map β̃ : (A⊗H′)⊗alg V → A⊗ (H⊗H′)
by β̃(x ⊗ f ⊗ η) = β(x ⊗ η) ⊗ f for x ∈ A, η ∈ V, f ∈ H′. Moreover, β̃
satisfies the estimate

||β̃(X ⊗ η)u|| ≤ cη||(X ⊗ 1H′′)ru||, (5.35)

where X ∈ A⊗H′.

Proof:
Let X ∈ A ⊗ H′ be given by the strongly convergent sum X = ∑ xα ⊗ eα ,
where xα ∈ A and {eα} is an orthonormal basis of H′. We can verify that

||β̃(
∑

xα ⊗ eα ⊗ η)u||2 =
∑

||β(xα ⊗ η)u||2
≤ c2

η

∑
α

||(xα ⊗ 1H′′)ru||2 = c2
η||(X ⊗ 1H′′)ru||2

and thus β̃ is well defined and satisfies the required estimate. �
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Assume now that (Y (t)) is a map-valued adapted regular process, as in the
Definition 5.4.2. For every s ≥ 0, we have by the Lifting lemma 5.4.3 an
extension Ỹ (s) : A⊗ k0 ⊗ E(ks ∩ L4

loc)→ A⊗�s ⊗ k0 of the map (Y (s)⊗alg

id)P , where P interchanges the second and third tensor components.

Lemma 5.4.4 For fixed x ∈ A and f ∈ L4
loc, the families of operators S(s) ≡

Sx (s) : h⊗alg E(L4
loc ∩ ks)→ h⊗�s ⊗ k0 and T (s) ≡ Tx (s) : h⊗alg E(L4

loc ∩
ks) ⊗ k0 → h ⊗ �s ⊗ k0 defined below satisfy the hypotheses of Corollary
5.2.7(iv), with the choices E = G = I, F = H = R(s) = 0:

Sx (s)(ue( fs)) = Ỹ (s)(δ′(x)⊗ e( fs))u, (5.36)

Tx (s)(ue( fs)⊗ ξ) = Ỹ (s)(σ (x)ξ ⊗ e( fs))u. (5.37)

Moreover, the map s �→ Y (s)((L(x) + 〈δ(x∗), f (s)〉) ⊗ e( f ))u is strongly
integrable over [0, t] for every t ≥ 0, and for fixed x ∈ A, u ∈ h and f ∈ L4

loc.

Proof:
The first part follows from the hypotheses on Y (s), the Lifting lemma and the
fact that s �→ e( fs) is strongly continuous for f ∈ L4

loc. Let us verify the
conditions of Corollary 5.2.7(iv) for Sx only, as the proof for Tx will be very
similar. By the Lifting lemma, we have

‖Sx (s)(ue( fs))‖ ≤ Ct‖(δ′(x)⊗ 1H′′)rt u‖‖e( fs)‖
for all s ≤ t. Thus, ‖Sx (s)(ue( fs))‖ ≤ Ct‖e( f )‖‖rt‖‖δ′(x)‖‖u‖ for s ≤ t.
Furthermore, it is clear that s �→ Ỹ (s)(X ⊗ e( fs))u is continuous for X ∈
A⊗alg k0. In fact, for t0 > 0 and ε > 0, using the density of A⊗alg k0 in the
Hilbert von Neumann module A⊗ k0, we can choose X ∈ A⊗alg k0 such that
‖((X − δ′(x))⊗ 1)rt0 u‖ ≤ ε. Thus, we have for s, t ≤ t0

‖Sx (s)(ue( fs))− Sx (t)(ue( ft ))‖
≤ ‖Ỹ (s)(X ⊗ e( fs))u − Ỹ (t)(X ⊗ e( ft ))u‖ + ‖Ỹ (s)((δ′(x)− X)⊗ e( fs))u‖
+ ‖Ỹ (t)((δ′(x)− X)⊗ e( ft ))u‖
≤ ‖Ỹ (s)(X ⊗ e( fs))u − Ỹ (t)(X ⊗ e( ft ))u‖ + 2Ct0‖e( ft0)‖ε,

which proves the continuity of s �→ Sx (s)(ue( fs)). Furthermore, we note that
the strong measurability of the map s �→ Y (s)((L(x) + 〈δ(x∗),
f (s)〉)⊗ e( f ))u follows from the strong continuity of s �→ Y (s)(y ⊗ e( f ))u
for fixed y ∈ A, u ∈ h and f ∈ L4

loc. It also follows from the estimate (5.33)
and the fact that f ∈ L4

loc ⊆ L1
loc that∫ t

0
‖Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u‖ds <∞.

�



5.4 Map-valued, E–H-type quantum stochastic calculus 137

In view of this lemma, by map-valued process we shall mean adapted regular
map-valued process in the rest of the present chapter. This lemma also allows
us to define the integral

∫ t
0 Y (s) ◦ (aδ + a†

δ′ +�σ (ds)+IL)(ds)(x ⊗ e( f )) for
x ∈ A and f ∈ L4

loc.

Definition 5.4.5 For fixed x ∈ A, u ∈ h and f ∈ L4
loc, we define the integral∫ t

0 Y (s) ◦ (aδ + IL)(ds)(x ⊗ e( f ))u by setting it to be equal to∫ t

0
Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u ds (5.38)

This integral exists and is finite since s �→ Y (s)((L(x) + 〈δ(x∗), f (s)〉) ⊗
e( f ))u is strongly integrable over [0, t]. We define the integral involving the
other two processes, that is,

∫ t
0 Y (s) ◦ (�σ + a†

δ′)(ds)(x ⊗ e( f ))u by setting it
to be equal to (∫ t

0
�Tx (ds)+ a†

Sx
(ds)
)

ue( f ), (5.39)

which is well-defined by Corollary 5.2.7(iv).

5.4.2 Solution of a class of map-valued quantum stochastic differential
equations (Q.S.D.E.) with bounded coefficients

For this part of the theory, we assume that we are given the structure maps, that
is, the triple of linear maps (L, δ, σ ) where L ∈ B(A), δ ∈ B(A,A⊗ k0) and
σ ∈ B(A,A⊗ B(k0)) satisfying:

(S1) σ(x) = π(x)− x ⊗ Ik0 ≡ �∗(x ⊗ Ik0)� − x ⊗ Ik0 , where � is a partial
isometry in h ⊗ k0 such that π is a ∗-representation on A.

(S2) δ(x) = Rx−π(x)R, where R ∈ B(h, h⊗k0) so that δ is a π -derivation,
that is, δ(xy) = δ(x)y + π(x)δ(y).

(S3) L(x) = R∗π(x)R + lx + xl∗, where l ∈ A with the condition L(1) = 0
so that L satisfies the second order cocycle relation with δ as coboundary,
that is

L(x∗y)− x∗L(y)− L(x)∗y = δ(x)∗δ(y) for all x, y ∈ A.

Given the generator L of a Q.D.S., it will be established in the next chapter that
one can choose k0, R and � such that the hypotheses (S1)–(S3) are satisfied.

To describe E–H flow in this language, it is convenient to introduce a map �

(to be referred to as the structure matrix) encompassing the triple (L, δ, σ ) as
follows:

�(x) =
(
L(x) δ†(x)
δ(x) σ (x)

)
, (5.40)
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where x ∈ A, δ†(x) = δ(x∗)∗ : h ⊗ k0 → h, so that �(x) can be looked upon
as a bounded linear map from h ⊗ k̂0 ≡ h ⊗ (C ⊕ k0) into itself. It is also
clear from (S1)–(S3) that � maps A into A⊗B(k̂0). The next lemma sums up
important properties of �.

Lemma 5.4.6 Let � be as above. Then one has the following.

(i)
�(x) = �(x)+ K (x ⊗ 1k̂0

)+ (x ⊗ 1k̂0
)K ∗, (5.41)

where � : A → A ⊗ B(k̂0) is a completely positive map and K ∈
B(h ⊗ k̂0).

(ii) � is conditionally completely positive and satisfies the structure relation:

�(xy) = �(x)(y ⊗ 1k̂0
)+ (x ⊗ 1k̂0

)�(y)+�(x)Q̂�(y), (5.42)

where Q̂ =
(

0 0
0 1h⊗k0

)
.

(iii) There exists D ∈ B(h ⊗ k̂0, h ⊗ k′0) (where k′0 = k̂0 ⊗ C3) such that

||�(x)ζ || ≤ ||(x ⊗ 1k′0)Dζ || (5.43)

for all ζ ∈ h ⊗ k̂0.

Proof:
Define the following maps with respect to the direct sum decomposition h ⊗
k̂0 = h ⊕ (h ⊗ k0):

R̃ =
(

0 0
R −I

)
, π̃(x) =

(
x 0
0 π(x)

)
,

K =
(

l 0
R − 1

2 1h⊗k0

)
, �̃ =

(
1h 0
0 �

)
.

Then it is straightforward to see that (i) is verified with �(x) = R̃∗�̃∗(x ⊗
1k̂0

)�̃ R̃ = R̃∗π̃(x)R̃. Clearly, � is completely positive. That � is condition-
ally completely positive and satisfies the structure relation (5.42) is also a con-
sequence of (i) and (S1)–(S3). The estimate in (iii) follows from the struc-
ture of � given above with the choice of D from h ⊗ k̂0 to h ⊗ k̂0 ⊗ C3 ≡
(h ⊗ k̂0)⊕ (h ⊗ k̂0)⊕ (h ⊗ k̂0) given by

Dξ = 2
(
||�̃ R̃|| �̃ R̃ξ ⊕ ||K ||ξ ⊕ K ∗ξ

)
, ξ ∈ h ⊗ k̂0. �

Theorem 5.4.7 The integral Z(t) ≡ ∫ t
0 Y (s)◦(a†

δ +aδ+�σ +IL)(ds), where
Y (s) is an adapted regular map-valued process satisfying (5.33), is well defined
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on A ⊗alg E(L4
loc) and is an adapted regular map-valued process. Moreover,

the integral satisfies the following estimate for all x ∈ A, u ∈ h and f ∈ L4
loc:

‖{Z(t)(x ⊗ e( f )}u‖2

≤ 2et
∫ t

0
exp(‖ f s‖2){‖Ŷ (s)(�(x) f̂ (s) ⊗ e( fs))u‖2 +

‖〈 f (s), Ŷ (s)(�(x) f̂ (s) ⊗ e( fs))〉u‖2}ds, (5.44)

where � was as defined earlier, Ŷ (s) = Y (s) ⊕ Ỹ (s) : A ⊗ k̂0 ⊗alg E(L4
loc ∩

ks) → A ⊗ �s ⊗ k̂0, f̂ (s) = 1 ⊕ f (s) and f (s) is identified with 0 ⊕ f (s)
in k̂0.

Proof:
We have already seen that the integral is well defined. To obtain the estimate,
fix x ∈ A, u ∈ h and f ∈ L4

loc. By the inequality ‖a+ b‖2 ≤ 2(‖a‖2 +‖b‖2),

we have

‖(Z(t)(x ⊗ e( f )) u‖2

≤ 2
∥∥∥∥(∫ t

0
Y (s) ◦ (aδ + IL)(ds)(x ⊗ e( f ))u

)∥∥∥∥2

+ 2
∥∥∥∥(∫ t

0
Y (s) ◦ (a†

δ +�σ )(ds)(x ⊗ e( f ))u
)∥∥∥∥2

.

To complete the proof, we need to estimate the two terms on the right-hand
side of the above inequality separately. For this, observe that∥∥∥∥(∫ t

0
Y (s) ◦ (aδ + IL)(ds)(x ⊗ e( f ))u

)∥∥∥∥2

=
∥∥∥∥(∫ t

0
Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u ds

)∥∥∥∥2

≤
(∫ t

0
‖Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u‖ds

)2

≤ t
∫ t

0
‖Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u‖2ds.

≤ et
∫ t

0
‖Y (s)((L(x)+ 〈δ(x∗), f (s)〉)⊗ e( f ))u‖2ds.

Furthermore, by (5.18) and Corollary 5.2.7 with E = G = I, F = H = 0, we
get ∥∥∥∥(∫ t

0
Y (s) ◦ (a†

δ +�σ )(ds)(x ⊗ e( f ))u
)∥∥∥∥2

=
∥∥∥∥(∫ t

0
(a†

Sx
+�Tx )(ds)(ue( f ))

)∥∥∥∥2
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≤ et
∫ t

0

[‖Ỹ (s)((σ f (s)(x)+ δ(x))⊗ e( f ))u‖2

+ ‖Y (s)((〈 f (s), σ f (s)(x)〉 + 〈 f (s), δ(x)〉)⊗ e( f ))u‖2]ds.

Finally, to prove the continuity of the map t �→ Z(t)(x⊗e( f ))u we remark that
it is possible to define an integral of the form

∫ t2
t1

Y (s)◦(a†
δ+aδ+�σ+IL)(ds)

by adapting the arguments for defining Z(t), and one can similarly prove an
analogue of the inequality (5.44) with the range of integration on the right-
hand side being [t1, t2]. Thus, by the inequality (5.33) satisfied by Y (t) and the
Lifting lemma, we have for 0 ≤ t1 ≤ t2 and x ∈ A, u ∈ h, f ∈ L4

loc the
following:

‖(Z(t1)− Z(t2))(x ⊗ e( f ))u‖2

≤ 2et2C2
t2‖rt2‖2‖�(x)‖2‖e( f )‖2‖u‖2

∫ t2

t1
‖ f̂ (s)‖2(1+ ‖ f (s)‖2)ds,

which proves the continuity of the map t �→ Z(t)(x ⊗ e( f ))u. �

Next, we want to consider the solution of an equation of the E–H type which
in our notation can be written as

Jt = IdA⊗� +
∫ t

0
Js ◦ (a†

δ + aδ +�σ + IL)(ds), 0 ≤ t ≤ t0. (5.45)

Remark 5.4.8 The map-valued Q.S.D.E. (5.45) can also be described in the
coordinatized formalism. Let k0 be separable and let {ei , i ∈ IN } be an ortho-
normal basis of k0, and {e0 := 1, ei : i ∈ IN } be the corresponding basis for
k̂0. Let �(x) ∈ A ⊗ B(k̂0) be written as �(x) =

((
θαβ (x)

))
α,β∈{0}∪IN

, with

respect to the basis {eα : α = {0} ∪ IN }, and where θαβ (x) ∈ A. Then the E-H
type Q.S.D.E. (5.45) is equivalent to the following Q.S.D.E.:

d jt (x) = jt (θαβ (x))d�
β
α, j0(x) = x ⊗ I ;

jt (x)(ue( f )) := Jt (x ⊗ e( f ))u gives the relation between jt and Jt .

Now we are ready to prove the main result of this section.

Theorem 5.4.9 (see also [44])

(i) There exists a unique solution Jt of equation (5.45), which is an adapted
regular process mapping A⊗ E(L4

loc) into A⊗ �. Furthermore, one has
an estimate

sup
0≤t≤t0

||Jt (x ⊗ e( f ))u|| ≤ C ′( f )||(x ⊗ 1� f (k′))E f
t0 u||, (5.46)

where f ∈ L4
loc, k′ = L2([0, t0], k′0), E f

t ∈ B(h, h ⊗ � f (k′)), C ′( f ) is a
constant and � f (k′) is the full Fock space over k′.
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(ii) Setting jt (x)(ue(g)) = Jt (x ⊗ e(g))u, we have

(a) 〈 jt (x)ue(g), jt (y)ve( f )〉=〈ue(g), jt (x∗y)ve( f )〉 for all g, f ∈ L4
loc,

and
(b) jt extends uniquely to a normal ∗-homomorphism from A into A ⊗

B(�).

(iii) If A is commutative, then the algebra generated by { jt (x) : x ∈ A, 0 ≤
t ≤ t0} is commutative.

(iv) jt (1) = 1 for all t ∈ [0, t0] if and only if �∗� = 1h⊗k0 .

Proof:
(i) We write for � ⊆ [0,∞), M(�) ≡ aδ(�) + a†

δ (�) + �σ (�) + IL(�),

and set up an iteration by

J (n+1)
t (x⊗e( f )) =

∫ t

0
J (n)

s ◦M(ds)(x⊗e( f )), J (0)
t (x⊗e( f )) = x⊗e( f ),

with x ∈ A and f ∈ L4
loc fixed. Since J (1)

t = M([0, t]), J (1)
t it satisfies the

following estimate (by the definition of M(�), estimate (5.18) and Lemma
5.4.6(iii)):

‖J (1)
t (x ⊗ e( f ))u‖2

≤ 2et0‖e( f )‖2
∫ t

0
ds‖�(x)(u ⊗ f̂ (s))‖2‖ f̂ (s)‖2

≤ 2‖e( f )‖2et0
∫ t

0
ds‖ f̂ (s)‖2‖(x ⊗ 1k′0)D(u ⊗ f̂ (s))‖2.

For the given f , define E (1)
t : h → h⊗k′ by (E (1)

t u)(s) = D(u⊗ f̂ (s)|| f̂t (s)||),
where f̂t (s) = χ[0,t](s) f̂ (s). Then the above estimate reduces to

‖J (1)
t (x ⊗ e( f ))u‖2 ≤ 2‖e( f )‖2et0‖(x ⊗ 1k′)E (1)

t u‖2. (5.47)

It is also possible to see from the definition of E (1)
t that

‖(x ⊗ 1k′)E (1)
t u‖2 ≤ ‖(x ⊗ 1k′)E (1)

t0 u‖2

whenever t0 ≥ t. This shows that (J (1)
t ) is indeed adapted regular process, so

that
∫ t

0 J (1)
s ◦ M(ds) is well-defined.

Now, an application of the Lifting lemma leads to

‖ Ĵ (1)
t (X ⊗ e( f ))u‖2 ≤ 2‖e( f )‖2et0‖(X ⊗ 1k′)E (1)

t u‖2,

for X ∈ A⊗ k̂0, where as before, Ĵ (1)
t = J (1)

t ⊕ J̃ (1)
t . As an induction hypoth-

esis, assume that J (n)
t is an adapted regular process satisfying the estimate

‖J (n)
t (x ⊗ e( f ))u‖2 ≤ Cn‖e( f )‖2‖(x ⊗ 1k′⊗n )E (n)

t u‖2,
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where C = 2et0 and the map E (n)
t : h → h ⊗ k′⊗

n
is defined by,

(E(n)
t u)(s1, s2, · · · , sn) = (D⊗ 1

k′⊗n−1 )Pn{(E(n−1)
s1 u)(s2, · · · , sn)⊗ f̂ (s1)‖ f̂t (s1)‖}.

Here, Pn : h⊗k′0
⊗(n−1)⊗ k̂0 → h⊗ k̂0⊗k′0

⊗(n−1)
is the (unitary) operator which

interchanges the second and third tensor components and E (0)
t := 1h . Then it

follows from the Theorem 5.4.7 that J (n+1)
t is an adapted regular process and

moreover, by (5.44) we have the following inequality

‖J (n+1)
t (x ⊗ e( f ))u‖2

≤ 2et
∫ t

0
exp(‖ f s‖2)(1+ ‖ f (s)‖2)‖ Ĵ (n)

s (� f̂ (s)(x)⊗ e( fs))u‖2ds.

By the induction hypothesis and the Lifting lemma, it follows that∫ t

0
‖e( f s)‖2(1+ ‖ f̂ (s)‖2)‖ Ĵ (n)

s (� f̂ (s)(x)⊗ e( fs))u‖2ds

≤ Cn‖e( f )‖2
∫ t

0
‖ f̂ (s)‖2‖(� f̂ (s)(x)⊗ 1k′⊗n )E (n)

s u‖2ds.

Applying (5.43) to the right-hand side of the above inequality, we get the
required estimate for J (n+1)

t , thereby proving the induction hypothesis for n+1.
Thus, if we put Jt =∑∞

n=0 J (n)
t , then

‖Jt (x ⊗ e( f ))u‖ ≤
∞∑

n=0

‖J (n)
t (x ⊗ e( f ))u‖

≤ ‖e( f )‖
∞∑

n=0

C
n
2 (n!)− 1

4 ‖(x ⊗ 1k̂⊗n )(n!) 1
4 E (n)

t u‖

≤ ‖e( f )‖
( ∞∑

n=0

Cn
√

n!

) 1
2

‖(x ⊗ 1� f (k′))E f
t u‖, (5.48)

where we have set E f
t : h → h ⊗ � f (k̂) by

E f
t u = ⊕∞n=0(n!)

1
4 E (n)

t u.

We observe that

‖E f
t u‖2 =

∞∑
n=0

(n!) 1
2 ‖E (n)

t u‖2

≤ ‖u‖2
∞∑

n=0

(n!) 1
2 ‖D‖2n

⎧⎪⎨⎪⎩
∫

0<sn<sn−1<···s1<t

dsn · · · ds1‖ f̂ (sn)‖4 · · · ‖ f̂ (s1)‖4

⎫⎪⎬⎪⎭
= ‖u‖2

∞∑
n=0

(n!)− 1
2 ‖D‖2nµ f (t)n,
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where µ f (t) =
∫ t

0 ‖ f̂ (s)‖4ds. The estimate (5.48) proves the existence of
the solution of equation (5.45), as well as its continuity relative to the strong
operator topology in B(h).

For showing the uniqueness of the solution of (5.45), suppose that J ′t is
another adapted regular map-valued process satisfying (5.45). Then !t :=
Jt − J ′t is also an adapted regular process and

!t =
∫ t

0
!s ◦ M(ds).

By the definition of regularity, for fixed t0 and f ∈ L4
loc, we can choose a

Hilbert space H1, a positive constant c and bounded operator r1 : h → h⊗H1

(depending on t0 and f ) such that

‖!t (x ⊗ e( f ))u‖ ≤ c‖e( f )‖‖(x ⊗ 1H1)r1u‖
for all t ≤ t0, u ∈ h and x ∈ A. Now, by repeated application of (5.44) of
Theorem 5.4.7 along with the Lifting lemma, for any positive integer n we get
the following:

‖!t (x ⊗ e( f ))u‖2

≤ 2et
∫ t

0
(1+ ‖ f (s)‖2)‖!̂s(� f̂ (s)(x)⊗ e( f ))u‖2ds

≤ (2et )2
∫ t

0
‖ f̂ (s)‖2

∫ s

0
‖ f̂ (w)‖2‖ ˆ̂!w((� f̂ (w) ⊗ Idk̂0

) ◦� f̂ (s)(x)⊗ e( f ))u‖2dwds

≤ (c‖e( f )‖ ‖r1‖ ‖u‖ ‖x‖)2 (2et‖�‖2µ f (t))n

n! ,

where we have denoted by ˆ̂!w the map (!w ⊗ Id
k̂0
⊗2 ) ◦ P ,

P : A ⊗ k̂0
⊗2

⊗ � → A ⊗ � ⊗ k̂0
⊗2

being the unitary which interchanges
the second and third tensor components. Since the left-hand side of the above
inequality is independent of n, while the right-hand side goes to 0 as n →∞,
we conclude that ‖!t (x ⊗ e( f )u‖ = 0, which completes the proof of the
uniqueness.

(ii) First we prove the following identity:

〈Jt (x ⊗ e( f ))u, Jt (y ⊗ e(g))v〉 = 〈ue( f ), Jt (x∗y ⊗ e(g))v〉. (5.49)

For this it is convenient to lift the maps Jt to the module A ⊗ � f (k̂0) ⊗alg

E(L4
loc), that is, replace A by A ⊗ � f (k̂0). We define Ĵt : A ⊗ � f (k̂0) ⊗alg

E(L4
loc) → A ⊗ � ⊗ � f (k̂0) by Ĵt = (Jt ⊗ Id)P , where P interchanges the

second and third tensor components. Recalling from the discussions following
Theorem 4.2.7 and Section 5.1 that �(x)ζ ∈ B(h, h ⊗ k̂0) for x ∈ A, ζ ∈ k̂0,
we can define �ζ : A → A⊗ k̂0 by �ζ (x) = �(x)ζ , and extend as above to
�̂ζ : A ⊗ � f (k̂0) → A ⊗ � f (k̂0) by setting �̂ζ |A⊗k̂0

⊗n = �ζ ⊗ Id
k̂0
⊗n . By
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the Lifting lemma, both Ĵt and �̂ζ are well defined and enjoy the estimates as
in (i) of the present Theorem 5.4.9 and Lemma 5.4.6 (iii), respectively.

Next, note that for fixed f, g ∈ L4
loc and x, y ∈ A, one can get the following

by using the equation (5.45) for Jt and quantum Itô formula (5.14) and the
structure relation in Lemma 5.4.6 (ii):

〈Jt (x ⊗ e( f ))u, Jt (y ⊗ e(g))v〉
= 〈xu⊗e( f ), yv⊗e(g)〉+

∫ t

0
ds{ Ĵs(� f̂ (s)(x)⊗e( f ))u, Ĵs(y⊗ĝ(s)⊗e(g))v〉

+〈 Ĵs(x ⊗ f̂ (s)⊗ e( f ))u, Ĵs(�ĝ(s)(y)⊗ e(g))v〉
+〈 Ĵs(� f (s)(x)⊗ e( f ))u, Ĵs(�g(s)(y)⊗ e(g))v〉},

(5.50)

where f (s) and g(s) in k0 are identified with 0 ⊕ f (s) and 0 ⊕ g(s) in k̂0,
respectively. We claim that the identity above remains valid even when we
replace x, y by X, Y ∈ A ⊗ � f (k̂0) and �ζ (x),�ζ (y) by �̂ζ (X), �̂ζ (Y ),
respectively, where ζ is one of the vectors f̂ (s), ˆg(s), f (s) and g(s). To see
this, it suffices to observe that in the resulting identity, both left- and right-hand
sides vanish if X ∈ A⊗ k̂0

⊗n

and Y ∈ A⊗ k̂0
⊗m

with m #= n, and then use the
definition of Ĵt and �̂ζ to prove the identity for X, Y ∈ A⊗alg k̂0

⊗m

. Finally,
use Corollary 4.2.9 and strong continuity of Ĵt obtained from the estimate in
(i) to extend the identity from X = ∑ xα ⊗ eα , Y = ∑ yα ⊗ eα (finite sums)
to arbitrary X and Y . Thus one has upon setting

�t (X, Y ) ≡ 〈 Ĵt (X ⊗ e( f ))u, Ĵt (Y ⊗ e(g))v〉 − 〈ue( f ), Ĵt (〈X, Y 〉 ⊗ e(g))v〉
the equation

�t (X, Y )=
∫ t

0
ds{�s(�̂ f̂ (s)(X),Jĝ(s)(Y ))+�s(J f̂ (s)(X), �̂ĝ(s)(Y ))+�s(�̂ f (s)(X), �̂g(s)(Y ))},

(5.51)

where 〈X, Y 〉 is the module inner product in A ⊗ � f (k̂0) and we have set
for ζ, η1, · · · , ηn ∈ k̂0 the map Jζ (x ⊗ η1 · · · ⊗ ηn) = x ⊗ η1 · · · ⊗ ηn ⊗ ζ,

and extend it naturally as a map from A ⊗ � f (k̂0) to itself. It is clear that the
estimates in Lemma 5.4.6 (iii) and Theorem 5.4.9 (i) extend to

‖�̂ζ (X)u‖ ≤ ‖(X ⊗ 1k′0)D(u ⊗ ζ )‖
and

sup
0≤t≤t0

‖ Ĵt (X ⊗ e( f ))u‖ ≤ C ′( f )‖(X ⊗ 1� f (k′))E f
t0 u‖.

From the above estimates and definition of �t , it is clear that

|�t (X, Y )| ≤ ‖u‖‖v‖‖X‖‖Y‖‖Eg
t0‖C ′(g){‖E f

t0‖C ′( f )+ ‖e( f )‖}.
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This implies, by iterating the expression (5.51) a sufficient number of times,
that �t (X, Y ) = 0 which leads to �t (x, y) = 0 for all x, y ∈ A. Since〈

ve(g), jt (x)

( n∑
i=1

ui e( fi )

)〉
= 〈Jt (x∗ ⊗ e(g))v,

∑
ui e( fi )〉

by the above identity, it follows that jt (x) is well defined on h ⊗alg E(L4
loc),

and thus (ii)(a) is proved.
For the proof of (ii)(b), we extend jt (x) linearly to the dense set (say D) of
vectors of the form

∑
i ui e( fi ) (finite sum) with ui ∈ h and fi ∈ L4

loc, and by
the part (ii)(a) of this theorem,〈

jt (x)

(∑
i

ui e( fi )

)
, jt (x)

⎛⎝∑
j

u j e( f j )

⎞⎠〉 =∑
i, j

〈ui e( fi ), jt (x∗x)u j e( f j )〉,

thereby showing the positivity of the map jt . For ψ ∈ D, it follows by (ii)(a)
that

‖ jt (1)ψ‖2 = 〈ψ, jt (1)ψ〉 ≤ ‖ψ‖‖ jt (1)ψ‖,
or equivalently

‖ jt (1)ψ‖(‖ψ‖ − ‖ jt (1)ψ‖) ≥ 0,

which implies that ‖ jt (1)ψ‖ ≤ ‖ψ‖ for all ψ belonging to the dense domain
ψ . So jt (1) extends to a bounded operator with ‖ jt (1)‖ ≤ 1. Now by the
positivity of the map jt and the fact that ‖x‖21− x∗x ≥ 0 for every x ∈ A, we
get that

‖ jt (x)ψ‖2 = 〈ψ, jt (x∗x)ψ〉
≤ ‖x‖2〈ψ, jt (1)ψ〉 ≤ ‖x‖2‖ψ‖‖ jt (1)ψ‖ ≤ ‖x‖2‖ψ‖2,

proving that jt (x) is bounded on the dense domain D and therefore admits a
bounded extension on whole of h ⊗ �. Denoting the extension by the same
notation, we get from the relation (ii)(a) the homomorphism property of the
map jt and also the bound ‖ jt (x)‖ ≤ ‖x‖ for all x ∈ A. Similarly, one can
prove that jt is a ∗-preserving map. To prove that jt is normal, let us first
observe that by (5.46), the map A � x �→ jt (x)ue( f ) ∈ h ⊗ � (where u ∈ h
and f ∈ L4

loc are fixed) is continuous with respect to the ultra-strong topology
on A, and hence the continuity of x �→ jt (x)ψ for a fixed ψ ∈ D also follows.
Since jt is a contractive map and D is dense in h ⊗ �, we conclude that x �→
jt (x)ϑ is continuous (with respect to the ultra-strong topology on A) for an
arbitrary vector ϑ ∈ h⊗�, which is equivalent to the normality of jt . We refer
the reader to [100] for the proof of (iii).
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For (iv), we note that jt (1) = 1 for all t if and only if d Jt (1⊗ e( f ))u = 0 for
all u ∈ h, f ∈ L4

loc, and from equation (5.45) and (S1) it is clear that this can
happen if and only if

0 =
∫ t

0
ds〈ue( f ), Js ◦ (��∗�−I (ds)(ve( f ))〉

=
∫ t

0
ds〈ue( f ), Js(〈 f (s), (�∗� − I ) f (s)〉 ⊗ e( f ))v〉

for all t , since π(1)δ = δ. But this is possible if and only if

〈ζ, (�∗� − I )ζ 〉 = 0 for all ζ ∈ k0,

which is equivalent to �∗� = I . �



6
Dilation of quantum dynamical semigroups

with bounded generator

We begin with a definition of dilation of a quantum dynamical semigroup
(Q.D.S.) (not necessarily with bounded generator) before we proceed to con-
struct such a dilation for Q.D.S. with a bounded generator. Most of the material
presented in this chapter can be found in [30], [60] and [62].

Definition 6.0.1 A Hudson–Parthasarathy (H–P) dilation of a Q.D.S. (Tt )t≥0

on a C∗ or von Neumann algebra A ⊆ B(h) is given by a family (Ut )t≥0 of
unitary operators acting on h ⊗ �(L2(R+, k0)), where k0 is a Hilbert space
(called the noise or multiplicity space for the dilation), such that the following
holds

(i) Ut satisfies a Q.S.D.E. of the form

dUt = Ut (aR(dt)+ a†
S(dt)+�T (dt)+ Adt), U0 = I,

for some (possibly unbounded) operators R, S, T, A, with the initial
condition U0 = I.

(ii) For all u, v ∈ h, x ∈ A,

〈ve(0),Ut (x ⊗ I )U∗
t ue(0)〉 = 〈v, Tt (x)u〉.

Definition 6.0.2 An Evans–Hudson (E–H) dilation of a Q.D.S. (Tt )t≥0 on a
C∗ or von Neumann algebra A ∈ B(h) is given by a family ( jt )t≥0 of
∗-homomorphisms (normal in case A is a von Neumann algebra) from A into
the von Neumann algebra A′′ ⊗B(�(L2(R+, k0))), where k0 is a Hilbert space
(called the noise or multiplicity space for the dilation), such that we have the
following.

147
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(i) There exists an ultra-weak dense ∗-subalgebra A0 of A such that the map-
valued process Jt : A⊗algE(L2(R+, k0))→ A′′⊗�(L2(R+, k0)) defined
by Jt (x ⊗ e( f ))u := jt (x)(ue( f )) for x ∈ A, u ∈ h, f ∈ L2(R+, k0),

satisfies a map-valued Q.S.D.E. of the form

d Jt = Jt ◦
(

aδ(dt)+ a†
δ (dt)+�σ (dt)+ IL(dt)

)
, J0 = Id;

on A0 ⊗ E(C), where δ : A0 → A⊗ k0, σ : A0 → A⊗ B(k0) are linear
maps and where L is the generator of (Tt ), with A0 ⊆ Dom(L).

(ii) For all u, v ∈ h, x ∈ A,

〈ve(0), jt (x)ue(0)〉 = 〈v, Tt (x)u〉.
Remark 6.0.3 The map-valued Q.S.D.E. in the condition (i) of the above defi-
nition should be understood to imply that the integral

∫ t
0 Js ◦ (aδ + a†

δ +�σ +
IL)(ds) can be defined and it is equal to Jt − Id. It must be noted that when
A0 is strictly smaller than A and the maps (L, δ, σ ) are not bounded, the def-
inition of such a map-valued integral has not yet been given, since the theory
of map-valued integrals in the previous chapter was built under the assump-
tion of boundedness of the coefficients and regularity of the integrands. The
purpose of allowing a class of maps in the above definition, more general than
necessary for the present chapter, is to cover the more general framework of
map-valued Q.S.D.E. to be considered in Chapter 8, where we shall obtain
E–H dilation for a class of Q.D.S. with unbounded generator.

The phrase quantum stochastic dilation (or simply dilation) will be used to
mean one of above two kinds of dilation.

Let us now consider a Q.D.S. (Tt ) on a unital von Neumann algebra A ⊆
B(h) and consider the problem of its quantum stochastic dilation. We remark
that without loss of generality we may assume Tt to be conservative, since the
case of a nonconservative Tt can be reduced to that of a conservative one by
replacing the original algebra A by the bigger algebra A⊕ C and replacing Tt

by an appropriate extension of given by T̃t (x⊕c) ≡ (Tt (x)+c.(1−Tt (1)))⊕c.
It is clear that T̃t is a conservative quantum dynamical semigroup on A⊕C with
the generator L̃ given by L̃(x ⊕ c) = (L(x)− cL(1))⊕ 0, for x in the domain
Dom(L) ⊆ A of the generator L of Tt , provided that 1 is also in Dom(L).

Let us assume in this chapter that Tt is uniformly continuous, or equivalently,
L is norm-bounded. In this chapter, at first a H–P dilation Ut is constructed in
h ⊗ � ≡ h ⊗ �(L2(R+, k0)) for a suitable multiplicity space k0. However,
j0
t (x) := Ut (x ⊗ I )U∗

t in general will not satisfy a flow equation of the E–H
type. It is shown that there exists a suitable choice of a partial isometry in
h⊗k0 such that the E–H type of flow equation can be implemented by a partial
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isometry-valued process in h ⊗ �. It should be mentioned here that in [73]
an E–H-type dilation was achieved with A = B(h) for a countably infinite
dimensional h only.

6.1 Hudson–Parthasarathy (H–P) dilation

Let (ρ,K, α, H, R) be a quintuple associated with Tt obtained from Theorem
3.1.8 and (k1, �1) be the pair for the representation ρ as in the Proposition
2.1.7. Denote the projection �1�

∗
1 by P1. Now set R̃ = �1 R, R̃ ∈ B(h, h⊗k1)

so that R̃∗ = R∗�∗
1 and we have

R̃∗(x ⊗ 1k1)R̃ = R∗�∗
1 (x ⊗ 1k1)�1 R = R∗ρ(x)R.

Also,
R̃∗ R̃ = R∗�∗

1�1 R = R∗R, as �∗
1�1 = 1K.

Now, we take the unitary process Ut which satisfies the following Q.S.D.E. (as
in Section 3.1)

dUt = Ut

(
a†

R̃
(dt)− aR̃(dt)+

(
i H − 1

2
R̃∗ R̃
)

dt
)
, U0 = I. (6.1)

Let �̃ denote �(L2(R+, k1)). Taking j0
t (x) = Ut (x ⊗ 1�̃)U

∗
t , we see that for

each t, j0
t (·) is a ∗-homomorphism. We now claim that 〈ve(0), j0

t (x)ue(0)〉 =
〈v, Tt (x)u〉. To prove this, it is enough to show that

〈ve(0),
d
dt

j0
t (x)(ue(0))〉 = 〈v, Tt (L(x))u〉,

and this follows from the quantum Itô formula for right integrals, as mentioned
in Remark 5.2.10. Indeed, we have,

〈U∗
t (ve(0)), (x ⊗ 1�̃)U

∗
t (ue(0))〉 =

t∫
0

ds〈ve(0), j0
s (L(x))(ue(0))〉,

where

L(x) = R∗ρ(x)R − 1
2

R∗Rx − 1
2

x R∗R + i[H, x]

= R̃∗(x ⊗ 1k1)R̃ − 1
2

R̃∗ R̃x − 1
2

x R̃∗ R̃ + i[H, x].
Thus, if we denote by IE0 the vacuum expectation map which takes an ele-
ment G of B(h ⊗ �̃) to an element IE0G in B(h) satisfying 〈v, (IE0G)u〉 =
〈ve(0), G(ue(0))〉 (for u, v ∈ h), then

d
dt

IE0 j0
t (x) = IE0 j0

t (L(x)),

which implies that IE0 j0
t (x) = Tt (x), since L is bounded.
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A simple calculation using the quantum Itô formula and equation (6.1) shows
that

d j0
t (x) = Ut [a†

α(x)(dt)− aα(x)(dt)+ L(x)dt]U∗
t , (6.2)

where α(x) = R̃x − (x ⊗ 1k1)R̃ = �1[Rx − ρ(x)R], for x ∈ A. In general,
α(x) may not be in A⊗k1 and therefore the equation (6.2) is not a flow equation
of the E–H type. However, in case A = B(h), it is trivially a flow equation.

6.2 Existence of structure maps and Evans–Hudson (E–H) dilation of Tt

In the context of the Theorem 3.1.8 and the Proposition 2.1.7, it should be noted
that in general K need not be of the form h ⊗ k′ and neither ρ nor α need be
structure maps as defined in Chapter 5, that is, ρ need not be in A⊗ B(k′) nor
α(x) be in A⊗k′. However, the following theorem asserts that one can ‘rotate’
the whole structure appropriately so that the ‘rotated’ ρ and α (denoted π and
δ, respectively) become structure maps without changing L (see also [102]).

Theorem 6.2.1 Let Tt be a conservative norm-continuous Q.D.S. with genera-
tor L. Then there exist a Hilbert space k0, a normal ∗-representation π : A→
A ⊗ B(k0) and a π -derivation δ of A into A ⊗ k0 such that the hypotheses
(S1)–(S3) in Chapter 5 are satisfied.

Proof:

(i) Let (ρ,K, α, H, R) be a quintuple for Tt as in Theorem 3.1.8. We define
a map ρ′ : A′ → B(K), where A′ denotes the commutant of A in B(h),
by

ρ′(a)(α(x)u) = α(x) au, x ∈ A, u ∈ h, a ∈ A′, (6.3)

and extend it linearly to the algebraic span of D ≡ {α(x)u : u ∈ h,
x ∈ A}.
To show that it is well defined, we need to show that whenever∑m

i=1 α(xi )ui = 0 for xi ∈A, ui ∈ h, one has ρ′(a)
(∑m

i=1 α(xi )ui
) = 0.

Since
α(xi )

∗α(y) = L(x∗i y)− L(x∗i )y − x∗i L(y) ∈ A

for y ∈ A, we have for a ∈ A′,〈
ρ′(a)

( m∑
i=1

α(xi )ui

)
, α(y)v

〉

=
m∑

i=1

〈α(xi )aui , α(y)v〉 =
m∑

i=1

〈ui , a∗α(xi )
∗α(y)v〉



6.2 Existence of structure maps and E–H dilation of Tt 151

=
m∑

i=1

〈ui , α(xi )
∗α(y)a∗v〉 =

〈 m∑
i=1

α(xi )ui , α(y)a∗v
〉
, (6.4)

thereby proving that ρ′ is well defined. A similar computation gives∥∥∥∥∥ρ′(a)
( m∑

i=1

α(xi )ui

)∥∥∥∥∥
2

=
m∑

i=1

m∑
j=1

〈ui , α(xi )
∗α(x j )a∗au j 〉. (6.5)

Denoting the operator α(xi )
∗α(x j ) by Ai j , and noting that A ≡

((Ai j ))i, j=1,...m acts as a positive operator on h ⊕ · · · ⊕ h︸ ︷︷ ︸
m copies

, which com-

mutes with the positive operator C ⊗ Im , where C = ‖a‖2. 1 − a∗a and
Im denotes the identity matrix of order m, we observe that A(C ⊗ Im) is
also a positive operator. Thus, considering the vector u1⊕u2⊕· · ·⊕um ∈
h ⊕ . . .⊕ h︸ ︷︷ ︸

m copies

, the right-hand side of (6.5) can be estimated as:

m∑
i=1

m∑
j=1

〈ui , α(xi )
∗α(x j )a∗au j 〉

≤ ‖a‖2
m∑

i=1

m∑
j=1

〈ui , α(xi )
∗α(x j )u j 〉

=
∥∥∥∥∥

m∑
i=1

α(xi )ui

∥∥∥∥∥
2

‖a‖2,

proving that ρ′(a) extends to a bounded operator on K satisfying
||ρ′(a)|| ≤ ||a|| since D is total in K. It can be observed from the def-
inition of ρ′ and (6.4) that it is a unital ∗-representation of A′ in K. Next
we show that ρ′ is normal. For this, take a net {aν} such that 0 ≤ aν ↑ a
where aν, a ∈ A′. It is clear from the definition of ρ′ that ρ′(aν)α(x)u →
ρ′(a)α(x)u for all x ∈ A, u ∈ h, and thus, ρ′(aν)

s
→ρ′(a) on K by totality

of D in K and since ‖ρ ′(aν)‖ ≤ ‖aν‖ ≤ ||a|| for all ν.

(ii) By (i), ρ′ : A′ → B(K) is a unital normal ∗-representation. By Proposi-
tion 2.1.7, there exist a Hilbert space k2, an isometry �2 : K → h ⊗ k2

with K2 = Ran�2
∼= K such that

ρ′(a) = �∗
2 (a ⊗ 1k2)�2, (6.6)

and for all a ∈ A′, a ⊗ 1k2 commutes with P2 ≡ �2�
∗
2 . Let us now take

δ̃(x) = �2α(x), π̃(x) = �2ρ(x)�∗
2 .
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It is clear that δ̃ is a π̃-derivation. Moreover,

δ̃(x∗)∗δ̃(y) = α(x∗)∗�∗
2�2α(y) = α(x∗)∗α(y),

and hence

L(xy)− xL(y)− L(x)y = δ̃(x∗)∗δ̃(y).

Taking R̃ = �2 R ∈ B(h, h ⊗ k2), we observe that

δ̃(x) = �2α(x) = �2(Rx − ρ(x)R) = R̃x − π̃(x)R̃.

It is also clear that

L(x) = R̃∗π̃(x)R̃ − 1
2

R̃∗ R̃x − 1
2

x R̃∗ R̃ + i[H, x]

= R∗ρ(x)R − 1
2

R∗Rx − 1
2

x R∗R + i[H, x].

To show that δ̃(x) ∈ A⊗k2 for all x ∈ A, it is enough (by Lemma 4.2.10)
to verify that for any f ∈ k2, 〈 f, δ̃(x)〉 ∈ A, or equivalently that 〈 f, δ̃(x)〉
commutes with all a ∈ A′. For f ∈ k2, a ∈ A′, u, v ∈ h, x ∈ A, since
P2 and (a ⊗ 1k2) commute,we have,

〈〈 f, δ̃(x)〉au, v〉 = 〈δ̃(x)au, v ⊗ f 〉 = 〈�2α(x)au, v ⊗ f 〉
= 〈�2ρ

′(a)(α(x)u), v ⊗ f 〉 = 〈�2�
∗
2 (a ⊗ 1k2)�2α(x)u, v ⊗ f 〉

= 〈P2(a ⊗ 1k2)�2α(x)u, v ⊗ f 〉 = 〈(a ⊗ 1k2)�2�
∗
2�2α(x)u, v ⊗ f 〉

= 〈�2α(x)u, (a∗v)⊗ f 〉 = 〈〈 f, δ̃(x)〉u, a∗v〉 = 〈a〈 f, δ̃(x)〉u, v〉.

Next, we want to show that π̃(x) ∈ A ⊗ B(k2) for x ∈ A; and for this it
is enough to verify π̃(x)(a ⊗ 1k2) = (a ⊗ 1k2)π̃(x) for all a ∈ A′. Since
�∗

2 (1− P2) = 0 and P2 commutes with (a ⊗ 1k2), it is clear that

π̃(x)(a ⊗ 1k2)(1− P2) = �2ρ(x)�∗
2 (1− P2)(a ⊗ 1k2)

= 0 = (a ⊗ 1k2)π̃(x)(1− P2).

Thus, it suffices to verify that

π̃(x)(a ⊗ 1k2)P2 = (a ⊗ 1k2)π̃(x)P2,

or equivalently ( since �2D is total in K2) that

π̃(x)(a ⊗ 1k2)�2α(y)u = (a ⊗ 1k2)π̃(x)�2α(y)u,
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for all y ∈ A, u ∈ h. For this, observe that since a ∈ A′,

π̃(x)(a ⊗ 1k2 )�2α(y)u = �2ρ(x)�∗
2 (a ⊗ 1k2 )�2α(y)u = �2ρ(x)ρ′(a)α(y)u

= �2ρ(x)α(y)au = �2α(xy)au −�2α(x)yau = �2ρ
′(a)(α(xy)− α(x)y)u

= �2ρ
′(a)ρ(x)α(y)u = �2�

∗
2 (a ⊗ 1k2 )�2ρ(x)�∗

2 (�2α(y)u)

= P2(a ⊗ 1k2 )π̃(x)(�2α(y)u) = (a ⊗ 1k2 )π̃(x)(�2α(y)u).

(iii) Recall that by the Proposition 2.1.7, we can write ρ as ρ(x) = �∗
1 (x ⊗

1k1)�1 as in the previous section. It follows that π̃(x) = �2�
∗
1 (x ⊗

1k1)�1�
∗
2 ≡ �̃∗(x ⊗ 1k1)�̃ on h ⊗ k2 so that �̃ is a partial isometry

with initial set P2(h⊗ k2) and final set P1(h⊗ k1), where Pj ( j = 1, 2) =
� j�

∗
j . Now set k0 = k1 ⊕ k2 and � = 0 ⊕ �̃ : h ⊗ k0 → h ⊗ k0

with initial set (0 ⊕ P2)(h ⊗ k0) and final set (P1 ⊕ 0)(h ⊗ k0) and
π(x) = 0 ⊕ π̃(x), δ(x)u = δ̃(x)u for x ∈ A, u ∈ h. It is clear that
δ(x) ∈ A⊗ k0, π(x) ∈ A⊗ B(k0) and (S1)–(S3) are satisfied. �

Remark 6.2.2 Although ρ was assumed to be unital, π chosen by us is not
unital. However, in some cases it may be possible to choose �, k0 in such a
manner that π is unital.

We summarize the main result of this section in form of the following theorem.

Theorem 6.2.3 Let (Tt )t≥0 be a conservative norm-continuous Q.D.S. with L
as its generator. Then there is a flow Jt : A ⊗ E(C) → A ⊗ � satisfying
an E–H type Q.S.D.E. (5.45) with structure maps (L, δ, σ ) satisfying (S1)–
(S3) of subsection 5.4.2, where � ≡ �(L2(R+, k0)) and C consists of bounded
continuous functions in L2(R+, k0), such that jt (x) defined in Theorem 5.4.9 is
a ( not necessarily unital) ∗-homomorphism of A into A⊗B(�) and IE0 jt (x) =
Tt (x) for all x ∈ A.

Proof:
The proof is immediate by (i) observing the existence of structure maps δ and
σ satisfying (S1), (S2) from Theorem 6.2.1, (ii) observing that L satisfies (S3),
and finally (iii) constructing the solution Jt of equation (5.45) with structure
maps (L, δ, σ ) as in Theorem 5.4.9. That IE0 jt (x) = Tt (x) for all x ∈ A
follows from the Q.S.D.E. (5.45). �

Remark 6.2.4 It may be observed from the proof of Theorem 6.2.1 that the
Hilbert space k0 in the statement of Theorem 6.2.1 can be chosen to be sepa-
rable if the initial Hilbert space h is separable. In such a case, if we choose
an orthonormal basis {e j } in k0, then the estimate for δ in (S2) is precisely the
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coordinate-free form of the condition

∞∑
i=0

||θ i
0(x)u||2 ≤

∑
i∈I0

||x Di
0u||2,

with
∑

i∈I0
||Di

0u||2 ≤ α0||u||2 as in [94], [91], where I0 is a countable index
set. The similar conditions on θ i

j ( j #= 0) as in [94] are trivially satisfied by((
θk

j
))∞

k, j=1 ≡ σ and for θ0
0 ≡ L as can be seen from (S1) and (S3). It may also

be noted that jt satisfies the E–H equation d jt (x) = ∑i, j jt (θ i
j (x))d�

j
i (t),

with j0 = Id, in the coordinatized form with the appropriate choices of θ i
j ’s in

terms of L, δ and σ as above. The flow equation (5.45) is in fact a coordinate-
free modification of the coordinatized E–H equation given above.

6.3 A duality property

In the previous section, starting with a ∗-homomorphism ρ of A and
ρ-derivation α, we constructed a ∗-homomorphism ρ′ of A′ which satisfies
ρ′(a)α(x) = α(x)a for all a ∈ A′, x ∈ A. Let us now observe that ρ(x)
and ρ′(a) commute for each x ∈ A and a ∈ A′. Due to the totality of vec-
tors of the form α(y)u, y ∈ A, u ∈ h in K, it is enough to verify that
ρ′(a)ρ(x)α(y) = ρ(x)ρ′(a)α(y). But we have

ρ′(a)ρ(x)α(y) = ρ′(a)α(xy)− ρ′(a)α(x)y = α(xy)a − α(x)ay

= (α(xy)− α(x)y)a = ρ(x)α(y)a = ρ(x)ρ ′(a)α(y).

Denote by Eρ and Eρ′ respectively the spaces of intertwiners of ρ and ρ′, that
is,

Eρ ≡ {L ∈ B(h,K) : Lx = ρ(x)L for all x ∈ A},
Eρ′ ≡ {S ∈ B(h,K) : Sa = ρ′(a)S for all a ∈ A′}.

Clearly, Eρ is a Hilbert von Neumann A′-module and Eρ′ is a Hilbert von Neu-
mann A-module. The right module actions are given by (L , a) �→ La and
(S, x) �→ Sx for a ∈ A′ and x ∈ A, respectively. Furthermore, it may be
observed that inner products of Eρ and Eρ′ , inherited from that of B(h,K),
take values in A′ and A respectively. To see this, note that for all x ∈ A and
L , M ∈ Eρ, we have 〈L , M〉x = L∗Mx = L∗ρ(x)M = x L∗M =
x〈L , M〉; and similarly for all a ∈ A′, S, T ∈ Eρ′ , 〈S, T 〉a = a〈S, T 〉.

Clearly, α(x) ∈ Eρ′ for all x ∈ A, and hence there is an implementer R of
α which belongs to Eρ′ , since such an R can be chosen from the ultra-weak
closure of {α(x)y : x, y ∈ A}. Now, choose and fix any L from Eρ and a
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self-adjoint element H ′ ∈ A′. Consider the ρ′-derivation given by βL(a) ≡
La − ρ′(a)L and the CCP map given by L′(L ,H ′)(a) = L∗ρ′(a)L − 1

2 L∗La −
1
2 aL∗L + i[H ′, a]. Since ρ′(a) and ρ(x) commute for all a ∈ A′ and x ∈
A, it is clear that βL(a) ∈ Eρ for all a ∈ A′. Furthermore, L∗ρ′(a)Lx =
L∗ρ′(a)ρ(x)L = L∗ρ(x)ρ′(a)L = x L∗ρ′(a)L for x ∈ A, a ∈ A′, which
shows that L∗ρ′(a)L ∈ A′, and hence the range of the map L′(L ,H ′) is in A′.
Thus, given the semigroup Tt ≡ etL on A, we are able to construct a family
of semigroups T ′(L ,H ′)

t ≡ etL′
(L ,H ′) on A′, indexed by L , H ′, such that each

member of this family is ‘conjugate’ or ‘dual’ to Tt in some suitable sense. To
make this precise, let us make the following definition.

Definition 6.3.1 A pair of uniformly continuous Q.D.S. (St , S′t ) on A and A′,
respectively, are said to be conjugate to each other if there exist a Hilbert space
K, ∗-homomorphisms η of A and η′ of A′ into B(K), an η-derivation β of A
and η′- derivation β ′ of A′ into B(h,K) and self-adjoint elements K ∈ A,

K ′ ∈ A′ such that the following holds.

(i) η(x) and η′(a) commute for each x ∈ A and a ∈ A′.

(ii) There exist W, W ′ ∈ B(h,K) such that for all x ∈ A and a ∈ A′, we have

β(x) = W x − η(x)W, β ′(a) = W ′a − η′(a)W ′,

Wa = η′(a)W, and W ′x = η(x)W ′.

(iii) The generators LS and LS′ of St and S′t (respectively) have the forms

LS(x) = W ∗η(x)W − 1
2

W ∗W x − 1
2

xW ∗W + i[K , x],
and

LS′(a) = W ′∗η′(a)W ′ − 1
2

W ′∗W ′a − 1
2

aW ′∗W ′ + i[K ′, a].

It is clear that Tt and T ′(L ,H ′)
t are conjugate to each other for any L , H ′ accord-

ing to the above definition. Note that in this definition, we do not require that
either of the sets {β(x)u : x ∈ A, u ∈ h} and {β ′(a)u : a ∈ A′, u ∈ h} is
total in K. In fact, in the present context, there need not be any L ∈ Eρ such
that {βL(a)u : a ∈ A′, u ∈ h} is total in K. For example, if A = B(h), then
A′ is isomorphic to C, and hence for any L , βL will be identically zero. How-
ever, if A′ is not too small compared to A, one may expect that for some L , the
above-mentioned sets may be total.
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6.4 Appearance of Poisson terms in the dilation

Given the semigroup Tt , we have obtained a quantum stochastic dilation jt
which satisfies E–H-type Q.S.D.E. involving the deterministic (time) integrator
IL(dt) and nondeterministic integrators aδ(dt), a†

δ (dt) and �σ (dt). We shall
now investigate the necessity of the �-coefficient, which we call conservation
or Poisson term. We say that the semigroup Tt is Poisson-free if there exists
an E–H dilation for Tt which has no Poisson term. It is clear that Tt with the
generator L is Poisson-free if and only if it is possible to obtain a triplet of
structure maps (L, δ, σ ) with σ being identically zero. It should be noted here
that there may exist some other E–H dilations for a Poisson-free semigroup Tt

which involves a nonzero Poisson term. We first state and prove a criterion for
Poisson-free nature of a semigroup.

Theorem 6.4.1 Let Tt be a uniformly continuous conservative Q.D.S. on a
unital von Neumann algebra A with the generator L. Denote by Z the center
of A. Let D : A×A×A→ A be the trilinear map introduced in the proof of the
Theorem 3.1.8 of Chapter 3, that is, D(a, b, c) = L(abc)−L(ab)c−aL(bc)+
aL(b)c. Then, the following condition is necessary for Tt to be Poisson-free.
For all x, y ∈ A and z ∈ Z,

D(x∗, z, y) = D(x∗, 1, y)z. (6.7)

Furthermore, when either A or A′ is commutative, then the above condition is
also sufficient for Tt to be Poisson-free.

Proof:
To prove necessity, assume that Tt is Poisson-free. Hence there will exist a
Hilbert space k0 and a (x ⊗ 1k0)-derivation δ ∈ B(A,A ⊗ k0) satisfying the
cocycle identity L(x∗y) = L(x∗)y + x∗L(y) + δ(x)∗δ(y) for all x, y ∈ A.

From this it can be verified that D(a, b, c) = δ(a∗)∗(b ⊗ 1k0)δ(c). But for
x ∈ A, δ(x) ∈ A⊗k0, which implies that δ(x)z = (z⊗1k0)δ(x) for all z ∈ Z.

Hence we have

D(x∗, z, y) = δ(x)∗δ(y)z = D(x∗, 1, y)z.

For the converse (sufficiency) part, recall the notations used in the proof of
the Theorem 6.2.1. Clearly, D(a, b, c) = α(a∗)∗ρ(b)α(c) for all a, b, c ∈ A.

For z ∈ Z and x ∈ A, we have

(α(x)z − ρ(z)α(x))∗(α(x)z − ρ(z)α(x))

= z∗D(x∗, 1, x)z − D(x∗, z∗, x)z − z∗D(x∗, z, x)+ D(x∗, z∗z, x)

= 0,
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using the condition (6.7) and the fact that z and D(x∗, 1, x) commute. This
shows that ρ(z)α(x) = α(x)z. However, since ρ′(z)α(x) = α(x)z, we obtain
that ρ(z) and ρ′(z) agree on the total set of vectors of the form α(x)u, x ∈
A, u ∈ h and hence ρ(z) = ρ′(z) for all z ∈ Z. As in the proof of the Theorem
6.2.1, write ρ′(a) = �2

∗(a⊗1k2)�2, for some Hilbert space k2 and an isometry
�2 : K → h ⊗ k2 such that P2 = �2�2

∗ belongs to A ⊗ B(k2). It has been
shown that δ̃(·) ≡ �2α(·) ∈ A ⊗ k2, π̃(·) ≡ �2ρ(·)�2

∗ ∈ A ⊗ B(k2).

However, in the present situation, ρ(z) = ρ′(z) = �2
∗(z ⊗ 1k2)�2 for all z ∈

Z , and hence we have π̃(z) = (z⊗1k2)P2. Assume now that A is commutative,
that is, A = Z. Since P2δ̃ = δ̃ and δ̃ is a π̃ -derivation, it is clear that δ̃ is
(z⊗1k2)-derivation, which proves the existence of a Poisson-free E–H dilation.

In case when A′ = Z, we choose an isometry �′ : K → h ⊗ k′ for some
Hilbert space k′, such that �′�′∗ ∈ Z ⊗ B(k′), and ρ(x) = �′∗(x ⊗ 1k′)�′.
Then ρ′(z) = �′∗(z ⊗ 1k′)�′ for z ∈ Z = A′, and it follows that �′α(·) is a
(x ⊗ 1k′)-derivation belonging to A⊗ B(k2). This completes the proof in case
when A′ is commutative. �

Let us now investigate the two extreme cases of von Neumann algebras,
namely B(h) and commutative von Neumann algebras.

Corollary 6.4.2 Any uniformly continuous conservative Q.D.S. on B(h) is
Poisson-free. On the other hand, a uniformly continuous conservative Q.D.S.
Tt on a commutative von Neumann algebra is Poisson-free if and only if Tt is
trivial, that is, Tt (x) = x for all x ∈ A.

Proof:
First consider the case A = B(h). Since A′ = Z is isomorphic to C, and
D(x, ., y) is clearly C-linear, the condition (6.7) follows trivially.

Now, consider the case when A is commutative, and hence Z = A. Assume
that (6.7) holds. We claim that this condition forces L to be a derivation. Take
z = y to be a projection in A. By expanding both sides of the condition (6.7),
we have:

L(x∗y)− L(x∗y)y − x∗L(y)+ x∗L(y)y = (L(x∗y)− x∗L(y)− L(x∗)y)y,

or, [L(x∗y)− x∗L(y)](1− y) = [L(x∗y)− x∗L(y)− L(x∗)y]y,
or, [L(x∗y)− x∗L(y)− L(x∗)y](1− y) = [L(x∗y)− x∗L(y)− L(x∗)y]y,
where the last step follows because y(1− y) = 0. But the above implies

[L(x∗y)− L(x∗)y − x∗L(y)](2y − 1) = 0,

which shows (since (2y − 1)2 = 1) L(x∗y) = L(x∗)y + x∗L(y) for all x ∈ A
and all projections y ∈ A. However, the fact that any element of A can be
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approximated in the strong topology by a norm-bounded sequence of elements
from the linear span of the projections in A and that L is continuous in strong
topology on any norm-bounded set imply that L(x∗y) = L(x∗)y + x∗L(y)
for all x, y ∈ A, that is, L is a derivation of A into itself. But for von Neu-
mann algebras, all derivations are inner (see [40]), that is, there is a self-adjoint
H ∈ A such that L(x) = [H, x] for all x ∈ A, which shows that L(x) = 0
since A is commutative. Therefore, Tt (x) = x for all x ∈ A. �

However, the statement of the above corollary for commutative von Neu-
mann algebras does not extend to the case when Tt is not uniformly con-
tinuous, that is, when its generator is unbounded. The simplest example is
provided by the heat semigroup on A ≡ L∞(R). Let w(t), t ≥ 0 denote
the one-dimensional standard Brownian motion defined on the Wiener space
(�,F , IP), where IP denotes the one-dimensional Wiener measure. It is well-
known (see [100]) that L2(IP) is naturally isomorphic with �(L2(R+)). Denot-
ing L2(R) by h, we define a time-indexed family jt of ∗-homomorphisms from
A to A⊗B(�(L2(R+)) ∼= L∞(R)⊗B(L2(IP)) by setting jt (φ) to be the mul-
tiplication by φ(· +w(t)) in L2(R)⊗ L2(IP). Denote furthermore by A(2) the
set of functions φ in L∞(R) which have second-order continuous derivatives
such that φ′ and φ′′ belong to L∞(R). It is then clear that for φ ∈ A(2), jt (φ)
satisfies the stochastic differential equation

d jt (φ) = jt (φ′)dw(t)+ 1
2

jt (φ′′)dt; j0(φ) = φ.

Translating this into the Fock space language and noting that dw(t) corre-
sponds to a(dt)+ a†(dt) (see [100]), we obtain the following E–H flow equa-
tion:

d Jt = Jt ◦ (aδ(dt)+ a†
δ (dt)+ IL(dt)), J0 = Id,

where Jt is defined by Jt (φ⊗e( f ))u = jt (φ)(ue( f )) for u ∈ h, f ∈ L2(R+),
and δ(φ) = φ′, L(φ) = 1

2φ
′′ for φ ∈ A(2). This is clearly a Poisson-free

E–H dilation of the semigroup generated by L. We shall now show that it is
possible to construct a sequence T (n)

t of uniformly continuous Q.D.S. on A
which approximates Tt in a suitable sense and T (n)

t admits an E–H dilation
j (n)t such that the Poisson or �-term in the flow equation for j (n)t tends to zero
as n →∞ in an appropriate sense.

Let Ln : A→ A be defined by

Ln(φ)(x) = n
2
(φ(x + 1√

n
)+ φ(x − 1√

n
)− 2φ(x)).

Clearly, for φ ∈ A(2), Ln(φ) Converges to L(φ) pointwise (since φ′′ is contin-
uous) and hence by an application of the Dominated Convergence theorem it
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also converges strongly in h. To obtain the structure maps for constructing an
E–H dilation of T (n)

t ≡ etLn , let us consider the unitary operator Tn in B(h)
given by Tn f (x) = f (x + 1√

n ). Let k0 = C2 and Rn ∈ B(h, h ⊗ k0) be the
operator

Rn f = √n/2((Tn − I ) f ⊕ (T ∗
n − I ) f ).

Define a ∗-homomorphism πn of A into A⊗ B(k0) by setting

πn(φ) =
(
TnφT ∗

n 0
0 T ∗

n φTn

)
.

Since it can be observed that TnφT ∗
n is multiplication by φ(·+ 1√

n ) and T ∗
n φTn

is multiplication by φ(· − 1√
n ), it follows that πn ∈ B(A,A ⊗ B(k0)). Now,

define a πn-derivation δn by setting δn(φ) = Rnφ − πn(φ)Rn . Clearly,

δn(φ)(x) =
√

n/2
{
φ

(
x + 1√

n

)
− φ(x), φ

(
x − 1√

n

)
− φ(x)

}
,

which in particular shows that δn(φ) ∈ A⊗ k0. Then we verify that

Ln(φ) = R∗nπn(φ)Rn − 1
2

R∗n Rnφ − 1
2
φR∗n Rn .

Thus, having got the structure maps (Ln, δn, πn − Id), we can construct an E–
H flow j (n)t for T (n)

t . The �-coefficient in this flow equation is πn − Id. It can
be shown that for any continuous function φ in A, πn(φ) − φ converges to 0
strongly in h. If φ is everywhere continuously differentiable with its derivative
in A, then this convergence will take place in the norm of A. In fact, if we
denote by A∞ the set of all smooth functions having the derivatives of all
order in A, then for any fixed φ ∈ A∞, Ln(φ), δn(φ) and πn(φ) converge
respectively to L(φ), δ̃(φ) and π̃(φ) in norm, where δ̃(φ) = 1√

2
(φ′,−φ′) and

π̃(φ) =
(
φ 0
0 φ

)
. For φ in A(2), the above convergence take place strongly

in h.
Let (w1(t), w2(t)), t ≥ 0 be a two-dimensional standard Brownian motion

and IP2 be the measure induced by this process. Then L2(IP2) ∼= �(L2(R+ ⊗
C2)) = �(L2(R+, k0)). Define w̃(t) = 1√

2
(w1(t)− w2(t)). Clearly, w̃(t) is a

one-dimensional standard Brownian motion. If we define a map j̃t : A →
A ⊗ B(�(L2(R+, k0))) ∼= A ⊗ B(L2(IP2)) by j̃t (φ) = multiplication by
φ(· + w̃(t)), then this time-indexed family of ∗-homomorphisms satisfies the
following flow equation:

d j̃t (φ) = 1√
2

j̃t (φ′)(dw1(t)− dw2(t))+ 1
2

j̃t (φ′′)dt, j̃0(φ) = φ;
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where φ ∈ A(2). In the Fock-space language, this becomes the following:

d J̃t = J̃t ◦ (aδ̃ (dt)+ a†
δ̃
(dt)+ IL(dt)), J̃0 = Id,

where J̃t (φ ⊗ e( f ))u := j̃t (φ)(ue( f )) for u ∈ h, f ∈ L2(R+, k0). Thus we
see that although the approximating sequence j (n)t satisfies an E–H equation
with Poisson terms, in the limit the contributions of Poisson terms disappear,
giving a Poisson-free flow equation for j̃t .

6.5 Implementation of E–H flow

Recall the notations of Theorems 6.2.1 and 6.2.3. We have for x ∈ A, π(x) =
�∗(x ⊗ 1k0)� ∈ A ⊗ B(k0), δ(x) = Rx − π(x)R ∈ A ⊗ k0 for a suitable
Hilbert space k0, where R ∈ B(h, h⊗ k0) and � is a partial isometry in h⊗ k0.
Now let us consider the H-P type Q.S.D.E.

dVt = Vt (a
†
R(dt)+��∗−I (dt)−a�R(dt)+(i H− 1

2
R∗R)dt), V0 = I. (6.8)

Then by Theorem 5.3.2, there is a contraction-valued unique solution Vt as a
regular process on h ⊗ �. The following theorem shows that every E–H type
flow Jt satisfying equation (5.45) is actually implemented by a process Vt sat-
isfying equation (6.8).

Theorem 6.5.1 The flow Jt satisfying the equation (5.45) is implemented by a
partial isometry valued process Vt satisfying (6.8) , that is,

Jt (x ⊗ e( f ))u = Vt (x ⊗ 1�)V ∗
t (ue( f )).

Furthermore, the projection-valued processes Pt ≡ Vt V ∗
t and Qt ≡ V ∗

t Vt

belong to A⊗ B(�) and A′ ⊗ B(�), respectively.

The next lemma is preparatory to the proof of the theorem.

Lemma 6.5.2 If B is a von Neumann algebra in B(H) for some Hilbert space
H and p is a projection in B(H) such that B � x �→ pxp is a ∗-homomorphism
of A, then p ∈ B′.

Proof:
Let q be any projection in B. We have by the hypothesis that,

pqp = pqn p = (pqp)n for all n ≥ 1.
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But
(pqp)n =

pqp · pqp . . .︸ ︷︷ ︸
n times

= (pq)n p
s→ (p ∧ q)p = p ∧ q,

by von Neumann’s Alternating projection theorem (see [128]), where
p ∧ q denotes the projection onto Ran(p)∩Ran(q). Thus we have, (qp)∗qp =
pqp = p ∧ q, which implies that qp is a partial isometry with the initial set
Ran(p ∧ q) and hence qp.p ∧ q = qp. But qp.p ∧ q = p ∧ q, and thus
qp = p ∧ q = (p ∧ q)∗ = pq. This completes the proof because B is gener-
ated by its projections. �

Proof of the theorem:
Setting J ′t (x ⊗ e( f ))u = Vt (x ⊗ 1�)V ∗

t (ue( f )) for u ∈ h, f ∈ C, and
using equation (6.8) it can be verified that J ′0 = Id and J ′t satisfies the same
flow equation (5.45) as does Jt with the triple (L, δ, σ ) given earlier. By the
uniqueness of the solution of the initial value problem (5.45) we conclude that
Jt = J ′t . Now, as in the Theorem 5.4.9, if we set jt (x)ue( f ) = Jt (x ⊗ e( f ))u,
it follows that jt (x) = Vt (x ⊗ 1�)V ∗

t and that jt (·) is a ∗-homomorphism of
A. Therefore, Vt (xy ⊗ 1�)V ∗

t = Vt (x ⊗ 1�)Qt (y ⊗ 1�)V ∗
t for x, y ∈ A.

In particular, Pt = jt (1) = Vt V ∗
t is a projection, that is, Vt is a partial

isometry-valued regular process. It also follows from the same identity that
Qt (xy⊗1�)Qt = Qt (x⊗1�)Qt (y⊗1�)Qt , that is, x⊗1� �→ Qt (x⊗1�)Qt

is a ∗-homomorphism of A⊗ 1�. Therefore by the Lemma 6.5.2, Qt ∈ (A⊗
1�)

′ = A′ ⊗ B(�). �

6.6 Dilation on a C∗-algebra

Assume that A is a separable unital C∗-algebra in B(h) and Tt is a uniformly
continuous quantum dynamical semigroup acting on A with the bounded gen-
erator L. Recall the discussions of Hilbert C∗-modules and related topics in
Chapter 4. Let k0 be a separable Hilbert space, and fix an orthonormal basis
{e1, e2, . . .} of k0. We denote the Hilbert modules A⊗C∗ k0 and A⊗C∗ � by F
and W respectively, where � = �(L2(R+, k0)). The C∗ algebras A ⊗ K(k0)

and A ⊗ K(�) will be denoted by F and W respectively. Note that the space
of adjointable linear maps are given by, L(F) =M(F) and L(W ) =M(W),
where M(B) denotes the multiplier algebra of a C∗ algebra B as defined in
Chapter 2. If η ∈ A⊗alg K(k0), say of the form η =∑n

i, j=1 xi j ⊗ |ei 〉〈e j |, we
note that η f ∈ A⊗alg k0 is given by

η f =
n∑

i j=1

〈e j , f 〉xi j ⊗ |ei 〉.
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We observe that for all u ∈ h, ‖η f u‖2 = ∑i ‖x f
i u‖2, where x f

i = ∑ j

〈e j , f 〉xi j ∈ A. On the other hand, taking a = 1⊗| f 〉〈 f |
‖ f ‖2 if f is nonzero and

a = 0 when f = 0, we see that ‖ηa(u ⊗ f )‖2 = ‖ 1
‖ f ‖2

∑
i, j 〈e j , f 〉xi j u ⊗

|ei 〉〈 f, f 〉‖2 = ∑i ‖x f
i u‖2. That is, ‖η f u‖ = ‖(ηa)(u⊗ f )‖ ≤ ‖ηa‖‖u‖‖ f ‖,

and hence ‖η f ‖ ≤ ‖ηa‖‖ f ‖. This shows that given an element η ∈ L(F) =
M(F) and f ∈ k0, if we choose a net η(α) from A ⊗alg K(k0) converging
in the strict topology of the multiplier to η, then η

(α)
f will be a Cauchy net in

norm topology. This shows that η f belongs to F for all f ∈ k0 and η ∈ L(F).
Furthermore, for a bounded linear map σ : A → L(F) and f ∈ k0 we set the
map σ f : A→ F by σ f (x) = σ(x) f .

The next theorem proves the existence of a canonical E–H dilation.

Theorem 6.6.1 Given a uniformly continuous, conservative quantum dynami-
cal semigroup Tt on a separable unital C∗-algebra A with generator L, there
exists a separable Hilbert space k0 and a ∗-homomorphism π : A→ L(F) =
M(F), a π -derivation δ : A → F such that L(x∗y) − L(x∗)y − x∗L(y) =
δ(x)∗δ(y).

Furthermore, we can extend the maps L, δ, π to the universal enveloping
von Neumann algebra Ã of A such that the E-H type Q.S.D.E.

d Jt = Jt ◦ (aδ(dt)+ a†
δ (dt)+�π−Id(dt)+ IL(dt))

with the initial condition J0 ≡ Id admits a unique solution as a map from
Ã ⊗ � to itself. The restriction of Jt on W takes value in W and there is a ∗-
homomorphism jt : A → L(W ) = M(W) satisfying jt (x)(ue( f )) = Jt (x ⊗
e( f ))u for all x ∈ A, u ∈ h̃, f ∈ L2(R+, k0), where h̃ denotes the universal
enveloping GNS space of A.

Proof:
Let us embed A in its universal enveloping GNS space h̃, where the weak clo-
sure of the image of A in h̃ is the universal enveloping von Neumann algebra Ã
of A. We identify A with its embedding inside B(h̃). By the Theorem 3.1.8 and
the Remark 3.1.10, we obtain a Hilbert space K, a ∗-homomorphism ρ : A→
B(K), a ρ-derivation α : A→ B(h̃,K) such that L(x∗y)−L(x∗)y−x∗L(y) =
α(x)∗α(y). Consider the Hilbert A-module E defined as the closure of the alge-
braic linear span of elements of the form α(x)y, where x, y ∈ A, with respect
to the operator norm of B(h̃,K). A acts on E by the usual right multiplication,
and the inner product of E is inherited from that of B(h̃,K), namely, 〈L , M〉 =
L∗M for L , M ∈ E . We note that 〈α(x)y, α(a)b〉 = y∗α(x)∗α(a)b ∈ A
for x, y, a, b ∈ A, and thus E is indeed a Hilbert A-module. We identify ρ

with a left action ρ̂ given by, ρ̂(x)(α(y)) = α(xy) − α(x)y and extending
it A-linearly. Furthermore, since A is separable, E is countably generated as
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a Hilbert A-module. To see this, one can choose any countable total family
{xi } of A and note that E is the closed A-linear span of {α(xi )}. By the Theo-
rem 4.1.10, we obtain a separable Hilbert space k0, an isometric A-linear map
t : E → F which embeds E as a complemented closed submodule of F .
Clearly, by the Theorem 4.1.11, t ρ̂(x)t∗ ∈ L(F). We set δ(x) = t (α(x)) and
π(x) = t ρ̂(x)t∗ to complete the first part of the proof.

For the second part, first note that π being a ∗-homomorphism it admits
an extension as a ∗-homomorphism of Ã into (L(F))′′ = Ã ⊗ B(k0). Also
note that by the Theorem 3.1.8 and the Remark 3.1.10, we obtain R in the
ultra-weak closure of {α(x)y : x, y ∈ A} such that L(x) = R∗ρ̂(x)R −
1
2 R∗Rx − 1

2 x R∗R+ i[H, x] for some self-adjoint element H ∈ Ã and α(x) =
Rx − ρ̂(x)R for all x ∈ A. Setting R̃ = t R we observe that (i) R̃ is in the
ultra-weak closure of {δ(x)y : x, y ∈ A}, (ii) δ(x) = R̃x − π(x)R̃, and (iii)
L(x) = R̃∗π(x)R̃− 1

2 R̃∗ R̃x− 1
2 x R̃∗ R̃+i[H, x]. Next we extend L and δ to Ã,

retaining the same notation for both. Since R̃ is in particular in the ultra-weak
closure of F , which is same as Ã ⊗ k0, we see that the extended maps L and
δ map Ã into itself. Now, by the results of Section 5.4, we obtain Jt and jt
as mentioned in the statement of the present theorem. It remains to show that
Jt (x ⊗ e( f )) ∈ W for x ∈ A, and jt (x) ∈ L(W ).

To this end, first note the following. If β ∈ B(Ã, Ã⊗k0) such that β(x) ∈ F
for all x ∈ A, then we claim that a†

β(�)(x ⊗ e( f )) belongs to W for any
bounded subinterval � of R+ and x ∈ A, f ∈ L2(R+, k0). This follows from
the definition of a†

β(�)(x ⊗ f ⊗n
) which belongs to W . This enables us to

prove that a†
δ (·) and �π−Id(·) maps x ⊗ e( f ) into W for x ∈ A. Similarly,

one can show that aδ(·) and IL(·) also have the same property. Now, recall the
iterates J (n)

t constructed in the proof of Theorem 5.4.9 of Chapter 5 and by the
estimates made in that proof, it is clear that

‖(Jt (x ⊗ e( f ))−
∑
m≤n

J (m)
t (x ⊗ e( f )))u‖ ≤ ‖u‖‖x‖‖e( f )‖‖E f

t ‖
⎛⎝ ∞∑

m=n+1

C
m
2 (m!)− 1

2

⎞⎠
1
2

,

for some constant C , and thus,

‖Jt (x ⊗ e( f ))−
∑
m≤n

J (m)
t (x ⊗ e( f ))‖ → 0.

But by iterative construction, each J (m)
t (x ⊗ e( f )) belongs to W .

We now prove that jt (x) ∈ L(W ) = M(W) for x ∈ A. By definition
of the multiplier algebra, we have to show that for all A ∈ W , jt (x)A and
Ajt (x) belong to W . For this it is enough to verify that jt (x)A ∈ W for all
x ∈ A and all A ∈ W , since W is ∗-closed and jt (x∗) = jt (x)∗. Since
W is the operator-norm closure of the finite linear combinations of elements
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of the form y ⊗ |e( f )〉〈e(g)| for y ∈ A, f, g ∈ L2(R+, k0), it suffices to
show that for fixed x ∈ A and t ≥ 0, jt (x)(y ⊗ |e( f )〉〈e(g)|) is in W for
y ∈ A, f, g ∈ L2(R+, k0). Since Jt (x ⊗ e( f )) ∈ W = A ⊗C∗ �, we can
choose a sequence Ln of the form

∑kn
i=1 z(n)i ⊗ ρ

(n)
i for z(n)i ∈ A, ρ

(n)
i ∈ �

such that Ln converges in the norm of W to Jt (x ⊗ e( f )). Now, observe that
for u ∈ h̃ and η ∈ �,

jt (x)(y ⊗ |e( f )〉〈e(g)|)(u ⊗ η) = 〈e(g), η〉Jt (x ⊗ e( f ))yu

= lim
n→∞〈e(g), η〉Ln yu.

Choose an orthonormal basis {γl} of � and take a vector ζ ≡ ∑l ζl ⊗ γl of
h̃ ⊗ �, where ζi ∈ h̃. It can be observed that

‖{ jt (x)(y ⊗ |e( f )〉〈e(g)|)−
kn∑

i=1

(z(n)i y ⊗ |ρ(n)
i 〉〈e(g)|)}ζ‖

≤
∑

l

|〈e(g), γl〉|‖(Jt (x ⊗ e( f ))y − Ln y)ζl‖

≤ ‖Jt (x ⊗ e( f ))− Ln‖‖y‖
(∑

l

|〈e(g), γl〉|2
) 1

2
(∑

l

‖ζl‖2

) 1
2

= ‖Jt (x ⊗ e( f ))− Ln‖‖y‖‖e(g)‖‖ζ‖,
and hence jt (x)(y ⊗ |e( f )〉〈e(g)|) is norm-limit of

∑kn
i=1 z(n)i y ⊗ |ρ(n)

i 〉〈e(g)|,
which belongs to A⊗alg K(�). This completes the proof. �

6.7 Covariant dilation theory

Let us consider an additional structure in our set-up, namely that coming from
the action of a locally compact group G, and let α : G → Aut(A) be its action
on A. Furthermore, let Tt be a covariant quantum dynamical semigroup, that
is,

T◦αg = αg ◦ Tt for all t ≥ 0, g ∈ G,

or equivalently,
L ◦ αg = αg ◦ L for all g ∈ G. (6.9)

It is then natural to ask whether a covariant dilation exists, that is, if the dilation
is given by jt : A → B, the question is whether we can obtain an action β of
G on B such that jt (αg(x)) = βg( jt (x)) for all g ∈ G, x ∈ A and t ≥ 0. In
the present section, we investigate this problem.

In this section, we fix a C∗ or von Neumann algebra A ⊆ B(h) (where h is
some Hilbert space), a locally compact group G and an action α : G → Aut(A)
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which is strongly continuous in the sense that g �→ αg(x) is continuous in the
topology of A, which is the norm topology in case A is considered as a C∗-
algebra, and the ultra-weak topology if A is a von Neumann algebra.

6.7.1 Covariant E–H theory for a C∗-algebra

In this subsection we assume that A is a separable unital C∗-algebra, h is the
universal enveloping GNS space as in the previous section, Tt is uniformly
continuous with the generator L (assume without loss of generality that L(1) =
0), which is covariant under α in the sense that L ◦αg = αg ◦L. For simplicity
we shall assume that α is implemented by a unitary representation vg in h and
that G is compact. We now prove the following main result of this subsection.

Theorem 6.7.1 Let A be a separable unital C∗-algebra and let (Tt ) be a
uniformly continuous Q.D.S. on A, covariant with respect to the action of
a compact group G on A. Then there exists an E–H dilation jt : A →
A′′ ⊗ B(�(L2(R+, k0))) (where k0 is a separable Hilbert space), as defined
in Definition 6.0.2, such that jt is covariant with respect to an appropriate
G-action on the range of jt .

Proof:
Our starting point is similar to that of the Theorem 6.6.1. As before, we get
a Hilbert space K, a ∗-representation π0 : A → B(K) and a π0-derivation
δ0 : A→ B(h,K) satisfying the relations :

δ0(x∗)∗δ0(y) = L(xy)− L(x)y − xL(y),

π0(x)δ0(y) = δ0(xy)− δ0(x)π0(y). (6.10)

Furthermore, the vectors of the form δ0(x)u where x ∈ A and u ∈ h are total
in K. As in the Theorem 6.6.1, we consider the Hilbert A-module E obtained
by completing the pre-Hilbert module E0 spanned by {δ0(x)y, x, y ∈ A} in
B(h,K) in the operator norm inherited from B(h,K). We also make E into an
A − A bimodule by setting the left action as the left multiplication by π0(x)
for x ∈ A.

Now we define an action of G on E0 by :

γg

( n∑
i=1

δ0(xi )yi

)
≡

n∑
i=1

δ0(αg(xi ))αg(yi );

where n ≥ 1, xi , yi ∈ A for all i and g ∈ G. For ξ, η ∈ E0, it is possible to
verify by using the relations (6.10) and the covariance property (6.9) of L that

〈γg(ξ), γg(η)〉 = αg(〈ξ, η〉),
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which implies that ‖γg(ξ)‖ = ‖ξ‖, and thus γg is well defined and extends to
an isometric complex-linear map on E satisfying γg(ξb) = γg(ξ)αg(b) for
all ξ ∈ E, b ∈ A. It also has a countable set of generators {δ0(xi )}∞i=1,
where {xi }∞i=1 is any countable dense subset of the separable C∗-algebra A.

Furthermore,

γg(π0(x)δ0(y))

= γg(δ0(xy))− γg(δ0(x)y)

= δ0(αg(xy))− δ0(αg(x))αg(y)

= π0(αg(x))δ0(αg(y))

= π0(αg(x))γg(δ0(y)), (6.11)

which implies that γgπ0(x) = π0(αg(x))γg. Thus, it is clear that (E, γ ) is a
Hilbert C∗ G −A module, satisfying the conditions for applying the covariant
Kasparov’s theorem (Theorem 4.3.3). By this theorem and the Remark 4.3.4,
we get a separable Hilbert space k0 (which can be taken to be H⊗L2(G) in the
notation of the Remark 4.3.4), a representation wg of G in k0 and an A-linear
isometry � : E → A⊗ k0 such that � ◦ γg = (αg ⊗ wg) ◦ �. It follows that
π̂(x) ≡ �π0(x)�∗ ∈ L(A⊗ k0) and δ̂(x) ≡ �δ(x) ∈ A⊗ k0 for all x ∈ A.

We define the structure matrix ( as in (5.40)) � : A→ B(h ⊗ k̂0) by

�(x) =
(
L(x) δ̂†(x)
δ̂(x) π̂(x)− x ⊗ 1k0

)
,

where δ̂†(x) = (δ̂(x∗))∗. Let w̃g be the representation of G in k̂0 defined by
w̃g = 1⊕ wg, and let Vg = vg ⊗ w̃g in h ⊗ k̂0. It can be verified that

Vg�(x)V ∗
g = �(αg(x)). (6.12)

As in the proof of the Theorem 6.6.1, we can show that there exists an E–
H dilation jt : A → B(h ⊗ �(L2(R+, k0))) with the structure matrix �.
Let us define a unitary representation Ug on h ⊗ �(L2(R+, k0)) by setting
Ug = vg ⊗�(IL2(R+)⊗wg), where �(U ) denotes the second quantization of a
unitary operator U on L2(R+, k0). We claim that Ug jt (x)U∗g = jt (αg(x)). For
φ,ψ ∈ k0, we define a bounded linear map �φ,ψ : A→ A by setting

〈v,�φ,ψ(x)u〉 = 〈v ⊗ (1⊕ φ),�(x)(u ⊗ (1⊕ ψ))〉

for all x ∈ A, u, v ∈ h. By (6.12), we have the covariance property:

�φ,ψ(αg(x)) = αg(�
w∗gφ,w∗gψ(x)) for all g ∈ G. (6.13)
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Now, to verify our claim, it is enough to show that

〈ue( f ), jt (αg(x))u′e( f ′)〉 = 〈ue( f ),Ug jt (x)U∗g u′e( f ′)〉
for all u, u′ ∈ h; f, f ′ ∈ L2(R+, k0). But we have by (6.13) that

d
dt
〈ue( f ), jt (αg(x))u′e( f ′)〉

= 〈ue( f ), jt (� f (t), f ′(t)(αg(x)))u′e( f ′)〉
= 〈ue( f ), jt (αg(�

w∗g f (t),w∗g f ′(t)(x)))u′e( f ′)〉. (6.14)

On the other hand, if we set ηg
t (x) = Ug jt (x)U∗g , then as in (6.14) we have

d
dt
〈ue( f ), ηg

t (x)u
′e( f ′)〉

= d
dt
〈v∗gue((I ⊗ w∗g) f ), jt (x)v∗gu′e((I ⊗ w∗g) f ′)〉

= 〈v∗gue((I ⊗ w∗g) f ), jt (�w∗g f (t),w∗g f ′(t)(x))v∗gu′e((I ⊗ w∗g) f ′)〉
= 〈ue( f ), ηg

t (�
w∗g f (t),w∗g f ′(t)(x))u′e( f ′)〉.

Let us fix f, f ′ ∈ L∞(R+, k0) ∩ L2(R+, k0) and set �t : A→ A by

〈u, �t (x)u′〉 = 〈ue( f ), ( jt (αg(x))− η
g
t (x))u

′e( f ′)〉.
Clearly we have

d
dt

�t = �t ◦�w∗g f (t),w∗g f ′(t), (6.15)

with the initial condition �0(x) = 0. Since ‖�t‖ ≤ 2, and since for any g ∈ G
the map �w∗g f (·),w∗g f ′(·) : A → A is bounded uniformly in t , we conclude by
iterating the relation

�t (x) =
∫ t

o
�s(�

w∗g f (s),w∗g f ′(s)(x))ds

that �t ≡ 0 for all t and this completes the proof of the theorem. �

6.7.2 The von Neumann algebra case

Here we assume that A ⊆ B(h) is a von Neumann algebra, αg(x) = vgxv∗g
is the action of a locally compact (not necessarily compact) group G on A
for some unitary representation vg of G in h, and Tt = etL is a covariant,
normal Q.D.S. on A, which is uniformly continuous in t . Our aim is to show
the existence of a covariant E–H dilation for (Tt ). For this, our approach will
be very similar to the C∗-algebra case, only difference being that we are now
going to use the von Neumann algebra version of the equivariant Kasparov
theorem (Theorem 4.3.5).
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Theorem 6.7.2 The Q.D.S. (Tt ) on the von Neumann algebra A equipped with
the action α admits a covariant E–H dilation.

Proof:
The proof is very similar to the proof of the previous theorem and therefore
only the main points are briefly sketched. As before, we apply the result of
Christensen–Evans to get π0 and δ0 and then consider the Hilbert von Neu-
mann bimodule E by taking the closure of the algebraic linear span of the set
{δ0(x)y, x, y ∈ A} with respect to the strong operator topology. Clearly there
is a natural G-action on this Hilbert von Neumann bimodule so that it becomes
a Hilbert von Neumann G−A module satisfying the conditions of the Theorem
4.3.5. Then by applying Theorem 4.3.5, we obtain a multiplicity space k0 and
the required covariant structure maps as in the case of the C∗-algebra setting.

�

Let us now assume that G is amenable and note that we can write the gener-
ator L of the given Q.D.S. as

L(x) = R∗π(x)R − 1
2

R∗Rx − 1
2

x R∗R + i[H, x].
By the Christensen–Evans theorem (Theorem 3.1.8) R belongs to the ultra-
weak closure of span{δ(x)y, x, y ∈ A} and hence R ∈ E , and H is a self-
adjoint element of A. We consider the E-valued map on G given by g �→
R(g) ≡ γg(R). Since G is amenable, set R̂ = η(R(·)), where η denotes an
invariant mean on E-valued functions on G. Thus by (6.11) we note that

π(x)γg(R) = γgπ(αg−1(x))R

= γg
(−δ(αg−1(x))+ Rαg−1(x)

) = −δ(x)+ γg(R)x;
and by taking the mean η on both sides, we have that R̂x − π(x)R̂ = δ(x).

Recalling from Theorem 6.7.1 the isometric embedding � of E into A ⊗
k0 ≡ A ⊗ k1 ⊗ L2(G) and assuming for simplicity that k1 is separable, we
can write � R̂ =∑i Si ⊗ ei , where {ei }i is an orthonormal basis of L2(G) and
each Si ∈ A⊗ k1. Then a simple calculation shows that

(αg ⊗ Ik1)(Si ) =
∑

j

〈e j , Lgei 〉S j .

Furthermore, if G is compact (for example, the group of rotations), then L2(G)

can be decomposed as⊕µ∈Ĝh(µ)⊗Cnµ with Lg = ⊕µL(µ)
g ⊗ ICnµ , where each

L(µ)
g is an irreducible representation of the group G in h(µ) with multiplicity

nµ and dim h(µ) <∞. In such a case, we have the following:

� R̂=
∑
µ∈Ĝ

dim h(µ)∑
i=1

S(µ)
i ⊗e(µ)

i , and (αg⊗ Ik1)(S
(µ)
i )=

∑
j

〈e(µ)
j , L(µ)

g e(µ)
i 〉S(µ)

j .



7
Quantum stochastic calculus with unbounded

coefficients

In this chapter, we shall use the notations of Chapter 5 and shall adapt the
methods developed there to solve Q.S.D.E. with unbounded operator coeffi-
cients. For technical reasons, we work with separable Hilbert spaces (that is,
both the initial and the noise spaces are separable). Most of the materials of
this chapter are taken from [92], [94] and [95].

7.1 Notation and preliminary results

Let h and k0 be separable Hilbert spaces and let D0,V0 be dense subspaces
of h and k0 respectively. Let us recall the framework for definition of basic
processes and left quantum stochastic integrals with respect to them as intro-
duced in Chapter 5. Choose and fix an orthonormal basis {e1, e2, · · ·} ⊆ V0 ⊆
k0, and for t ≥ 0, define the time reversal operator Rt on k = L2(R+, k0) by

(Rt f )(s) := f (t − s)χ[0,t](s)+ f (s)χ(t,∞)(s).

Also set Ut := �(Rt ), where we remind the reader that �(B) denotes the sec-
ond quantization of a bounded operator B. In this case, note that both Rt and
Ut are reflections (self-adjoint unitary). Recall also that we denote by �, �t and
�t the Hilbert spaces �(L2(R+, k0)), �(L2([0, t], k0)) and �(L2((t,∞), k0)),

respectively, and define the ‘time-shift’ operator θt : L2(R+) → L2(R+)
(t ≥ 0) as follows:

(θt f )(x) := f (x − t)χ[t,∞)(x), f ∈ L2(R+).

Then �(θt ) maps � onto �t isometrically for every t ≥ 0, and if we denote
an operator B on � and its trivial ampliation Ih ⊗ B on h ⊗ � by the same
notation, then it is clear that for X ∈ B(h ⊗ �s) and t ≥ 0, the operator

169
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�(θt )(X⊗ I�s )�(θ∗t ) is of the form P12(|�t >< �t |⊗ X̂⊗ I�t+s )P12 for some
X̂ ∈ B(h ⊗ �(L2([t, t + s], k0))), where �t = e(0[0,t]) and P12 denotes the
canonical isomorphism from h ⊗ �t ⊗ �t onto �t ⊗ h ⊗ �t which permutes
the first two tensor components. We denote by [�(θt )(X⊗ I )�(θ∗t )] (or simply
[�(θt )X�(θ∗t )] ) the operator P12(I�t ⊗ X̂ ⊗ I�t+s )P12, that is, the projection
onto the vacuum vector up to time t in the earlier expression is replaced by
I�t . Even when X is not bounded, but densely defined and closable, so that the
operator S = P12(I�t ⊗ X̂ ⊗ I�t+s )P12 is also densely defined and closable,
we denote the closure of S by [�(θt )X�(θ∗t )], as was done for a bounded X .
To make the notation clear, let us observe that for X = B ⊗ |e(α) >< e(β)|,
where B ∈ B(h), α, β ∈ L2([0, s], k0), and for u, v ∈ h, f, g ∈ L1(R+, k0) ∩
L2(R+, k0), we have

〈ve(g), [ �(θt )X�(θ∗t )]ue( f )〉
= 〈v, Bu〉exp

{∫ t

0
〈g(x), f (x)〉dx +

∫ t+s

t
〈g(x), α(x − t)〉dx

+
∫ t+s

t
〈β(x − t), f (x)〉dx +

∫ ∞

t+s
〈g(x), f (x)〉dx

}
.

Lemma 7.1.1 For s, t ≥ 0, and X ∈ B(h ⊗ �s), we have

(i) Ut+s[ �(θt )(X ⊗ I�s )�(θ∗t )]Ut+s = Us(X ⊗ I�s )Us,

(ii) Ut+s(X ⊗ I�t )Ut+s = [ �(θs)Ut (X ⊗ I�t )Ut�(θ∗s )].
Proof:
Let us only prove the first of the two equalities, as the proof of the other can be
obtained by similar arguments. Furthermore, it is enough to verify for X of the
form B ⊗ |e(α) >< e(β)|, where B ∈ B(h), α, β ∈ L2([0, s], k0). Note that
for f ∈ L2(R+, k0), (θ

∗
t f )(x) = f (x + t) for almost all x ∈ [0,∞), and it

can be verified that

(θ∗t Rt+s f )(x) = f (s − x)χ[0,s](x)+ f (x + t)χ(s,∞)(x),

that is,θ∗t Rt+s f = (Rs f )χ[0,s]+(θ∗t f )χ(s,∞).Usingthisfor f, g ∈ L2(R+, k0)

and u, v ∈ h, we have that

〈ve(g),Ut+s[ �(θt )(X ⊗ I�s )�(θ∗t )]Ut+s(ue( f ))〉
= 〈ve(Rt+s g), [ �(θt )(X ⊗ I�s )�(θ∗t )](ue(Rt+s f ))〉

= 〈v, Bu〉exp
{∫ ∞

s
〈g(y), f (y)〉dy +

∫ s

0
〈g(s − x), α(x)〉dx
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+
∫ s

0
〈β(x), f (s − x)〉dx

}
= 〈v, Bu〉〈e(Rs g), (|e(α) >< e(β)| ⊗ I�s )(e(Rs f ))〉,

from which (i) follows. �

Definition 7.1.2

(i) A bounded adapted process Vt (see Chapter 5 for the definition of such
a process) defined on the whole of h ⊗ �(L2(R+, k0)) admits a bounded
adjoint and we define the dual process Ṽt by

Ṽt := Ut V ∗
t U−1

t (= Ut V ∗
t Ut ).

(ii) We say that an adapted (not necessarily bounded) operator-process (Vt )t≥0

is a cocycle if

Vt+s = Vs[ �(θs)Vt�(θ∗s )] for all t, s ≥ 0. (7.1)

Lemma 7.1.3 Let (Vt )t≥0 be a bounded operator-valued, adapted regular
process satisfying a Q.S.D.E. of the form

dVt = Vt (aR(dt)+ a†
S(dt)+�T (dt)+ Adt), V0 = I,

where (R, S, T, A) are bounded. Then

(i) Vt is a cocycle;

(ii) the dual process Ṽt will satisfy a Q.S.D.E. of the similar form with R, S,
T, A replaced by S, R, T ∗, A∗ respectively.

Proof:
(i) Fix s and define Xt := Vt+s − Vs [ �(θs)Vt�(θ∗s )] for t ≥ 0. It can be seen
that X0 = 0 and for u, v ∈ h and f, g ∈ L2(R+, k0) the following holds:

〈ve(g), Xt ue( f )〉 =
∫ t

0
〈ve(g), Xτ {〈R, f (s + τ)〉

+〈g(s + τ), S〉 + 〈g(s + τ), T f (s+τ)〉 + A}ue( f )〉dτ.
(7.2)

Iterating (7.2) we can conclude that 〈ve(g), Xt ue( f )〉 = 0, which proves (i).
(ii) Next we show that like Vt , Ṽt also is a bounded operator-valued cocycle.
Indeed, using Lemma 7.1.1 (i) and also (ii), we have that

Ṽt+s = Ut+s V ∗
t+sUt+s

= Ut+s [ �(θt )V ∗
s �(θ∗t )]Ut+sUt+s V ∗

t Ut+s

= Us V ∗
s Us [ �(θs)Ut V ∗

t Ut�(θ∗s )]
= Ṽs [ �(θs)Ṽt�(θ∗s )].
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For ξ, η ∈ k0 and t ≥ 0, define τ
ξ,η
t ∈ B(h) by

〈v, τ ξ,η
t u〉 := 〈ve(χ[0,t]ξ), Ṽt ue(χ[0,t]η)〉,

that is,
τ
ξ,η
t = 〈e(χ[0,t]ξ), (Ṽt )e(χ[0,t]η)〉.

From the cocycle property (7.1) of Ṽt , it follows that

〈v, τ ξ,η
t+su〉 = 〈ve(ξχ[0,t+s]), Ṽt+sue(ηχ[0,t+s])〉

= 〈ve(ξχ[0,s])⊗ e(ξχ(s,t+s]), Ṽs[�(θs)Ṽt�(θ∗s )]
×ue(ηχ[0,s])⊗ e(ηχ(s,t+s])〉

= 〈v, 〈e(ξχ[0,s]), (Ṽs)e(ηχ[0,s])〉 〈e(ξθ∗s χ(s,t+s]), (Ṽt )e(ηθ∗s χ(s,t+s])〉u〉
= 〈v, τ ξ,η

s τ
ξ,η
t u〉, since θ∗s χ(s,t+s] = χ[0,t].

Thus, τ ξ,η
t is a semigroup of bounded operators on h. Clearly, τ ξ,η

0 = I. Fur-
thermore, for u, v ∈ h, we have

lim
t→0+

〈v, τ ξ,η
t u〉 − 〈v, u〉

t

= lim
t→0+

〈ve(χ[0,t]ξ), Ṽt (ue(χ[0,t]η))〉 − 〈ve(χ[0,t]ξ), ue(χ[0,t]η)〉
t

+ lim
t→0+

〈ve(χ[0,t]ξ), ue(χ[0,t]η)〉 − 〈v, u〉
t

= lim
t→0+

〈Vt (ve(Rtχ[0,t]ξ)), ue(Rtχ[0,t]η)〉 − 〈ve(Rtχ[0,t]ξ), ue(Rtχ[0,t]η)〉
t

+〈u, u〉 lim
t→0+

exp(t〈ξ, η〉)− 1
t

= lim
t→0+

∫ t
0 〈Vs{〈η, Tξ 〉 + 〈R, ξ 〉 + 〈η, S〉 + A}(ve(χ[0,t]ξ)), ue(χ[0,t]η)〉ds

t
+〈v, u〉〈ξ, η〉

= 〈{〈η, Tξ 〉 + 〈R, ξ 〉 + 〈η, S〉 + A + 〈η, ξ 〉1}v, u〉
= 〈{〈η̂, Z ξ̂ 〉 + 〈η, ξ 〉1}v, u〉
= 〈v, {〈ξ̂ , Z∗η̂〉 + 〈ξ, η〉1}u〉,

where Z denotes the coefficient matrix associated with the Q.S.D.E. satisfied
by Vt (see (5.22)). Thus, τ ξ,η

t must be of the form

τ
ξ,η
t = et〈ξ,η〉e〈ξ̂ ,Z

∗
η̂
〉
.
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Since t �→ V ∗
t (ve(g)) is continuous by Theorem 5.3.1, Ṽt is an adapted

regular process. Thus, the integral
∫ t

0 Ṽs{aS(ds)+ a†
R(ds)+�T ∗(ds)+ A∗ds}

exists as a regular process and to show that Ṽt satisfies a Q.S.D.E. with the
coefficient matrix Z∗, it is enough to prove that for almost all t ,

d
dt
〈ve(g), Ṽt ue( f )〉 = 〈ve(g), Ṽt 〈ĝ(t), Z∗

f̂ (t)
〉ue( f )〉

for all u, v ∈ h and g, f varying over some suitable total set of vectors in k.
We choose g, f to be simple functions, say of the form g = ∑p

i=0 χ[ti ,ti+1)ξi ,

f =∑p
i=0 χ[ti ,ti+1)ηi , where ξi , ηi ∈ k0 and 0 = t0 < t1 < · · · < tp+1 < ∞.

Let ζ(t) := 〈ve(g), Ṽt ue( f )〉. We have by (7.1) that for ti < t < ti+1,

ζ(t) = 〈e(gt ), e( f t )〉〈v, 〈e(gχ[0,ti ]), (Ṽti )e( f χ[0,ti ])〉
×〈e(ξiθ

∗
ti χ(ti ,t]), (Ṽt−ti )e(ηi θ

∗
ti
χ(ti ,t])〉u〉

= exp
(∫ tp+1

t
〈g(s), f (s)〉ds

)
〈v, 〈e(gχ[0,ti ]), (Ṽti )e( f χ[0,ti ])〉 ◦ τ

ξi ,ηi
t−ti u〉

= exp
(∫ tp+1

t
〈g(s), f (s)〉ds

)
〈v, 〈e(gχ[0,ti−1]),

(Ṽti−1)e( f χ[0,ti−1])〉 ◦ τ
ξi−1,ηi−1
ti−ti−1

◦ τ ξi ,ηi
t−ti u〉

· · ·
= e

∫ tp+1
t 〈g(s), f (s)〉ds〈v, τ ξ0,η0

t1 ◦ . . . τ ξi−1,ηi−1
ti−ti−1

◦ τ ξi ,ηi
t−ti u〉.

Thus,

ζ ′(t) = −〈g(t), f (t)〉ζ(t)+ e
∫ tp+1

t 〈g(s), f (s)〉ds

〈v, τ ξ0,η0
t1 ◦ . . . τ ξi−1,ηi−1

ti−ti−1
◦ τ ξi ,ηi

t−ti (〈ξ̂i , Z∗η̂i
〉 + 〈ξi , ηi 〉)u〉

= −〈ξi , ηi 〉ζ(t)+ 〈ξi , ηi 〉ζ(t)+ 〈ve(g), Ṽt 〈ĝ(t), Z∗
f̂ (t)
〉ue( f )〉,

which completes the proof. �

7.2 Q.S.D.E. with unbounded coefficients

We shall now study a set of sufficient conditions for existence of a unitary
solution of a class of Q.S.D.E. with unbounded coefficients. Let us introduce
some notation at this point. Let us denote by Zc the set {Z ∈ B(h⊗ k̂0) : Z +
Z∗ + Z Q̂ Z∗ ≤ 0}, where k̂0 and Q̂ are as in Chapter 5. Recall from Theorem
5.3.2 of Chapter 5 that the Q.S.D.E.

d Xt = Xt (aZ∗01
(dt)+ a†

Z10
(dt)+�Z11(dt)+ Z00dt), X0 = I
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admits a unique contractive solution, where we write

Z =
(

Z00 Z01

Z10 Z11

)
, (7.3)

with respect to the decomposition h ⊗ k̂0 ≡ h ⊕ (h ⊗ k0).

Assumptions
Fix dense subspaces D0 ⊆ h and V0 ⊆ k0, and for the quadruple (R, S, T, A)

assume that A ∈ Lin(D0, h), R, S ∈ Lin(D0, h ⊗ k0), T ∈ Lin(D0 ⊗ V0, h ⊗
k0) satisfying the condition that D0 ⊆ ∩ξ∈V0 Dom(〈R, ξ 〉). This implies that
(u ⊗ ξ) ∈ Dom(R∗) for all u ∈ D0, ξ ∈ V0. We write the coefficient matrix
Z : D0 ⊗ (C⊕ V0)→ h ⊗ k̂0 by

Z =
(

A R∗
S T

)
. (7.4)

We also denote by Z the set of the above quadruples with the associated coef-
ficient matrix Z such that we can find a sequence Z (n) ∈ Zc, n = 1, 2, . . . ,
satisfying the following for all ξ, η ∈ V0 and u ∈ D0:

lim
n→∞〈ξ̂ , Z (n)

η̂
〉u = 〈ξ̂ , Z η̂〉u, (7.5)

sup
n≥1

‖Z (n)
η̂

u‖ <∞. (7.6)

Theorem 7.2.1 Let (R, S, T, A) be a quadruple in Z. Then there exists a solu-
tion Vt of the Q.S.D.E.

dVt = Vt (aR(dt)+ a†
S(dt)+�T (dt)+ Adt), V0 = I ; (7.7)

such that Vt is contractive for all t and t �→ Vt (ve(g)) is continuous for any
fixed v ∈ h and g ∈ k.

Proof:

Let Z (n) =
(

A(n) R(n)∗

S(n) T (n)

)
be the elements of B(h ⊗ k̂0) satisfying the con-

ditions (7.5) and (7.6), and let (V (n)
t )t≥0 be the solution of the initial value

problem associated with the Q.S.D.E.

dV (n)
t = V (n)

t

(
aR(n) (dt)+ a†

S(n) (dt)+�T (n) (dt)+ A(n)dt
)
, V (n)

0 = I.

By assumption that Z (n) ∈ Zc, V (n)
t is contractive for all t and each n. Let

v ∈ D0, g ∈ L2(R+, k0) be such that g(τ ) = ∑p
k=1 χ[tk ,tk+1)(τ )βk, for some

finite partition 0 = t1 ≤ t2 ≤ · · · < tp+1 = ∞ with βk ∈ V0. Let

M = sup
n

Max{‖T (n)(vβk)‖, ‖〈R(n), βk〉v‖, ‖S(n)v‖, ‖A(n)v‖, k = 1, . . . , p},
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which is finite by (7.6). Fix 0 ≤ s ≤ t. Then we have by the estimate (5.18)∥∥∥ (V (n)
t − V (n)

s

)
ve(g)

∥∥∥2

≤ et
∫ t

s
dτ
[‖{V (n)

τ PT (n)
g(τ ) + V (n)

τ P S(n)}(ve(g))‖2

+‖{〈g(τ ), V (n)
τ PT (n)

g(τ )〉 + V (n)
τ 〈R(n), g(τ )〉 + 〈g(τ ), V (n)

τ P S(n)〉
+V (n)

τ A(n)}(ve(g))‖2]
≤ et (t − s)M2‖e(g)‖2(2+ 8(‖g‖2∞ + 1)),

using the contractivity of V (n)
τ for each τ and n. Thus for any vector ψ in the

dense subspace H0 of h ⊗ �, spanned by finite linear combinations of ve(g)
where v ∈ D0 and g is a V0-valued simple function, we can get a constant
C(ψ) such that

‖
(

V (n)
t − V (n)

s

)
ψ‖ ≤ C(ψ)e

t
2 (t − s)

1
2 . (7.8)

Now, using the separability of the Hilbert spaces involved (this is the first
and only occasion when we use separability), we can find a countable dense
set of vectors {ψi } from H0 and observe that the function t �→ 〈ψi , V (n)

t ψ j 〉 ≡
ρ
(i j)
n (t) is continuous for each n. Since {V (n)

t } is a family of contractions,
|ρ(i j)

n (t)| ≤ ‖ψi‖‖ψ j‖ and since

|ρ(i j)
n (t)− ρ

(i j)
n (s)| ≤ ‖ψi‖C(ψ j )e

t
2 |t − s| 1

2 ,

it is clear that the sequence of functions {ρ(i j)
n , n = 1, 2, · · ·} (i, j held fixed)

is equi-continuous for t varying over any compact interval. It follows by the
Arzela–Ascoli theorem that there is a subsequence n(i j)

k such that ρ(i j)

n(i j)
k

is con-

vergent uniformly over compact subsets of [0,∞) as k →∞ for fixed i and j.
We can choose a subsequence nk , by the digitalization principle, such that

ρ
(i j)
nk will converge (uniformly on compact subsets) for every i and j. By the

choice of nk , 〈ψi , V (nk)
t ψ j 〉 converges as k →∞, for every i, j. Since {V (nk)

t }
is a family of contractions and since {ψi } is dense, it follows that 〈ψ, V (nk)

t ψ ′〉
is convergent for all ψ,ψ ′ ∈ h ⊗ �, that is, V (nk )

t is weakly convergent, to
some operator denoted by Vt , say. Being the weak limit of contractions, Vt

itself is a contraction. Clearly, Vt is adapted since each V (nk )
t is. Furthermore,

for t ≥ s ≥ 0, ψ ∈ H0, we have

‖(Vt − Vs)ψ‖ = sup
ψ ′ : ‖ψ ′‖=1

|〈ψ ′, (Vt − Vs)ψ〉|

= sup
ψ ′ : ‖ψ ′‖=1

lim
k→∞ |〈ψ

′, (V (nk)
t − V (nk )

s )ψ〉| ≤ C(ψ)e
t
2 (t − s)

1
2 ,
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by the estimate (7.8). It follows that t �→ Vtψ is continuous for ψ ∈ H0, and
since Vt is contractive and H0 is dense, t �→ Vtψ is continuous for all ψ ∈
h⊗�. Thus (Vt ) is an adapted regular process, which is also bounded for each t ,
so it makes sense to define the integral

∫ t
0 Vs(aR(ds)+a†

S(ds)+�T (ds)+Ads).
The proof will be completed if we can show that

Vtve(g) = ve(g)+
(∫ t

0
Vs(aR(ds)+ a†

S(ds)+�T (ds)+ Ads)
)
ve(g)

(7.9)
for v ∈ D0, and simple V0-valued function g, or equivalently

〈Vtve(g), ue( f )〉 = 〈ve(g), ue( f )〉

+
〈(∫ t

0
Vs(aR(ds)+ a†

S(ds)+�T (ds)+ Ads)
)
ve(g), ue( f )

〉
for u ∈ h, f ∈ L2(R+, k0).

To this end, observe that

〈Vtve(g), ue( f )〉
= lim

k→∞〈V
(nk )
t ve(g), ue( f )〉

= 〈ve(g), ue( f )〉 + lim
k→∞

〈(∫ t

0
Vs(aR(nk ) (ds)+ a†

S(nk )
(ds)

+�T (nk ) (ds)+ A(nk )(ds)
)
ve(g), ue( f )

〉
= 〈ve(g), ue( f )〉 + lim

k→∞

∫ t

0
ds〈V (nk)

s {〈 f (s), T (nk)
g(s) 〉 + 〈R(nk ), g(s)〉 +

〈 f (s), S(nk )〉 + A(nk )}(ve(g)), ue( f )〉
= 〈ve(g), ue( f )〉 + lim

k→∞

∫ t

0
〈V (nk)

s 〈 f̂ (s), Z (nk )
ĝ(s)〉ve(g), ue( f )〉ds.

On the other hand, for fixed s, limk→∞〈 f̂ (s), Z (nk )
ĝ(s)〉v = 〈 f̂ (s), Zĝ(s)〉v by

(7.5), and since V (nk )
s is contractive, we have that

|〈(V (nk)
s 〈 f̂ (s), Z (nk )

ĝ(s)〉ve(g)− Vs〈 f̂ (s), Zĝ(s)〉ve(g)), ue( f )〉|
≤ ‖V (nk )

s (〈 f̂ (s), Z (nk )
ĝ(s)〉v − 〈 f̂ (s), Zĝ(s)〉v)e(g)‖‖ue( f )‖

+ |〈(V (nk)
s − Vs)(〈 f̂ (s), Zĝ(s)〉ve(g)), ue( f )〉|

≤ ‖〈 f̂ (s), Z (nk )
ĝ(s)〉v − 〈 f̂ (s), Zĝ(s)〉v‖‖e(g)‖‖ue( f )‖

+ |〈(V (nk)
s − Vs)(〈 f̂ (s), Zĝ(s)〉ve(g)), ue( f )〉|

→ 0 as k →∞.
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Moreover, since g takes only finitely many values in V0, it follows from (7.6)
that C := supk≥1 sup0≤s≤t ‖Z (nk )

ĝ(s)v‖ <∞, and thus we have

|〈V (nk)
s 〈 f̂ (s), Z (nk )

ĝ(s)〉ve(g), ue( f )〉|

≤ ‖ue( f )‖‖e(g)‖‖ f̂ (s)‖ sup
k≥1

‖Z (nk )
ĝ(s)v‖

≤ C‖ue( f )‖‖e(g)‖‖ f̂ (s)‖.

Since
∫ t

0 ‖ f̂ (s)‖ds ≤ √
t
(∫ t

0 ‖ f̂ (s)‖2ds
) 1

2 ≤ √
t‖ f̂ ‖ < ∞, we conclude by

the Dominated convergence theorem that

lim
k→∞

∫ t

0
〈V (nk )

s 〈 f̂ (s), Z (nk )
ĝ(s)〉ve(g), ue( f )〉ds

=
∫ t

0
〈Vs〈 f̂ (s), Zĝ(s)〉ve(g), ue( f )〉ds,

which completes the proof. �

For X ∈ B(h ⊗ �), γ, ζ ∈ C⊕ V0, we define the bilinear forms Lγ
ζ (X) on

the vector space D0 ⊗alg � as follows:

〈vψ,Lγ
ζ (X)uψ ′〉

= 〈vψ, X〈γ, Zζ 〉uψ ′〉 + 〈〈γ, Zζ 〉vψ, Xuψ ′〉 + 〈Q̂ Zγ vψ, X Q̂ Zζuψ ′〉,
(7.10)

where u, v ∈ D0 and ψ,ψ ′ ∈ � and extend linearly. Here we note that we have
used the symbol X for the ampliation (X ⊗ Ik̂0

) as well. Clearly, we have

|〈vψ,Lγ
ζ (X)uψ ′〉| ≤ C(u, v, γ, ζ )‖X‖‖ψ‖ψ ′‖,

where C(u, v, γ, ζ ) := ‖v‖‖γ ‖‖Z(uζ )‖ + ‖u‖‖γ ‖‖Z(vζ )‖ + ‖Z(vγ )‖
‖Z(uζ )‖.

We denote L0̂
0̂
(X) simply by L(X), where 0̂ = (1⊕ 0) ∈ C⊕ V0. Note that

〈vψ,L(X)uψ ′〉 = 〈vψ, X Auψ ′〉 + 〈Avψ, Xuψ ′〉 + 〈Rvψ, X Ruψ ′〉,
so that formally one has L(X) = X A+A∗X+R∗X R. For x ∈ B(h), let L0(x)
denote the bilinear form on D0 given by

〈v,L0(x)u〉 := 〈v, x Au〉 + 〈Av, xu〉 + 〈Rv, x Ru〉;
and we observe that

〈vψ,L(X)uψ ′〉 = 〈v,L0(〈ψ, Xψ ′ 〉)u〉
for X ∈ B(h ⊗ �), ψ,ψ ′ ∈ �. We also identify V0 naturally with 0 ⊕ V0, so
for ξ, η′ ∈ V0, Lξ

η′(X) will mean L(0⊕ξ)
(0⊕η′)(X).
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Lemma 7.2.2 Let Vt be as in the Theorem 7.2.1. Then for integers m, n ≥ 0,
v, v ∈ D0 and V0-valued simple functions f, g we have the following:

〈Vtvg⊗m
, Vt (u f ⊗n

)〉

= 〈vg⊗m
, (u f ⊗n

)〉 +
∫ t

0
{〈vg⊗m

,L(V ∗
s Vs)(u f ⊗n

)〉

+ √
n〈vg⊗m

,L0̂
f (s)(V

∗
s Vs)(u f ⊗n−1

)〉 + √m〈vg⊗m−1
,Lg(s)

0̂
(V ∗

s Vs)(u f ⊗n
)〉

+ √
m
√

n〈vg⊗m−1
,Lg(s)

f (s)(V
∗
s Vs)(u f ⊗n−1

)〉}ds; (7.11)

where f ⊗−1 = g⊗−1 := 0 and f (0) = g(0) = e(0).

Proof:
Let fk, gl; k = 1, · · · , p; l = 1, · · · , q be vectors in V0 such that the simple
functions f, g have the form f = ∑p

k=1 fkχ[tk ,tk+1), g = ∑q
l=1 glχ[sl ,sl+1);

where 0 = t1 < t2 < · · · < tp+1 = ∞, 0 = s1 < · · · < sq+1 = ∞. Let

M1 := C(u, v, 0̂, 0̂), M2 := Max{C(u, v, 0̂, fk), k = 1, · · · , p},
M3 := Max{C(u, v, gl , 0̂), l = 1, · · · , q},
M4 := Max{C(u, v, gl , fk), k = 1, · · · , p; l = 1, · · · , q}.

For two real numbers α, β, by (5.24) we have that

〈Vtve(αg), Vt ue(β f )〉

= 〈ve(αg), ue(β f )〉 +
∫ t

0
{〈〈(1⊕ β f (s)), Z(1⊕αg(s))〉ve(αg), V ∗

s Vsue(β f )〉
+ 〈ve(αg), V ∗

s Vs〈(1⊕ αg(s)), Z(1⊕β f (s))〉ue(β f )〉
+ 〈Q̂ Z(1⊕αg(s))ve(αg), V ∗

s Vs Q̂ Z(1⊕β f (s))ue(β f )〉}ds

= 〈ve(αg), ue(β f )〉 +
∫ t

0
{〈ve(αg),L(V ∗

s Vs)ue(α f )〉

+ β〈ve(αg),L0̂
f (s)(V

∗
s Vs)ue(β f )〉

+ α〈ve(αg),Lg(s)
0̂

(V ∗
s Vs)ue(β f )〉 + αβ〈ve(αg),Lg(s)

f (s)(V
∗
s Vs)ue(β f )〉}ds

(7.12)

Now, since Vt is bounded for all t ≥ 0, we can expand the left hand side of
(7.12) as a power series in α, β:

∞∑
m,n=0

1√
m!√n!α

mβn〈Vtvg⊗m
, Vt u f ⊗n 〉.
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Similarly, the right-hand side of (7.12) can be shown to be equal to

∞∑
m,n=0

1√
m!√n!α

mβn
{〈
vg⊗m

, u f ⊗n
〉

+
∫ t

0

〈
vg⊗m

,
(
L(V ∗

s Vs)+ βL0̂
f (s)(V

∗
s Vs)+ αLg(s)

0̂
(V ∗

s Vs)

+αβLg(s)
f (s)(V

∗
s Vs)

) (
u f ⊗n

)〉}
ds,

using the fact that ‖V ∗
s Vs‖ ≤ 1 and the estimate

|〈vg⊗m
,
(
L(V ∗s Vs)+ βL0̂

f (s)(V
∗
s Vs)+ αLg(s)

0̂
(V ∗s Vs)+ αβLg(s)

f (s)(V
∗
s Vs)

)
(u f ⊗n

)〉|

≤ ‖g‖m‖ f ‖n(M1 + |β|M2 + |α|M3 + |α||β|M4),

and by applying the Dominated Convergence theorem. The desired relation
(7.11) now follows by comparing the coefficients of αmβn in both sides of
(7.12). �

We next state and prove the main theorem of this section, which gives sufficient
condition so that the solution Vt of the initial value problem associated with
the Q.S.D.E. (7.7) in the Theorem 7.2.1 is an isometry (co-isometry or unitary
respectively). For λ > 0, let us denote by βλ the set

{x ∈ B(h) : 〈v,L0(x)u〉 = λ〈v, xu〉 for all u, v ∈ D0}.
Theorem 7.2.3 Let the spaces D0,V0, quadruple of maps (R, S, T, A) be as
in the Theorem 7.2.1, and let Vt be the solution of (7.7). Then the following are
true.

(i) If furthermore
Lγ

ζ (I ) = 0 for all γ, ζ ∈ C⊕ V0, (7.13)

βλ = {0} for some λ, (7.14)

then Vt is an isometry for each t.

(ii) On the other hand, assume that there exist dense subspaces D̃0 ⊆ h,
Ṽ0 ⊆ k0 such that D̃0 ⊗ Ṽ0 is contained in the domain of Z∗, and the
following conditions hold :

lim
n→∞〈ξ̂ , Z (n)∗

η̂〉u = 〈ξ̂ , Z∗η̂〉u, for all ξ, η ∈ Ṽ0, u ∈ D̃0; (7.15)

sup
n≥1

‖Z (n)∗
η̂u‖ <∞ for all η ∈ Ṽ0, u ∈ D̃0; (7.16)
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L̃γ
ζ (I ) = 0 for all γ, ζ ∈ C⊕ Ṽ0; (7.17)

β̃λ = {0} for some λ > 0; (7.18)

where the definitions of L̃ξ
η and β̃λ are similar to the definitions of Lξ

η and
βλ, with the replacement of Z, D0 and V0 by Z∗, D̃0 and Ṽ0 respectively.
Then Vt is a co-isometry for each t.

(iii) If the assumptions in (i) and in (ii) are both valid, then Vt is unitary for
all t.

Proof:
(i) Since Vt is contractive for each t and V0 = I , the operator Xt defined by
Xt = (I − V ∗

t Vt ) is nonnegative for all t and X0 = 0. We need to show that
Xt = 0 for all t, for which it suffices to show that Xtvg⊗n = 0 or equivalently
〈vg⊗n

, Xtvg⊗n 〉 = 0 for all n = 0, 1, 2, ..., and for all v ∈ h and V0-valued
simple functions g. To this end define Yλ =

∫∞
0 e−λt Xt dt ∈ B(h ⊗ �) where

λ > 0 is the one for which βλ = {0}. Let B(n)
λ (g) ∈ B(h) be the nonnegative

operator defined by

〈u, B(n)
λ (g)v〉 := 〈ug⊗n

, Yλvg⊗n 〉.
We note that for fixed n and g, B(n)

λ (g) = 0 if and only if Xtvg⊗n = 0 for all
t ≥ 0, v ∈ h. We shall prove this by induction on n which will complete the
proof of part (i).

Since Lγ
ζ (I ) = 0 for all γ, ζ ∈ C⊕V0 by (7.13), we have from the equation

(7.11) the following for u, v ∈ D0:

〈ug⊗n
, Xt (vg⊗n

)〉
=
∫ t

0
{〈ug⊗n

,L(Xs)(vg⊗n
)〉 + √n〈ug⊗n

,L0̂
g(s)(Xs)(vg⊗n−1

)〉
+ √

n〈ug⊗n−1
,Lg(s)

0̂
(Xs)(vg⊗n

)〉 + n〈ug⊗n−1
,Lg(s)

g(s)(Xs)(vg⊗n−1
)〉}ds.

(7.19)

Taking n = 0 in the above formula (and recalling that g⊗0 := e(0)), we get

〈ue(0), Xtve(0)〉 =
∫ t

0
〈ue(0),L(Xs)ve(0)〉ds,

and an integration by parts leads to the result that

〈u, B(0)
λ (g)v〉 = 1

λ
〈u,L0(B(0)

λ (g))v〉 for all u, v ∈ D0.

Thus, by the hypothesis ( 7.14), B(0)
λ (g) = 0. Now, assume that B(n−1)

λ (g) = 0
for some n ≥ 1, or equivalently, Xtvg⊗n−1 = 0 for all v ∈ h. It can be seen
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from the definitions of Lγ
ζ that in this case, 〈uψ,Lγ

ζ (Xs)vg⊗n−1〉 = 0 for all
γ, ζ ∈ C⊕ V0, u, v ∈ D0 and ψ ∈ �. Using this fact, we get from (7.19) that

〈ug⊗n
, Xtvg⊗n 〉 =

∫ t

0
〈ug⊗n

,L(Xs)vg⊗n 〉ds,

hence
〈u, B(n)

λ (g)v〉 = 1
λ
〈u,L0(B(n)

λ (g))v〉.
It follows that B(n)

λ (g) = 0, which completes the proof of (i).
(ii) We have to show that Vt is a co-isometry for each t . Let Ṽt := Ut V ∗

t Ut ,
t ≥ 0, where Ut is the self-adjoint unitary operator of Section 7.1. Clearly, Vt

is co-isometry if and only if Ṽt is an isometry. Consider the subsequence Z (nk )

obtained in the proof of the Theorem 7.2.1, and recall that the subsequence of
processes V (nk)

t , satisfying the Q.S.D.E. with coefficient matrix Z (nk ), has been

shown to weakly converge to Vt for each t . Thus, ˜V (nk )
t = Ut V

(nk)
t

∗
Ut → Ṽt as

k → ∞ weakly. However, by Lemma 7.1.3, ˜V (nk )
t satisfies the Q.S.D.E. with

the coefficient matrix Z (nk )∗, and it follows from the proof of Theorem 7.2.1,
using the hypotheses (7.15) and (7.16), that Ṽt satisfies a Q.S.D.E. similar to
(7.7), but with the coefficient matrix Z replaced by Z∗. Furthermore, using
the hypotheses (7.17), (7.18) and part (i) of the present theorem, with D0, V0

replaced by D̃0, Ṽ0 respectively, we conclude that Ṽt is an isometry, which
completes the proof. �

7.3 Application: quantum damped harmonic oscillator

We shall briefly discuss here about a physical model where Q.S.D.E. with
unbounded coefficients arise naturally. This example has been taken from [119].
Consider the well-known example of a classical damped harmonic oscillator
described by the equation of motion:

d2q
dt2 + 2α

dq
dt
+ ω2q = 0, (7.20)

where α, ω are positive constants satisfying α < ω. This is a nonconservative
system, and thus cannot be described by a Hamiltonian. Nevertheless, we can
introduce a pair of ‘conjugate variables’ (p, q) satisfying the pair of first-order
differential equations

dq
dt

= p − αq,
dp
dt

= −δ2q − αp, (7.21)

where δ := √
ω2 − α2. It can be verified by simple computation that the sec-

ond variable q of the pair (p, q) satisfying (7.21) will be a solution of (7.20).



182 Quantum stochastic calculus with unbounded coefficients

Furthermore, we can rewrite (7.21) in a more convenient form in terms of a
complex-valued function a = a(t) of time t :

da
dt

= −(α + iδ)a. (7.22)

Here, (p, q) are related to a by

a = (2δ)−
1
2 (p − iδq), a† = (2δ)−

1
2 (p + iδq),

with a†(t) := a(t). Solving this equation, we get

p(t) = e−αt (p0 cos δt − δq0 sin δt), q(t) = e−αt
(

q0 cos δt + p0

δ
sin δt

)
,

where p0, q0 are the initial values. It is clear that even if (p0, q0) is a true con-
jugate pair, (p(t), q(t)) is not so for any positive t. This is of course expected.
The quantization of the problem does not bring any change to the above situ-
ation and leads to the conclusion that there is no unitary time evolution which
gives rise to the equation of motion (7.22).

Let us now change the picture and consider the situation when the damping
comes from a quantum noise. To be more precise, let us replace the commu-
tative variables (p, q) by a pair of unbounded operators, say (P, Q), such that
the operator A, A∗ defined by A = (2δ)− 1

2 (P−iδQ), A∗ = (2δ)− 1
2 (P+iδQ),

satisfy the canonical commutation relation (CCR)

[A, A∗] = I.

In fact, we can take P = −i d
dx and Q to be the multiplication by x on the

Hilbert space h = L2(R). We model the quantum damped harmonic oscillator
by the equation of evolution given by the following Q.S.D.E.:

dUt = Ut (aR(dt)+ a†
S(dt)− (α + iδ)A∗Adt), U0 = I ; (7.23)

where R = √
2αA, S = −R.

It should be noted here that if α = 0, that is, if there is no damping, the above
equation becomes dUt

dt = −iωUt A∗A, U0 = I ; so that the solution will be
the evolution group for the well-known standard quantum harmonic oscillator.

Let us now prove that the equation (7.23) admits a unitary solution. To apply
the criteria for existence of a unitary solution derived in the previous section,
let us consider Qλ : B(h)→ B(h) for λ > 0 defined in (3.3):

〈u, Qλ(x)v〉 :=
∫ ∞

0
2αe−λt 〈Ae−tGu, x Ae−tGv〉dt,

where G = −(α + iδ)A∗A and u, v ∈ Dom(G) ⊆ Dom(A). It is well-known
that the spectrum of the operator N := A∗A is {0, 1, 2, . . .} and the linear
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span D of its eigenspaces is dense and is contained in Dom(R). We take D0 =
D̃0 = D, V0 = Ṽ0 = C. Furthermore, we choose Rn =

√
2αn A(N + n)−1,

Sn = −Rn, Gn = − 1
2 R∗n Rn + iδnN (N + n)−1, and note that on D Rn, Sn

and Gn converge to R, S and G respectively. In fact, with Z (n) :=
(

Gn R∗n
Sn 0

)
,

the conditions (7.13), (7.15), (7.16), (7.17) of the Theorem 7.2.3 are satisfied.
Hence it remains to prove that βλ = {0}, which is equivalent, by Theorem
3.2.16, to proving that Qn

λ(I ) → 0 strongly as n → ∞. To this end, we note
that Qλ(I ) in this case can be explicitly calculated as

Qλ(I ) = 2αN (2αN + λ)−1 = N (N + λ′)−1,

where λ′ = λ(2α)−1. By a similar calculation, we get

Qn
λ(I ) = N (N+λ′)−1(N−1)(N−1+λ′)−1 · · · (N−n+1)(N−n+1+λ′)−1.

Thus, if v is an eigenvector of N corresponding to the eigenvalue m (nonnega-
tive integer), then Qn

λ(I )v = m(m−1)···(m−n+1)
(m+λ′)···(m−n+1+λ′) = 0 for all n ≥ m + 1. That

is, Qn
λ(I )v → 0 as n →∞ whenever v is any eigenvector of N , and hence for

any v ∈ D. Since D is dense in h and ‖Qn
λ(I )‖ ≤ 1 for all n, it follows that

Qn
λ(I ) → 0 strongly as n → ∞. This completes the proof of existence and

unitarity of solution Ut of (7.23).





8
Dilation of quantum dynamical semigroups

with unbounded generator

In Chapter 6 we built a theory of quantum stochastic dilation ‘naturally’ asso-
ciated with an arbitrary Q.D.S. on a von Neumann or C∗-algebra with bounded
generator. There the computations involved C∗ or von Neumann Hilbert mod-
ules, using the results of [24], map-valued quantum stochastic processes on
modules and quantum stochastic integration with respect to them, developed in
Chapter 5. It is now natural to consider the case of a Q.D.S. with unbounded
generator and ask the same questions about the possibility of dilation. As one
would expect, the problem is too intractable in this generality and we need to
impose some further structures on it. In this chapter we shall consider a few
classes of such Q.D.S. and try to construct H–P and E–H dilation for them. At
first, we shall work under the framework of a Lie group action on the under-
lying algebra, and consider covariant Q.D.S. For H–P dilation, symmetry with
respect to a trace is also assumed, whereas a general theory for E–H dilation has
been built under the assumption of covariance under the action of a compact
group, but without it being symmetric. Then, in the last section, we deal with
a class of Q.D.S. on the U.H.F. algebra, described in Chapter 3. In this case,
E–H dilation is constructed by a direct iteration using some natural estimates.
However, what is common to the methods used in constructing dilation for the
different kinds of Q.D.S. mentioned above is the use of a natural locally convex
topology, in which the generator (unbounded in the norm topology) is continu-
ous. In this context, the articles [6], [48], [68] and [69] are worthy of mention.

8.1 Dilation of a class of covariant Q.D.S.

Throughout this section, A is a separable C∗-algebra acting on a separable
Hilbert space h, and G is a second countable Lie group with {χi , i = 1, . . . , N }

185
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a basis of its Lie algebra. Moreover, g �→ αg ∈ Aut(A) is a strongly continuous
representation. Let Ā be the von Neumann algebra in B(h) generated by A.

8.1.1 Notations and preliminaries

For f ∈ C∞
c (G) (that is, f is smooth complex-valued function with compact

support on G) and an element a ∈ A, let us denote by α( f )(a) the norm-
convergent integral

∫
G f (g)αg(a)dg, where dg denotes the left Haar measure

on G.
Let A∞ denote the subset of A consisting of all elements a such that the map

g �→ αg(a) is infinitely differentiable with respect to the norm topology, that
is, A∞ is the intersection of the domains of ∂i1∂i2 · · · ∂ik ; k ≥ 1, for all possible
i1, i2, . . . ∈ {1, 2, . . . N }, where ∂i denotes the closed ∗-derivation on A given
by the generator of the one-parameter automorphism group αexp(tχi ), where exp
denotes the usual exponential map for the Lie group G. The following result is
essentially a consequence of the results obtained in [55] and [97].

Theorem 8.1.1 (i) The set A∞ is a dense ∗-subalgebra of A.

(ii) If we equip A∞ with a family of norms ‖.‖n; n = 0, 1, 2, . . . given by:

‖a‖n =
∑

i1,i2,···ik ;k≤n

‖∂i1 · · · ∂ik (a)‖;

for n ≥ 1, and ‖a‖0 = ‖a‖, then A∞ is complete with respect to the
locally convex topology induced by the above (countable) family of norms.

(iii) αg(A∞) ⊆ A∞. Furthermore, for a ∈ A∞, g �→ αg(a) is smooth (C∞)
in the locally convex topology mentioned above.

Proof:
(i) It can be seen, using the left invariance of the measure dg, that αg(α( f )(a))
= ∫ f (g−1µ)αµ(a)dµ. If f ∈ C∞

c (G), it follows from this expression that
α( f ) belongs to A∞. Furthermore, for ε > 0, choosing small enough neigh-
borhood U of the identity of G such that ‖αg(a) − a‖ ≤ ε for all g ∈ U
and f ∈ C∞

c (G) with f ≥ 0,
∫

f dg = 1 and supp( f ) ⊆ U, we get
‖α( f )(a)− a‖ ≤ ε. This shows that A∞ is dense in A.

(ii) The proof of this is along standard lines, using the property that ∂i ’s are
closed maps on A. Let us briefly indicate the line of reasoning. Consider a
sequence am ∈ A∞ so that each of the sequences am , ∂i1∂i2 · · · ∂ik (am) is
Cauchy in the norm ‖ · ‖ of A, for all (i1, . . . , ik), k = 1, 2, . . .. Let a and
a(i1,...,ik ) be the limits of am and ∂i1∂i2 · · · ∂ik (am), respectively, in the norm of
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A. Since ∂i is a closed operator, a must belong to its domain and ∂i (am) →
∂i (a). Repeating the same argument replacing am and a by ∂i (am) and ∂i (a),
respectively, we can show that for each j , ∂i (a) belongs to the domain of ∂ j

and ∂ j∂i (am) → ∂ j∂i (a). Proceeding similarly, it follows that a(i1,···,ik ) =
∂i1 · · · ∂ik (a) and it belongs to the domain of ∂i for any i . Thus a ∈ A∞ and
am → a in the Fréchet topology of A∞.

(iii) First of all, by the definition of A∞ and the fact that G × G � (g1, g2) �→
g1g2 ∈ G is C∞ map, we observe that for a ∈ A∞ the map (g1, g) �→
αg1(αg(a)) = αg1g(a) is C∞ on G × G, hence in particular for fixed g,
G � g1 �→ αg1(αg(a)) is C∞, that is, αg(a) ∈ A∞. Similarly, for fixed
a ∈ A∞ and any positive integer k, the map F : Rk × G → A given by
F(t1, . . . , tk, g) = αexp(t1χi1 )···exp(tik χk )g(a) is C∞. By differentiating F in its
first k components at 0, we conclude that ∂i1 · · · ∂ik (αg(a)) is C∞ in g, from
which (iii) follows. �

Thus, A∞ is a Fréchet space in the locally convex topology defined in (ii) of
the above Theorem 8.1.1. We call A∞, equipped with this topology, the Fréchet
algebra corresponding to the action αg . Sometimes, if we have to distinguish
between various G-actions on some C∗-algebra B, we shall use the notation
Bγ∞ to denote the Fréchet algebra B∞ corresponding to the action γg .

Lemma 8.1.2 For every n, the norm ‖ · ‖n satisfies

‖ab‖n ≤ ‖a‖n‖b‖n, a, b ∈ A∞.

Proof:
For a k-tuple I = (i1, . . . , ik) of {1, . . . , N }, let us denote by ∂I the operator
∂i1 · · · ∂ik . If I is the empty set, we shall mean by ∂I (x) just x . Let Sk denote
the set of all such ordered tuples (i1, . . . , ik). Indeed, for a, b ∈ A∞, we have

∂I (ab) =
∑

J

∂J (a)∂I−J (b),

where J varies over all ordered subsets of I (including the empty set), and
I − J denotes the complement of J in I with the same order as I . Now, by
definition,

‖ab‖n

=
∑

I∈Sk , k≤n

‖∂I (ab)‖

≤
∑

I∈Sk , k≤n

∑
J⊆I

‖∂J (a)‖‖∂I−J (b)‖
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≤
⎛⎝ ∑

I∈Sk , k≤n

‖∂I (a)‖
⎞⎠⎛⎝ ∑

J∈Sk , k≤n

‖∂J (b)‖
⎞⎠

= ‖a‖n‖b‖n .

�

Lemma 8.1.3 Let A0∞ := {a ∈ A∞ : there exist Ca,C ′
a > 0 s.t. ‖a‖n ≤

C ′
aCn

a for all n}. If G is compact, A0∞ is norm-dense in A.

Proof:
Let us first consider the C∗-algebra C := C(G) with the left regular repre-
sentation Lg of G, and let C∞ be the corresponding Fréchet algebra, and C0∞
be defined in the same way as A0∞. We claim that C0∞ is norm-dense in C.
Let Ĝ denote the set of irreducible representations π of G and let dπ be the
dimension of the representation π . Suppose that the representation g �→ π(g)
on Cdπ is given by the dπ × dπ matrix Uπ

g ≡ ((Uπ
i j (g))). Let {χ1, . . . , χN }

be a basis of the Lie algebra of G and let Ai (t) = π(exp(tχi )) denote the
one-parameter group of automorphisms corresponding to χi . Since dπ is finite,
the generator of Ai (t) must be bounded, and we denote it by Xπ

i . Let Mπ =
‖Xπ

1 ‖+ · · · + ‖Xπ
N‖. Now, by the well-known Peter–Weyl theorem (see [66]),

we can get a dense subset {tπi j , i j = 1, . . . , dπ ; π ∈ Ĝ} of C such that

Lgtπi j =
dπ∑

k=1

πik(g)tπk j .

Thus, the dπ dimensional space Cπ
j spanned by {tπi j , i = 1, . . . , dπ } (for fixed

j) is left invariant by Lg and Lg is given by the matrix Uπ
g on this space. It

follows that on Cπ
j , the operator d

dt |t=0Lexp(tχk) coincides with Xπ
k , and hence

we have for f ∈ Cπ
j ,

‖ f ‖n =
∑

i1,...,il l≤n, i p∈{1,...,N }
‖Xπ

i1
· · · Xπ

il f ‖

≤
∑

i1,...,il l≤n, i p∈{1,···,N }
‖Xπ

i1
‖ · · · ‖Xπ

il ‖‖ f ‖

≤
( N∑

i=1

‖Xπ
i ‖
)n

‖ f ‖

= Mn
π‖ f ‖.

This shows that Cπ
j ⊂ C0∞ for every π and j , hence the density of C0∞ in C.
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Now we come to the proof of the fact that A0∞ is dense in A, using the similar
fact for C. To this end, recall the notation α( f )(a) ≡ ∫G f (g)αg(a)dg for f ∈
C∞, a ∈ A, and also the observation made in the proof of Theorem 8.1.1 that
αg(α( f )(a)) = ∫ f (g−1ν)αν(a)dν. Note that we work with normalized Haar
measure dg, which is possible since G is compact. Using this and proceeding
as in the proof of the Theorem 8.1.1, it can be deduced that ‖α( f )(a)‖n ≤
‖ f ‖n‖a‖. Thus, for f ∈ C0∞ and any a ∈ A, α( f )(a) belongs to A0∞. As it
has been shown in the proof of Theorem 8.1.1, for a fixed a ∈ A and ε > 0,
we can find f ∈ C∞(G) such that ‖α( f )(a) − a‖ < ε. However, we have
already proved that C0∞ is norm-dense in C, so we can choose f1 ∈ C0∞ with
‖ f − f1‖ < ε. So we have

‖α( f1)(a)− a‖ ≤ ‖α( f )(a)− a‖ + ‖α( f − f1)(a)‖
≤ ε +

∫
‖ f − f1‖‖αg(a)‖dg

≤ ε + ε

∫
dg

= 2ε.

This completes the proof. �

We have a Hilbert space analogue of the above result.

Corollary 8.1.4 Let H be a separable Hilbert space with a unitary representa-
tion of g. We denote the corresponding family of Hilbertian norms by {‖ · ‖2, n}
(to be defined in page 194) and the Fréchet space by H∞. Furthermore, let
H0∞ denote the following subspace of H:

H0∞ := {ξ ∈ H∞ : there exists Cξ ,C ′
ξ > 0 s.t. ‖ξ‖2, n ≤ C ′

ξCn
ξ }.

If G is compact, H0∞ is dense in H in the norm-topology of H.

The proof is very similar to the proof of Lemma 8.1.3 and hence is omitted.
The following result will be useful later to extend densely defined

∗-homomorphisms.

Lemma 8.1.5 Both A0∞ and A∞ are closed under holomorphic functional cal-
culus. In particular, if a is a positive invertible element of A∞ (respectively,
A0∞), then

√
a again belongs to A∞ (respectively A0∞).

Proof:
Let a ∈ A∞, and f be a holomorphic function defined on an open set con-
taining the spectrum σ(a) of a. We have to show that f (a) ∈ A∞. Let us
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fix some χi ∈ {χ1, . . . , χN }, and denote the corresponding one-parameter
group of automorphism by βt . Note that as βt is an automorphism, we have
σ(βt (a)) = σ(a). Choosing a suitable contour C around σ(a), we can write
f (a) as

f (a) = 1
2π i

∫
C

f (z)(z − a)−1dz.

It is also clear that βt ((z − a)−1) = (z − βt (a))−1. Thus,

βt ( f (a))− f (a)
t

= 1
2π i

∫
C

f (z)
(z − βt (a))−1 − (z − a)−1

t
dz

= 1
2π i

∫
C

f (z)(z − βt (a))−1 (βt (a)− a)
t

(z − a)−1dz

= 1
2π i

∫
C

gt (z) f (z)dz (say).

Moreover, we have

‖βt (a)− a‖
t

≤ 1
t

∫ t

0
‖βs(∂i (a))‖ds

≤ ‖∂i (a)‖.
Thus,

| f (z)|‖gt (z)‖

≤ | f (z)|‖(z − βt (a))−1‖
∥∥∥∥βt (a)− a

t

∥∥∥∥ ‖(z − a)−1‖

≤ | f (z)|‖(z − a)−1‖2‖∂i (a)‖,
which is integrable over C . It is also a simple observation that for all z ∈ C ,

lim
t→0+ gt (z) = −(z − a)−1∂i (a)(z − a)−1.

So by the Dominated Convergence theorem, it follows that

lim
t→0+

βt ( f (a))− f (a)
t

= 1
2π i

∫
C

f (z)(z − a)−1∂i (a)(z − a)−1dz.

Thus, f (a) is in the domain of ∂i . By repeating similar argument, it can be
shown that f (a) belongs to A∞. In fact, we can prove by induction on k the
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following expression:

∂i1 · · · ∂ik f (a)

= 1
2π i

∫
C

f (z)(z − a)−1

⎛⎝ l∑
(I1,···,Il )∈Tk

∂ Î1
(a)(z − a)−1 · · · ∂ Îl

(a)(z − a)−1

⎞⎠ dz,

(8.1)

where k ≥ 1, (i1, . . . , ik) is a tuple of integers with i j ∈ {1, . . . , N }, and
Tk denotes the collection of all partitions of {1, . . . , k}, that is, all tuples
(I1, . . . , Il) of nonempty, pairwise disjoint subsets of {1, . . . , k}, with l varying
over {1, . . . , k}, such that∪ j I j = {1, . . . , k}. For a subset I = {t1, . . . , tp}, with
t1 < t2 < · · · < tp, we have denoted by Î the ordered p-tuple (it1 , . . . , itp ).

We just briefly remark, without giving the details, how to carry out the proof
if A∞ is replaced by A0∞. Suppose that C ′

a,Ca are positive constants such that
‖a‖n ≤ C ′

aCn
a for all n. Let K be the constant 1

2π

∫
C | f (z)|‖(z − a)−1‖|dz|,

M = supz∈C {‖(z − a)−1‖} > 0, and let Pk denote the set of all tuples
(p1, . . . , pl) of integers with l ≥ 1, pi > 0 for all i and

∑
i pi = k. It is

clear that the set Pk has the same cardinality as the set of all tuples of integers
(q1, . . . , ql) with l ≥ 1, 1 ≤ q1 < · · · < ql = k, which has the cardi-
nality 2k−1. Let us also fix a tuple (i1, . . . , ik) and recall the expression for
∂i1 · · · ∂ik f (a) given by (8.1). Now, for a fixed choice of (p1, . . . , pl) ∈ Pk , we
have ∑

(I1,···,Il )∈Tk : |I j |=p j for all j

‖∂ Î1
(a)(z − a)−1 · · · ∂ Îl

(a)(z − a)−1‖

≤
∑

(I1,...,Il )∈Tk : |I j |=p j for all j

Ml‖∂ Î1
(a)‖ · · · ‖∂ Îl

(a)‖

≤ Ml‖a‖p1 · · · ‖a‖pl

≤ Ml(C ′
a)

lC p1+···+pl
a

= (MC ′
a)

lCk
a ≤ (1+ MC ′

a)
kCk

a ,

since l ≤ k.
Thus,wecanestimate the right-handsideof (8.1)by K ((1+MC ′

a)Ca)
k |Pk | =

K
2 (2(1+MC ′

a)Ca)
k ≤ Kβk , where β = 2(1+MC ′

a)Ca . Since ‖ f (a)‖0 ≤ K ,
and for fixed k ≥ 1, the number of tuples (i1, . . . , ik) with each i j ∈ {1, . . . , N }
is N k , we get the following estimate:

‖ f (a)‖n ≤ K
n∑

k=0

(Nβ)k = K
Nβ − 1

((Nβ)n+1 − 1) ≤ K Nβ

Nβ − 1
(Nβ)n,

which shows that f (a) ∈ A0∞. �
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Corollary 8.1.6 Let π be a ∗-homomorphism from A∞ to B(K), with
π(1) = 1K, where K is a separable Hilbert space. Then π extends to a
∗-homomorphism of A. When G is compact, we can get the same conclusion
if we replace A∞ by A0∞.

Proof:
We give a proof for A∞ only. The proof for A0∞ is similar. Let a ∈ A∞ be a
self-adjoint element. For ε > 0, let b = (1 + ε)‖a‖ − a, which is a positive
invertible element of A∞. Since σ(b) does not contain 0, we can choose a
holomorphic function f defined in a neighborhood of σ(b) such that f (b) =√

b. By Lemma 8.1.5,
√

b ∈ A∞. Now, as π is a ∗-homomorphism on A∞,
π(b) = π((

√
b)2) = π(

√
b)2 ≥ 0. Therefore, π(a) ≤ (1 + ε)‖a‖, and since

this is true for arbitrary ε > 0, we conclude that ‖π(a)‖ ≤ ‖a‖ for all self-
adjoint a ∈ A∞, and ‖π(a)‖≤ 2‖a‖ for all a ∈A∞. By the norm-density of
A∞ in A, π extends to a ∗-homomorphism on the whole of A. �

Now we shall introduce some more notation and terminology and prove
some preparatory results. If E is any Banach space with a strongly continu-
ous representation of G given by γg , we denote by E∞ the intersection of the
domains of the generators of different one-parameter subgroups, just as in case
of A∞. That is,

E∞ := ∩i1,i2,···Dom(∂Ei1
∂Ei2
· · · ∂Eik

; k = 1, 2, . . .).

Here, we have denoted by ∂Ek the generator of the one-parameter group γtexp(χk ).
If there is no confusion about E , then we may denote ∂Ek by just ∂k . We introduce
a family of norms ‖‖n as follows:

‖ξ‖n :=
∑

i1,i2,···ik ;k≤n

‖∂i1∂i2 · · · ∂ik (ξ)‖, ξ ∈ E∞.

Clearly, E∞ is complete in the locally convex (Fréchet) topology given by this
countable family of norms.

For two Banach spaces E i with corresponding G-actions γ i
g (i = 1, 2), we

denote by B(E1∞, E2∞) the space of all linear maps S from E1 to E2 such that
E1∞ is in the domain of S, S(E1∞) ⊆ E2∞, and S is continuous with respect
to the Fréchet topologies of the respective spaces. We call a linear map L
from E1 to E2 to be covariant if γ 1

g (Dom(L)) ⊆ Dom(L), and Lγ 1
g (ξ) =

γ 2
g L(ξ) for all g ∈ G, ξ ∈ Dom(L).

Lemma 8.1.7 If L from E1 to E2 is bounded (in the usual Banach space sense)
and covariant in the above sense, then L ∈ B(E1∞, E2∞).

Proof:
Let ∂E

1

i and ∂E
2

i be respectively the generator of the one parameter subgroup
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corresponding to χi in E1 and E2. From the relation Lγ 1
g = γ 2

g L and the
boundedness of L , it follows that L maps the domain of ∂E

1

i into the domain
of ∂E

2

i and L∂E
1

i = ∂E
2

i L . By repeated application of this argument it follows
that L∂E

1

i1
· · · ∂E1

ik
(ξ) = ∂E

2

i1
· · · ∂E2

ik
L(ξ) for all ξ ∈ E1∞, and thus ‖Lξ‖n ≤

‖L‖‖ξ‖n . �

Definition 8.1.8 An element of B(E1∞, E2∞) is called a smooth map, and if such
a smooth map L satisfies an estimate of the form ‖Lξ‖n ≤ C‖ξ‖n+p for all n
and for some integer p and a constant C , then we say that L is a smooth map
of order p (with bound ≤ C).

From the proof of the Lemma 8.1.7 we observe that any bounded covariant
map is smooth of order 0 with the bound ≤ ‖L‖. By a similar reasoning we
can prove the following lemma.

Lemma 8.1.9 Suppose that L is a closed (in the Banach space sense), covari-
ant map from E1 to E2. Then L is smooth of the order p for some p if and only
if E1∞ is in the domain of L.

Proof:
Since a smooth map by definition contains E1∞ in its domain, it suffices to
prove that E1∞ ⊆ Dom(L) implies that L is a smooth map of some order. For
simplicity of notation, we shall use the same symbol ∂i for both ∂E

1

i and ∂E
2

i ,
and also we use the same symbol γg for the G-action on E1 and E2. Let L be
a map as above. Since L is closed in the Banach space sense, and the Fréchet
topology in E1∞ is stronger than its Banach space topology, it follows that L
is closed as a map from the Fréchet space E1∞ to the Banach space E2. By the
Closed Graph theorem, it is continuous with respect to the above topologies,
since it is defined on the Fréchet space E1∞. By the definition of Fréchet space
continuity, there exist some C and p such that ‖L(ξ)‖0 ≤ C‖ξ‖p. Now, for
any fixed k, let γt ≡ γexp(tχk ). Since γt maps E1∞ into itself and L is covariant,
we have L((γt (ξ) − ξ)/t) = (γt (Lξ) − Lξ)/t . Now, since (γt (ξ) − ξ)/t →
∂k(ξ) as t → 0+ in the Fréchet topology, we have that L((γt (ξ) − ξ)/t) =
(γt (Lξ) − Lξ)/t converges to L∂kξ in the Banach space topology of E2, and
so by the closedness of ∂k , Lξ must belong to the domain of ∂k , with L∂kξ =
∂k Lξ . Repeated use of this line of reasoning proves that L(E1∞) ⊆ E2∞ and
L(∂i1 · · · ∂ik ξ) = ∂i1 · · · ∂ik (Lξ) for all ξ ∈ E1∞. Now, a direct computation
enables one to show that L is of order p with bound ≤ C . �

Let us now consider the special case of Hilbert spaces. Of course, Hilbert
spaces are Banach spaces, and our discussion on the Fréchet topology on
Banach spaces with group action applies to Hilbert spaces as well. However, we
shall make a slightly different choice of the family of norms in case of a Hilbert
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space, such that each of the norms remain Hilbertian. Given a Hilbert space H
with a unitary representation Ug of G in H, with dH

k ≡ dk denoting the self-
adjoint generator of the unitary one-parameter group ut ≡ Uexp(tχk) = eitdk ,
we introduce a countable family of Hilbertian norms ‖ · ‖2,n; n = 0, 1, 2, · · ·
on H∞ as follows:

‖ξ‖2
2,n ≡

∑
i1,i2,···ik ;k≤n

‖di1 di2 · · · dik (ξ)‖2.

It can be observed that H∞ is complete in the Fréchet topology given by the
above family of norms, and we consider H∞ as a Fréchet space with this locally
convex topology. We call such a pair (H,Ug) a Sobolev–Hilbert space, and
define a smooth map between them in the same way as was done before in
the context of Banach spaces. The notion of covariant maps and the notation
B(H∞,K∞) for the Hilbert spaces H and K respectively are also introduced
similarly.

Remark 8.1.10 A word of caution about the notation: since a Hilbert space is
also a Banach space, there is an ambiguity in the notation H∞; it may have
been preferable to use a different notation for the Fréchet space correspond-
ing to the Hilbertian norms to distinguish it from the Fréchet space obtained
from the family of Banach norms {‖ · ‖n}. However, our convention will be
that unless mentioned otherwise, if the Banach space under consideration is a
Hilbert space and the group action is unitary, we shall work with the Hilbertian
norms.

Let us note the following analogues of Lemma 8.1.7 and Lemma 8.1.9 in this
situation, and remark that the proof remains the same, with the replacement of
‖ · ‖n by the Hilbertian norm ‖ · ‖2,n .

Lemma 8.1.11 If L from H to K is bounded (in the Hilbert space sense) and
covariant in the above sense, then L ∈ B(H∞,K∞).

Lemma 8.1.12 Suppose that L is a closed (in the Hilbert space sense), covari-
ant map from H to K. Then L is smooth of the order p for some p if and only
if H∞ is in the domain of L.

However, Hilbert space framework allows the use of the Spectral theorem of
self-adjoint operators, and we can prove more than what we could do for a
general Banach space.

Theorem 8.1.13 Let (H,Ug), (K, Vg) be two Sobolev–Hilbert spaces as in
earlier discussion, and L be a closed linear map from H to K. Furthermore,
assume that H∞ is in the domain of |L|2 and is a core for |L|2, and LUg =
Vg L on H∞. Then we have the following conclusions.
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(i) L is a smooth covariant map with some order p and bound ≤ C for some
C.

(ii) L∗ (the densely defined adjoint in the Hilbert space sense ) will have K∞
in its domain.

(iii) L∗ is also a smooth covariant map from K∞ to H∞; with order p and
bound ≤ C as in (i).

Proof:
Let the polar decomposition of L be given by L = W |L|. We claim that both
W and |L| are covariant maps. First we note that H∞ is also a core for L
(being a core for |L|2) and since Ug is a unitary operator that maps H∞ into
itself, clearly H∞ is a core for LUg and also for Vg L . Thus the relation LUg =
Vg L on H∞ implies that the operators LUg and Vg L have the same domain
and they are equal. Now, note that L being closed and Vg being bounded, we
have that (Vg L)∗ = L∗V ∗

g = L∗Vg−1 . Furthermore, since U−1
g maps the core

H∞ for L into itself, one can verify that (LUg)
∗ = U∗

g L∗. Thus, we get that
Ug L∗ = L∗Vg for all g. It then follows that Ug|L|2 = |L|2Ug and hence by
the Spectral theorem, Ug and |L| will commute. By Lemma 8.1.12, we get that
|L|(H∞) ⊆ H∞, and |L| is a smooth covariant map of some order.

Now, if P denotes the projection onto the closure of the range of |L|, then
P clearly commutes with Ug for all g, hence in particular UgRan(P)⊥ ⊆
Ran(P)⊥. Thus WUg P⊥ = W P⊥Ug = 0 = VgW P⊥. On the other hand,
VgW P = WUg P , because VgW |L| = Vg L = LUg = W |L|Ug = WUg|L|.
Hence we have that W is a bounded covariant map, and thus by Lemma 8.1.11,
it follows that W ∗ is covariant too, and in particular W ∗(K∞) ⊆ H∞ ⊆
Dom(|L|), so that K∞ ⊆ Dom(L∗) = Dom(|L|W ∗). Moreover, from the
fact that W and W ∗ are smooth maps of order 0 with bound ≤ 1 (as ‖W‖ =
‖W ∗‖ = 1) and |L| is a smooth covariant map of some order p with bound
≤ C for some C , clearly both L = W |L| and L∗ = |L|W ∗ are smooth covari-
ant maps of order p and bound ≤ C , which completes the proof. �

Lemma 8.1.14 Let (Hi ,Ui
g), i = 1, 2 and (Ki , V i

g ), i = 1, 2 be Sobolev–
Hilbert spaces and let k be any Hilbert space. Then we can construct the
Sobolev–Hilbert spaces (Hi ⊕ Ki ,Ui

g ⊕ V i
g ) and (Hi ⊗ k,Ui

g ⊗ I ) (with
the symbols carrying their usual meanings) and if L ∈ B(H1∞,H2∞), M ∈
B(K1∞ ,K2∞), then we have the following:

(i) L ⊕ M ∈ B((H1 ⊕K1)∞, (H2 ⊕K2)∞), and
(ii) (H1 ⊗ k)∞ is the completion of H1∞ ⊗alg k under the respective Fréchet

(Hilbertian) topologies and the map L ⊗alg I on H1∞ ⊗alg k extends to a
smooth map on the respective Fréchet space (we shall denote this smooth
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map by L ⊗ I or sometimes L̃). Furthermore, if L is of order p with some
bound C, so will be L̃.

Proof:
The proof of (i) is elementary and is omitted. To prove (ii), we fix any ortho-
normal basis {el} of k and let ξ = ∑ ξl ⊗ el be a vector in the domain of
the self-adjoint generator of the one parameter unitary group ut ⊗ I , where
ut was introduced after Lemma 8.1.9 and it may be observed that the sum-
mation needs to be done over a countable set only. Therefore, without loss
of generality, we may assume that the set of l’s with ξl nonzero is indexed
by 1, 2, . . . . Since

∑
((ut (ξl) − ξl)/t) ⊗ el is Cauchy (in the Hilbert space

topology ) suppose that
∑

((ut (ξl) − ξl)/t) ⊗ el → ∑
ηl ⊗ el . Clearly, for

each l, ηl = limt→0((ut (ξl) − ξl)/t), which implies that ξl ∈ Dom(dk) and
idkξl = ηl . Thus, if d̃k denotes the self-adjoint generator of the one para-
meter unitary group ut ⊗ I , then we have proved that the domain of it con-
sists of precisely the vectors

∑
ξl ⊗ el such that each ξl ∈ Dom(dk) and∑ ‖dk(ξl)‖2 < ∞. Repeated use of this argument enables us to prove that

(H1 ⊗ k)∞ consists of the vectors ξ = ∑
ξl ⊗ el with the property that

ξl ∈ H1∞ for each l and for any n, ‖ξ‖2
2,n ≡ ∑l ‖ξl‖2

2,n < ∞. From this,
it is clear that

∑m
l=1 ξl ⊗ el converges (as m → ∞) to ξ in each of the ‖.‖2,n

norms, that is in the Fréchet topology. The rest of the proof follows by observ-
ing that for any ξ =∑finite ξl ⊗ el ∈ H1,∞ ⊗alg k, ‖L̃(ξ)‖2

2,n =
∑ ‖Lξl‖2

2,n .
�

We end this subsection with a discussion on the natural Fréchet topology on
a G–A Hilbert module (E, γ ) (see Definition 4.3.1). In such a case, we can
consider the Fréchet space E∞ ≡ Eγ∞ given by the family of norms ‖ · ‖2,n

defined in analogy with the Hilbert space case. In analogy with the terminology
used by us in the case of Hilbert spaces, we shall call the above Fréchet space
a Sobolev–Hilbert module. However, we shall mostly need to consider G – A
Hilbert modules of the form A ⊗ H for some Hilbert space H, and with G-
action of the form αg ⊗ vg for some actions α and v on A and H respectively.
Let us denote by ∇i the closure of the map ∂i⊗dH

i , i = 1, 2, . . . , N , and for an
ordered set J = { j1, . . . , jk}, let ∇J = ∇ j1 · · · ∇ jk . We then introduce ‖ξ‖2,n

for elements ξ in the domain E∞ := ∩J={ j1,..., jk }, k≥0Dom(∇J ) as follows:

‖ξ‖2
2,n :=

∑
J

‖∇J (ξ)‖2,

where in the above, J varies over all possible tuples ( j1, . . . , jk) such that
jl ∈ {1, . . . , N } and k ≤ n. It can be seen that E∞ is a Fréchet space with the
family of norms {‖·‖2,n}. We shall also consider the Fréchet algebra B∞, where
B = L(E), with the G-action given by B � X �→ βg Xβ−1

g . It is not difficult
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to prove that B∞ maps E∞ into itself and we have the following analogue of
Lemma 8.1.2.

Lemma 8.1.15 For X ∈ L(E)∞, ξ ∈ E∞, we have

‖Xξ‖2,n ≤ ‖X‖n‖ξ‖2,n .

The proof is omitted, since it is very similar to the proof of Lemma 8.1.2.
An element ξ of a Hilbert A-module E can be naturally identified with an

element Lξ of L(A⊕ E) by defining Lξ (a ⊕ η) = (0⊕ ξa). It is not difficult
to see that the operator norm of Lξ is same as the norm of ξ , thus ξ �→ Lξ

is an isometric map. Now, this can be generalized to a G −A module (E, β).
Indeed, ((A ⊕ E), (α ⊕ β)) is a G − A module, and we consider Fréchet
topologies on E as well as on A⊕ E . It can be shown that ξ �→ Lξ is actually
a homeomorphism of the Fréchet topologies mentioned above.

The Sobolev–Hilbert spaces defined earlier is clearly a special case of
Sobolev–Hilbert modules, with the choice A = C. Furthermore, we shall take
a notational convention similar to the one explained in Remark 8.1.10 in the
context of Sobolev–Hilbert spaces.

8.1.2 H–P dilation of a class of symmetric covariant quantum
dynamical semigroups

Let τ be a densely defined, semifinite, lower semicontinuous and faithful trace
on A. Let Aτ ≡ {x : τ(x∗x) <∞}. Thus h can be chosen to be L2(τ ), and A is
naturally imbedded in B(h). Recall that Ā denotes the von Neumann closure of
A with respect to the weak topology inherited from B(h). Clearly Aτ is ultra-
weakly dense in Ā. Suppose that αg(Aτ ) ⊆ Aτ and τ(αg(x∗y)) = τ(x∗y) for
x ∈ Aτ , y ∈ A, g ∈ G. By polarization, this is equivalent to the assumption
that τ(αg(x∗x)) = τ(x∗x) for x ∈ Aτ . This allows one to extend αg as a
unitary linear operator on h, to be denoted by ug , and clearly αg(x) = ugxu∗g
for x ∈ A. To see this, it is sufficient to verify this relation on the vectors in Aτ

first, and then extend it to the whole of h using the fact that h is the completion
of Aτ .

Lemma 8.1.16 g �→ ug is strongly continuous with respect to the Hilbert
space topology of h.
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Proof:
Let A1 := {x ∈ A : τ(|x |) = τ((x∗x)

1
2 ) < ∞}. It is known that A1 is dense

in h in the topology of h. Furthermore, for x ∈ Aτ and y ∈ A1, |τ((ug(x) −
x)∗y)| ≤ ‖(ug(x) − x)∗‖τ(|y|), which proves that g �→ τ((αg(x) − x)∗y) is
continuous, by the strong continuity of α in the norm topology of A. However,
by the density of A1 and Aτ in h and the fact that ug is unitary, we conclude
that for fixed ξ ∈ h, g �→ ugξ is continuous in the weak topology of h, and
hence is strongly continuous. �

The above lemma allows us to define α( f )(ξ) = ∫ f (g)ug(ξ)dg ∈ h for
f ∈ C∞

c (G), ξ ∈ h. Furthermore, from the expression αg(x) = ugxu∗g , it is
possible to extend αg to the whole of B(h) as a normal automorphism group
implemented by the unitary group ug on h and we shall denote this extended
automorphism group also by the same notation.

We have the following Hilbert space analogue of the Theorem 8.1.1.

Theorem 8.1.17 (i) We denote by dk the self-adjoint generator of the unitary
group uexp(tχk) on h such that uexp(tχk) = eitdk , and let

h∞ ≡ ∩i1,i2,···Dom(di1 di2 · · · dik ; k = 1, 2, · · ·).
Then h∞ is dense in h.

(ii) If we equip h∞ with a family of Hilbertian norms ‖.‖2,n; n = 0, 1, 2, · · ·
given by,

‖ξ‖2
2,n ≡

∑
i1,i2,···ik ;k≤n

‖di1 di2 · · · dik (ξ)‖2,

then h∞ is complete with respect to the locally convex topology induced
by the (countable) family of norms as defined above.

(iii) The family {ug} maps h∞ into itself and the map g �→ ugξ is smooth
(C∞) in the Fréchet topology for fixed ξ ∈ h∞.

(iv) Let A∞,τ = A∞ ∩ h∞, then A∞,τ is a closed two-sided ∗-ideal in A∞
and is dense in A, A∞, h and h∞ with respect to the respective topologies.

Proof:
The proof of (i)–(iii) are similar to that of the Theorem 8.1.1 and hence is omit-
ted. To prove (iv), we need to note first that the elements of the form α( f )(ξ) =∫

G f (g)ugξ dg, with f ∈ C∞
c (G) and ξ ∈ Aτ , are clearly in A∞,τ . Let us first

consider the density of such elements in h and h∞. Since the topology of h∞ is
stronger than that of h and since h∞ is dense in h in the topology of h, it suffices
to prove that the set of elements of the above form is dense in h∞ in the Fréchet
topology. For this, we take ξ ∈ h∞, and choose a net xν of elements from Aτ

which converges in the topology of the Hilbert space h to ξ , and then it is clear
that α( f )(xν) → α( f )(ξ) for all f ∈ C∞

c (G) in the Fréchet topology of h∞,
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since di1 · · · dikα( f )(xν− ξ) = (−i)kα(χi1 · · ·χik f )(xν− ξ) by an integration
by parts. Thus, it is enough to show that {α( f )(ξ), f ∈ C∞

c (G), ξ ∈ h∞} is
dense in h∞ in the Fréchet topology. For this, we choose a net f p ∈ C∞

c (G)

such that
∫

G f pdg = 1 for all p and the support of f p converges to the single-
ton set containing the identity element of the group G, and then it is simple to
see that α( f p)(ξ) → ξ in the Fréchet topology. Finally, the norm-density of
A∞,τ in A and the Fréchet density in A∞ will follow by similar arguments. �

Remark 8.1.18 It may be noted that for x ∈ A∞,τ , δi1 · · · δik (x) = (−1)k

di1 · · · dik (x) ∈ A ∩ h. This follows from the fact that if yp is a net in A ∩ h
which converges both in the norm topology of A as well as in the Hilbert space
topology of h, then the norm-limit belongs to h and the two limits must coincide
as vectors of h.

Let us now proceed to the theory of H–P dilation for a class of Q.D.S. on
A. Let (Tt ) be a Q.D.S. on A which is symmetric with respect to τ , that is,
τ(Tt (x)y) = τ(xTt (y)) for all positive x, y ∈ A, and for all t ≥ 0. At this
point, the reader should recall the discussion in Chapter 3 , where an account
of such semigroups from the point of view of Dirichlet forms has been given.
As it is mentioned there, Tt can be canonically extended to a normal symmet-
ric Q.D.S. on Ā as well as to a C0-semigroup of positive contractions on the
Hilbert space h. We shall denote all these semigroups by the same symbol Tt

as long as no confusion can arise. Furthermore, we assume that Tt on Ā is
conservative, that is, Tt (1) = 1 for all t ≥ 0.

Let us denote by L the C∗-generator of Tt on A, and by L2 the generator of
Tt on h. Clearly, L2 is a negative self-adjoint map on h.

We now make a set of further assumptions.

Assumptions

(A1) Tt is covariant, that is, Tt commutes with αg for all t ≥ 0, g ∈ G.

(A2)L has A∞ in its domain.

(A3) L2 has h∞ in its domain.

The next lemma summarizes some of the implications of the assumptions
made above for future use.

Lemma 8.1.19 We have the following.

(i) A∞,τ is a core for both L and L2,
(ii) L(A∞,τ ) ⊆ A∞,τ ,

(iii) L2(A∞,τ ) ⊆ A∞,τ .
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Proof:
By the Theorem 8.1.17, A∞,τ is dense in A and h in their respective topolo-
gies. The hypothesis of covariance of Tt implies that A∞,τ is invariant under
Tt . Furthermore, by (A2)–(A3) A∞,τ is in the domains of L and L2. Thus by
Theorem 1.9 of [37], one has (i). It follows as in the proof of the Theorem
8.1.17 that L(A∞) ⊆ A∞. Similarly, h∞ is invariant under Tt and is a core for
L2, and L2(h∞) ⊆ h∞. Since L and L2 coincide on A∞,τ = A∞ ∩ h∞, the
conclusions follow. �

It is appropriate to remark here that the assumption (A3) is the only hypoth-
esis on the generator of the semigroup which involves the Hilbert space gen-
erator. However, in an important special case, namely, when the group G is
compact and acts ergodically on the algebra A (see Chapter 2 for the definition
of ergodic action on a C∗-algebra), the assumption (A3) follows automatically
from the other hypotheses as shown below.

Lemma 8.1.20 Let G be a compact Lie group acting ergodically on a unital
C∗-algebra A. Then h∞ = A∞. Moreover, if a Q.D.S. (Tt ) on A satisfies the
assumptions (A1) and (A2) (where symmetry is assumed with respect to the
canonical trace τ on A described in Proposition 8.1.18), then it will satisfy
(A3) too.

Proof:
Let us recall from the Proposition 8.1.18 that for π in Ĝ, the set of irreducible
representations of G (which is countable since G is a compact Lie group) with
nπ the dimension of the space (also denoted by π ) of the representation π ,
{tπi j ∈ A, i = 1, 2, . . . , nπ ; j = 1, 2, . . . ,mπ ≤ nπ ; π ∈ Ĝ} is an ortho-
normal basis of h. Moreover, let {λπ, π ∈ Ĝ} be the set of the eigenvalues, of
multiplicity n2

π , of the bi-invariant Laplacian (say �G) on the compact mani-
fold G (compact Lie group) of dimension N . Then by the Weyl asymptotics of
the eigenvalues of the Laplacian (see [113]) we have that

λπ = O(n
2
N
π ),

so that for sufficiently large n,

∑
π

n3
π

λ2n
π

≤ C
∑
π

n
(3− 4n

N )
π <∞ (where C is a positive constant).

It is clear from the Proposition 8.1.18 that ∂k = idk on each of the finite
dimensional spaces Hπ

l spanned by {tπil , i = 1, . . . , nπ }. We also note that
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the bi-invariant Laplacian �G can be expressed as a linear combination of the
form

∑N
j,k=1 p jk χ jχk (where p jk are real constants). Let us denote by L0 the

unbounded operator
∑N

j,k=1 p jk d j dk on h, which coincides with −∑N
j,k=1

p jk ∂ j∂k on each of the finite dimensional subspaces Hπ
l . It is also clear

that h∞ ⊆ Dom(Ln
0) for all nonnegative integer n. The G-action on the Hπ

l
induces a homomorphism (say �π

l ) of the universal enveloping algebra of
the Lie algebra (see [74]), which sends the generator χ j to id j . In particular,
�π

l (�G) = −L0|Hπ
l

. However, since the G-action on Hπ
l is the irreducible

representation π , �π
l (�G) is nothing but λπ IHπ

l
. Thus we have that

L0|Hπ
l
= −λπ IHπ

l
. (8.2)

For proving that h∞ = A∞ as sets, it is sufficient to show that for every
k ∈ {1, . . . , N }, one has h∞ ⊆ Dom(∂k) and ∂k(h∞) ⊆ h∞. To this end let
us consider an arbitrary element v ∈ h∞ given by an L2-convergent series∑

π,i, j cπ,i, j tπi j . The fact that v is in h∞ ⊆ Dom(Ln
0) implies that (by (8.2))∑

π,i, j

λ2n
π |cπ,i, j |2 <∞

for every positive integer n. Since by the Proposition 2.1.18, ‖tπi j‖ ≤
√

nπ , it
follows that

∑
π,i, j

|cπ,i, j |‖tπi j‖ ≤
⎛⎝∑

π,i, j

|cπ,i, j |2λ2n
π

⎞⎠
1
2 (∑

π

n3
π

λ2n
π

) 1
2

<∞.

This proves that the series
∑

π,i, j cπ,i, j tπi j converges in the norm of A, hence
v ∈ A. Since Ĝ is countable, let us identify Ĝ with IN without loss of gener-
ality for the rest of the proof. Denoting by vn the element

∑n
l=1
∑

i, j cl,i, j t l
i j ,

we observe that vn converges to v in the norm of A. Moreover, since the finite
dimensional space hn spanned by {t l

i j , i = 1, . . . , nl , j = 1, . . . ,ml; l =
1, . . . , n}, is invariant under dk , dk commutes with the projection Pn on hn .
Thus, dkv = limn→∞ Pndkv = limn→∞ dkvn . If we write dkvn as a sum of
the form

∑n
l=1
∑

i, j bl,i, j t l
i j , then it follows similarly that the (a-priori L2-

convergent) series dkv = ∑∞
l=1
∑

i, j bl,i, j t l
i j converges in the norm of A.

Therefore, dkvn converges to dkv in the norm of A. But dk coincides with
−i∂k on hn , hence ∂kvn = idkvn , which converges in the norm of A to idkv .
Thus, both vn and ∂kvn converge in the A-norm, from which it follows by using
the fact that ∂k is closed that v is in the domain of ∂k and ∂kv = idkv ∈ h∞.
Moreover, since the trace τ is finite, the Fréchet topology of A∞ is stronger
than that of h∞, from which it is clear that the assumption (A2) implies (A3).

�
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By Lemma 8.1.19, the domain A∞,τ can be taken as a candidate of A0 in
Theorem 3.2.30. Applying the Theorems 3.2.30 and 3.2.31 with A0 = A∞,τ ,
we obtain the following.

(i) A Hilbert space K equipped with an A–A bimodule structure, in which
the right action is denoted by (a, ξ) �→ ξa, ξ ∈ K, a ∈ A and the left
action by (a, ξ) �→ π(a)ξ, ξ ∈ K, a ∈ A.

(ii) A densely defined closable linear map δ0 from A into K such that A∞,τ ⊆
Dom(δ0), and δ0 is a bimodule derivation. Moreover, for any fixed a ∈
A∞,τ , the map A∞,τ � b �→ √

2δ0(a)b ∈ K extends to a unique bounded
linear map between the Hilbert spaces h and K, and this bounded map will
be denoted by δ(a).

(iii) ∂L(a, b, c) ≡ δ(a)∗π(b)δ(c) = L(a∗bc)−L(a∗b)c−a∗L(bc)+a∗L(b)c,
for a, b, c ∈ A∞,τ .

(iv) K is the closed linear span of {δ(a)b : a, b ∈ A∞,τ }.
(v) π extends to a normal ∗-homomorphism on Ā.

Let R : h → K be defined by,

Dom(R) = A∞,τ , Ra ≡ √
2δ0(a).

Then R has a densely defined adjoint R∗, whose domain contains the linear
span of the vectors δ(a)b, a, b ∈ A∞,τ , and is given by

R∗(δ(a)b) = aL(b)− L(a)b − L(ab).

We denote the closure of R by the same notation again. For a, b ∈ A∞,τ ,(
R∗π(a)R − 1

2
R∗Ra − 1

2
a R∗R

)
(b) = L(a)b.

Furthermore,

δ(a)b = (Ra − π(a)R)b, for a, b ∈ A∞,τ ,

L2 = −1
2

R∗R.

The next theorem gives the result on the existence of a unitary H–P dilation
for Tt .

Theorem 8.1.21 There exist a Hilbert space k1 and a partial isometry � :
K → h ⊗ k0 (where k0 = L2(G) ⊗ k1) such that π(a) = �∗(a ⊗ Ik0)� and
R̃ ≡ �R is covariant in the sense that (ug ⊗ vg)R̃ = R̃ug on A∞,τ where
vg = Lg ⊗ Ik1 , Lg denoting the left regular representation of G in L2(G).
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Proof:
First a strongly continuous unitary representation of G is constructed in K,
using ideas in the proof of the Theorem 6.7.1 (see also [30]) by setting

Vgδ(a)b := δ(αg(a))αg(b) for a, b ∈ A∞,τ ⊆ Dom(L),

and extending linearly. One can verify these properties of Vg by using the co-
cycle relation (6.10) on A∞,τ , the covariance of L and the invariance of the
trace τ , under the action of the group G. The strong continuity of g �→ Vg

follows by showing its weak continuity on vectors of the form
∑

i δ(ai )bi ,

where ai , bi ∈ A∞,τ , and then extending the same to the whole of K by the
density of this set of vectors and the unitarity of Vg . From the definition of Vg

and R, it follows that Vgδ(a) = δ(αg(a)), or Vg R = Rug on A∞,τ . Exactly as
in (6.11) , we conclude that

Vgπ(a)δ(b) = π(αg(a))Vgδ(b), for a, b ∈ A∞,τ ,

and by density, we have that π(αg(a)) = Vgπ(a)V ∗
g for all a ∈ A. Thus π

extends to a normal covariant ∗-representation of Ā in K, hence extends to
a normal ∗-representation, say π̄ of the crossed product von Neumann alge-
bra A >�G, which is the weak closure of the algebra generated by {(a ⊗
IL2(G)), (ug ⊗ Lg), a ∈ Ā, g ∈ G} in B(h ⊗ L2(G)). Thus there is an isome-
try � : K→ h⊗ L2(G)⊗ k1 (for some k1) such that �∗(X ⊗ Ik1)� = π̄(X),

for X ∈ Ā >�G. So in particular �∗(a ⊗ Ik0)� = π(a), and �∗(ug ⊗
vg)� = Vg . The rest of the proof follows from the fact that ��∗ commute
with ug ⊗ Lg ⊗ Ik1 (by Proposition 2.1.7). �

It is clear that for a ∈ A∞,τ ,

L(a) = R̃∗(a ⊗ 1k0)R̃ − 1
2

R̃∗ R̃a − 1
2

a R̃∗ R̃.

This enables us to write down the candidate for the unitary dilation for the
Q.D.S. Tt .

Before stating and proving the main theorem concerning H-P dilation, we
note that the form-generator is given by

B(h) � a �→ 〈R̃u, (a ⊗ 1)R̃v〉 − 1
2
〈au, R̃∗ R̃v〉 − 1

2
〈R̃∗ R̃u, av〉, u, v ∈ Dom(R̃∗ R̃).

By the construction in Subsection 3.2.1, there exists a unique minimal Q.D.S.
on B(h), say T̃t , such that the predual semigroup of T̃t , say T̃ ∗,t , has the
property that all elements of the form ρ = (1 + R̃∗ R̃)−1σ(1 + R̃∗ R̃)−1 (for
σ ∈ B1(h)) belongs to the generator of T̃ ∗,t (say L̃∗), and

L̃∗(ρ) = π∗(R̃1σ R̃∗1)−
1
2

R̃∗1 R̃1σ − 1
2
σ R̃∗1 R̃1,
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where R̃1 = R̃(1 + R̃∗ R̃)−1 and π∗ denotes the predual of the normal
∗-representation a �→ (a ⊗ 1) of B(h) into B(h ⊗ k0). Note that for T ∈
B1(h ⊗ k0), π∗(T ) = ∑i Tii , Tii ∈ B1(h) being the diagonal elements of T
expressed in a block-operator form with respect to an orthonormal basis of k0,
and the sum is in the trace-norm.

Lemma 8.1.22 T̃t is conservative.

Proof:
Let L̃ denote the generator of T̃t . We claim that A∞,τ ⊆ Dom(L̃) and L̃ = L
on A∞,τ . Fix any a ∈ A∞,τ . Let D denote the linear span of operators of
the form (1 + R̃∗ R̃)−1σ(1 + R̃∗ R̃)−1 for σ ∈ B1(h). Clearly, for ρ ∈ D,
tr(L̃(a)ρ) = tr(aL̃∗(ρ)) = tr(L(a)ρ) (using the explicit forms of L and L̃),
and since by Lemma 3.2.5, D is a core for L̃, we have that tr(aL̃∗(ρ)) =
tr(L(a)ρ) for all ρ ∈ Dom(L̃∗) and a ∈ A∞,τ . Now, for ρ ∈ Dom(L̃∗),

tr

(
T̃t (a)− a

t
ρ

)
= tr

(
a

(
T̃ ∗,t (ρ)− ρ

t

))
= tr

⎛⎝aL̃∗

⎛⎝t−1

t∫
0

T̃ ∗,s(ρ)ds

⎞⎠⎞⎠
= tr

⎛⎝L(a)
⎛⎝t−1

t∫
0

T̃ ∗,s(ρ)ds

⎞⎠⎞⎠;
and we extend this equality by continuity to all ρ ∈ B1(h). Letting t → 0+,
we get that a ∈ Dom(L̃) and tr(L̃(a)ρ) = tr(L(a)ρ) for all ρ ∈ B1(h), which
implies that a is in Dom(L̃) and L̃(a) = L(a). This along with (A2) leads to
the fact that L and hence L̃ leaves A∞,τ invariant and hence (λ − L)−1(a) =
(λ − L̃)−1(a) for all λ > 0 and all a ∈ A∞,τ . By using the formula Tt =
s− limn→∞(1 − (tL)/n)−n , it follows that T̃t (a) = Tt (a) for all a ∈ A∞,τ ,
and hence by the ultra-weak density of Ã∞,τ in Ā, Tt and T̃t agree on Ā, where
we use the same notation for the C∗-semigroup Tt and its canonical normal
extension on Ā. In particular T̃t (1) = 1. �

We note that since the set of smooth complex-valued functions on G with
compact support is dense in L2(G) in the L2-norm, it is clear that (k0)∞ is
dense in the Hilbert space k0. Furthermore, note that k0 can of course be cho-
sen to be separable since Ā is σ -finite von Neumann algebra and G is second
countable.

Theorem 8.1.23 The Q.S.D.E.

dUt = Ut (a
†
R̃
(dt)− aR̃(dt)− 1

2
R̃∗ R̃dt); U0 = I (8.3)

on the space h ⊗ �(L2(R+)⊗ k0) admits a unitary operator- valued solution
which implements a H–P dilation for Tt .
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Proof:
Since R̃∗ R̃ = −2L2, and since h∞ ⊆ Dom(L2) ⊆ Dom(R̃), the closed Hilbert
space operator R̃ is also continuous as a map from h∞ to h ⊗ k0 with respect
to the Fréchet topology of the domain. Thus the relation R̃ug = (ug⊗ vg)R̃ on
A∞,τ extends by continuity to h∞. That is, R̃ is covariant, and by the assump-
tions made on L2 at the beginning of this section it can be seen that the con-
ditions of the Theorem 8.1.13 are satisfied, so that there are C, p such that
‖R̃w‖2,0 ≤ C‖w‖2,p. Moreover, by Theorem 8.1.13, we obtain in particular
that Dom(R̃∗) contains (h ⊗ k0)∞. For any vector ξ ∈ (k0)∞, it is clear that
h∞ ⊆ Dom(〈ξ, R̃〉∗).

We shall now apply the Theorem 7.2.3 of Chapter 7 to prove the existence
and unitarity of solution of the Q.S.D.E. (8.3). To this end, take D0 = D̃0 =
h∞, V0 = Ṽ0 = k0∞ and Z =

(− 1
2 R̃∗ R̃ −R̃∗
R̃ 0

)
. Let Gn = n(n−L2)

−1, and

Z (n) :=
(− 1

2 Gn R̃∗ R̃Gn −Gn R̃∗
R̃Gn 0

)
.

We shall show that the hypotheses of the Theorem 7.2.3 are satisfied. Clearly,
Z (n)∗ and Z (n) belong to Zc. Furthermore, Gn is covariant map under the
action of G and ‖Gn‖ ≤ 1, and therefore is smooth of order 0 with bound
≤ 1, and it maps D0 into itself. We have that for w ∈ D0,

‖R̃Gnw‖2 = 〈R̃Gnw, R̃Gnw〉 = 〈w, G∗
n(−2L2)Gnw〉

= 〈w, (−2L2)
1
2 G∗

nGn(−2L2)
1
2 w〉 (since L2, Gn commute)

= ‖Gn(−2L2)
1
2 w‖2 ≤ ‖(−2L2)

1
2 w‖2.

Therefore, for ζ ∈ V0, w ∈ D0, we have that

‖Z (n)
ξ̂

w‖2 = ‖ − 1
2

Gn R̃∗ R̃Gnw + Gn R̃∗(wξ)‖2 + ‖R̃Gnw‖2

≤ 2‖G2
n(−L2)w‖2 + 2‖Gn R̃∗(wξ)‖2 + ‖R̃Gnw‖2

≤ 2‖(−L2)w‖2 + ‖(−2L2)
1
2 w‖2 + 2‖R̃∗(wξ)‖2,

and thus supn≥1 ‖Z (n)
ξ̂

w‖2 <∞ and the condition (7.6) is verified.
To verify that limn→∞〈η̂, Z (n)

ξ̂
〉w = 〈η̂, Z ξ̂ 〉w for all w ∈ D0, ξ, η ∈ V0,

we first prove the following general fact.
If L is a closed linear map from h to h with h∞ in its domain, so that ‖Lw‖2,0 ≤
M‖w‖2,r for some M and r , then for w ∈ h∞, each of the sequences Gn Lw,

LGnw and Gn LGnw converges to Lw as n → ∞. To prove this fact, it
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suffices to observe that Gnw belongs to h∞ and since Gn is covariant and
s− limn→∞Gn = I , we have that

‖Gnw − w‖2
2,r =

∑
i1,i2,···ik ;k≤r

‖(Gn − I )(di1 di2 · · · dikw)‖2
2,0 → 0 as n →∞.

Thus we get

‖Gn LGnw − Lw‖2,0

≤ ‖Gn L(Gnw − w)‖2,0 + ‖(Gn − I )Lw‖2,0

≤ M‖Gnw − w‖2,r + ‖(Gn − I )Lw‖2,0,

which proves that Gn LGnw → Lw. Similarly, one can show Gn Lw → Lw

and LGnw → Lw.

Using this fact, we observe that

〈η̂, Z (n)
ξ̂
〉w = − 1

2
Gn R̃∗ R̃Gnw − Gn R̃∗(wξ)+ 〈η, R̃Gnw〉

→ −1
2

R̃∗ R̃w − R̃∗(wξ)+ 〈η, R̃w〉 = 〈η̂, Z ξ̂ 〉w.

Similar facts can be proved replacing Z by Z∗ and Z (n) by Z (n)∗. The condi-
tions (7.13) and (7.17) are also simple to verify. Moreover, we have L0 = L̃0

and βλ = β̃λ in this case. Since h∞ is a core for R̃∗ R̃ and T̃t is conservative,
it follows from the Remark 3.2.17 of Chapter 3 that βλ = {0}. This proves
that Ut exists and is unitary for all t. Moreover, it is clear from the Q.S.D.E.
satisfied by Ut that

〈we(0)Ut (a ⊗ I )U∗
t w

′e(0)〉 = 〈w, Tt (a)w′〉
for all w,w′ ∈ h and a ∈ A. This completes the proof. �

We conclude this subsection by mentioning a few natural examples of Q.D.S.
which satisfy the assumptions (A1)–(A3).

Example 1
Let A = C0(R

n), G = Rn , with the obvious action of Rn on A by translation.
The trace τ is given by integration with respect to the Lebesgue measure. We
take Tt to be the heat semigroup on Rn , which is given by

(Tt f )(x) = 1

(
√

2π t)n

∫
Rn

f (y)exp

(
−
∑

i (xi − yi )
2

2t

)
dy, t > 0;

and T0 f = f . It can be verified by simple calculation that Tt is indeed covariant
and symmetric. Furthermore, the norm-generator L of Tt is nothing but the
differential operator

∑n
i=1

∂2

∂x2
i

, from which it is clearly seen that (A2) and (A3)
are satisfied.
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Example 2
This is an example from noncommutative geometry (see Chapter 9). Consider
the noncommutative 2d-dimensional plane considered in the Chapter 9, with
the notation explained there. We claim that the Q.D.S (Tt ) generated by the
‘Laplacian’ −∑2d

j=1 δ
2
j is covariant with respect to the action φα of R2d , and it

is also symmetric with respect to the canonical trace τ on the noncommutative
2d-plane. To verify the covariance, we observe (using the notation of Chapter
9) the following:

φα(b( f )) = b( fα),

where f̂α(x) = eiαx f̂ (x). Thus,

Tt (b( fα)) =
∫

R2d
e−

t
2 x2

eiαx f̂ (x)Wx dx = φα(Tt (b( f ))).

Moreover, we have,

τ(Tt (b( f )∗)b(g)) =
∫
R2d

e− t
2 x2

f̂ (x)ĝ(x)dx = τ(b( f )∗Tt (b(g))),

which proves symmetry. A simple computation shows that the assumptions
(A2) and (A3) hold.

8.1.3 E–H dilation of covariant quantum dynamical semigroups

We now build a theory of E–H dilation under the assumption of compactness
of G. However, the existence of a trace and the symmetry condition used in
the theory of H–P dilation are no longer required. The background is as in the
beginning of the Section 8.1, that is, we have a separable C∗-algebra A ⊆ B(h)
for some separable Hilbert space h, with the action of a Lie group G on A.
We first study the relation of covariance with complete smoothness, and begin
with the standard scenario of having a Q.D.S. (Tt ) on A with the generator L.
Assume that Tt is conservative, or more specifically, L(1) = 0.

Lemma 8.1.24 Tt is covariant for every t if and only if L is covariant.

Proof:
Suppose that Tt is covariant for all t . Take a ∈ Dom(L), g ∈ G. We have for
every t > 0, Tt (αg(a))−αg(a)

t = αg

(
Tt (a)−a

t

)
. Thus,

lim
t→0+

Tt (αg(a))− αg(a)
t

= lim
t→0+αg

(
Tt (a)− a

t

)
= αg(L(a)).

Therefore, αg(a) ∈ Dom(L) and L(αg(a)) = αg(L(a)).
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Conversely, if L is covariant, it is clear the resolvent (λ− L)−1 is covariant
for every λ > 0 and hence Tt = s− limn→∞(1− t

nL)−n is also covariant. �

We now make the basic assumption of this subsection.

(B1) Tt is covariant with respect to the action of a compact group G.

This assumption allows us to construct the structure maps satisfying the covari-
ance condition.

Theorem 8.1.25 There exist a Sobolev–Hilbert space (k0, vg) (with k0 sepa-
rable), maps π, δ defined on A∞ satisfying the following.

(i) π is a ∗-representation from A∞ to A⊗ B(k0), with π(1) = 1.
(ii) δ : A∞ → A⊗ k0 is π -derivation.

(iii) δ(a)∗δ(b) = L(a∗b)− L(a∗)b − a∗L(b) for all a, b ∈ A∞.
(iv) π(αg(a)) = (αg ⊗βg)(π(a)), for all a ∈ A∞ and g ∈ G, where βg is the

G-action on B(k0) given by vg · v∗g.
(v) δ(αg(a)) = (αg ⊗ vg)(δ(a)) for all a ∈ A∞, g ∈ G.

Proof:
We observe that the proof consists of an adaptation of the line of reasoning
used in the proof of the Theorem 6.7.1, replacing A by A∞ and noting that
L(A∞) ⊆ A∞, which allows the algebraic manipulations made in that proof
to be justified in this case as well. �

Theorem 8.1.26 Let k̂0 = C⊕ k0, and v̂g = 1⊕ vg be the action of G on k̂0.
We define, as in Chapters 5 and 6, the structure matrix � : A∞ → A⊗ B(k̂0)

as follows:

�(a) =
(
L(a) δ†(a)
δ(a) σ (a)

)
;

where δ†(a) = δ(a∗)∗, σ (a) = π(a) − a ⊗ 1k0 for a ∈ A∞. We consider the
G-action αg ⊗ β̂g on A⊗B(k̂0) ( where β̂g := v̂g · v̂g), and the corresponding
Fréchet algebra (A ⊗ B(k̂0))∞. Then � is a covariant smooth map from the
Fréchet algebra A∞ to the Fréchet algebra (A⊗ B(k̂0))∞.

Proof:
We already know that L is smooth covariant, say of order p and with a bound
C . Thus, ‖L(a)‖n ≤ C‖a‖n+p for all a ∈ A∞ and n ≥ 0. Since π is a
∗-homomorphism on A∞ with π(1) = 1, it follows from the Corollary 8.1.6
that π extends to a C∗-homomorphism on A, and it is clearly covariant, thus
smooth of order 0. Let us now show that δ (and hence δ†) is smooth. To this
end, we fix any i ∈ {1, . . . , N } and consider the one parameter subgroup
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gt = exp(tχi ) of G, and denote by αi
t , γ

i
t the automorphism αgt and αgt ⊗ vgt ,

respectively. We claim that for all a ∈ A∞

∇iδ(a) = δ(∂i (a)). (8.4)

where ∂i and ∇i denote the generator of αi
t and γ i

t respectively. To prove the
above claim, we observe the following with a ∈ A∞:〈

γ i
t (δ(a))− δ(a)

t
− δ(∂i (a)),

γ i
t (δ(a))− δ(a)

t
− δ(∂i (a))

〉
=
〈
δ

(
αi

t (a)− a
t

− ∂i (a)
)
, δ

(
αi

t (a)− a
t

− ∂i (a)
)〉

= L(a∗t at )− L(a∗t )at − a∗t L(at ),

where at = (αi
t (a) − a)/t − ∂i (a). Note that in the above we have used the

notation 〈·, ·〉 to denote the natural A-valued inner product of the G −A mod-
ule ((A ⊗ k0), (αg ⊗ vg)). Now, at → 0 as t → 0+ in the Fréchet topol-
ogy, so ‖L(a∗t at )‖0 ≤ C‖a∗t at‖p ≤ C‖at‖2

p → 0, and similarly, L(a∗t )at +
a∗t L(at )→ 0. Thus, γ i

t (δ(a))−δ(a)
t → δ(∂i (a)) as t → 0+ in the norm topology

of A⊗ k0, which proves (8.4).
By repeated application of (8.4), we get ∇i1 · · · ∇ik δ(a) = δ(∂i1 · · · ∂ik (a))

for all a ∈ A∞ and i1, . . . , ik . Observe also that

‖δ(a)‖2 = ‖δ(a)∗δ(a)‖ ≤ ‖L(a∗a)‖ + 2‖L(a)‖‖a‖
≤ C‖a‖2

p + 2C‖a‖p‖a‖ ≤ 3C‖a‖2
p.

Thus,

‖δ(a)‖2
2,n =

∑
i1,···,ik ; k≤n

‖∇i1 · · · ∇ik δ(a)‖2

=
∑

i1,···,ik ; k≤n

‖δ(∂i1 · · · ∂ik (a))‖2

≤ 3C
∑

i1,···,ik ; k≤n

‖∂i1 · · · ∂ik (a)‖2
p

= 3C
∑

i1,···,ik ; k≤n

⎧⎨⎩ ∑
j1,··· jl ; l≤p

‖∂ j1 · · · ∂ jl ∂i1 · · · ∂ik (a)‖
⎫⎬⎭

2

≤ 3C2p
∑

i1,···ik ; k≤n

∑
j1,··· jl ; l≤p

‖∂ j1 · · · ∂ jl ∂i1 · · · ∂ik (a)‖2

≤ 3.2pC‖a‖2
2,n+p.

This completes the proof of smoothness of δ. �
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Now, we recall from Chapter 6 that to construct E–H dilation, one needs to
iterate the structure matrix �, and make estimates in suitable topology. Thus,
it can be seen that we shall need to consider ampliation � ⊗ Id of �, and to
make sense of such ampliation and also to ensure that it remains a smooth map,
we must put some restrictions on L. This motivates the discussion that follows.
Consider two Fréchet algebras B∞ and C∞ with respect to the G-actions βg

and γg on the C∗-algebras B, C respectively. Let ‖ · ‖n denote the n th norm
for both the Fréchet algebras. Now, let us recall the definition of a smooth map
of order p from B∞ to C∞. If L is a smooth map of order p, with a bound C ,
say, then it is clear that each of the maps L N ≡ L⊗ IdMN is also smooth of the
same order, but the bound may vary. This motivates the following definition,
which is very similar to the concept of complete boundedness.

Definition 8.1.27 A smooth map L from B∞ to C∞ is said to be completely
smooth if there is a nonnegative integer p and a constant C > 0 such that for
integers n ≥ 0 and N ≥ 1, one has that

‖(L ⊗ IdMN )(ξ)‖n ≤ C‖ξ‖n+p for all ξ ∈ (B ⊗ MN )∞.

Such a map L is said to be completely smooth of order p.

Before we proceed further, we state and prove a simple result which provides
many examples of completely smooth maps.

Theorem 8.1.28 (i) Composition of two completely smooth maps is again
completely smooth.

(ii) The map L = ∂
β
i : B∞ → B∞, where ∂i := ∂

β
i denotes the generator of

the one-parameter group βexp(tχi ) (where {χ1, . . . , χN } is a basis of the
Lie algebra of G), is completely smooth of order 1.

Proof:
The fact (i) is a simple consequence of the definition of complete smoothness,
hence omitted. To prove (ii), we note that with X = ∑m

j=1 b j ⊗ c j , where
b j ∈ B∞, c j ∈ MN (C) ( N ≥ 1) and a nonnegative integer n,

‖(L ⊗ Id)(X)‖n

=
∑

i1,···,ik ; k≤n

∥∥∥∥∥
m∑

j=1

(∂i1 ⊗ Id) · · · (∂ik ⊗ Id)(L(b j )⊗ c j )

∥∥∥∥∥
=

∑
i1,···,ik ;k≤n

∥∥∥∥∥∑
j

(∂i1 ⊗ Id) · · · (∂ik ⊗ Id)(∂i ⊗ Id)(b j ⊗ c j )

∥∥∥∥∥
≤

∑
i1,···,ik , k≤n+1

∥∥∥∥∥∑
j

(∂i1 ⊗ Id) · · · (∂ik ⊗ Id)(b j ⊗ c j )

∥∥∥∥∥
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=
∑

i1,···,ik , k≤n+1

‖(∂i1 ⊗ Id) · · · (∂ik ⊗ Id)(X)‖

= ‖X‖n+1.

This completes the proof. �

Remark 8.1.29 Combining (i) and (ii) of the Theorem 8.1.28, it is clear that
any map of the form

∑
i1,...,ik

∂i1 · · · ∂ik , where the sum is over a finite set
of indices, is completely smooth. This gives typical examples of completely
smooth maps that will occur in our discussion.

Recall that for a G−A module (E, γ ) with the natural Fréchet topology given
by the family of norms {‖ · ‖2,n}, we can identify E∞ with a closed subspace
of (K(A⊕ E))∞ by the identification ξ �→ Lξ (where Lξ (a ⊕ η) = 0⊕ ξa).
This allows us to extend the notion of complete smoothness.

Definition 8.1.30 We say that a map from a Fréchet algebra B∞ to the Fréchet
space E∞ is completely smooth if the map is completely smooth in the sense
of Definition 8.1.27 when viewed as a map from B∞ into (K(A⊕ E))∞ using
the embedding E∞ ↪→ (K(A⊕ E))∞.

Theorem 8.1.31 Suppose that L is a smooth map from B∞ to C∞. Then the
following statements are equivalent.

(i) L is completely smooth of order p.
(ii) For any separable infinite dimensional Hilbert space H, The map L̃ :=

L ⊗alg Id from B∞⊗alg K(H) to C∞⊗alg K(H) (where K(H) denotes the
algebra of compact operators on H) extends to a smooth map of order p
between the Fréchet algebras B̃∞ ≡ (B ⊗ K(H))

β⊗id∞ and C̃∞ ≡ (C ⊗
K(H))

γ⊗id∞ .

Proof:
Let us choose and fix an orthonormal basis {ξ1, ξ2, . . .} of H and denote by
PN the projection onto the subspace spanned by {ξ1, . . . , ξN }. Clearly, KN ≡
PNK(H)PN is isomorphic with MN (C), and thus B ⊗ KN ∼= B ⊗ MN . For
brevity, we shall denote the Fréchet algebra (B⊗ MN )∞ by BN∞ and by eN the
map Id ⊗ (PN · PN ). Since βg ⊗ Id commutes with eN , it is clear that for
any a ∈ B̃∞, we have eN (a) ∈ BN∞ and eN (a)→ a in the Fréchet topology of
B̃∞. Similar conclusions hold for C̃∞. Next assume that (i) holds and let C be
a constant such that ‖(L ⊗ IdMN )(ξ)‖n ≤ C‖ξ‖n+p for all ξ ∈ BN∞, N ≥ 1.
For a ∈ B̃∞, n ≥ 0 and positive integers N ≥ M , we have

‖L̃(eN (a))− L̃(eM (a))‖n

= ‖L N (eN (a)− eM (a))‖n (where L N = L ⊗ IdMN )

≤ C‖eN (a)− eM (a)‖n+p.
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From this it follows that L̃(eN (a)) is a Cauchy sequence in the Fréchet topol-
ogy of C̃∞, hence converges, and the limit defines L̃(a). Moreover, it is clear
that ‖L̃(a)‖n ≤ C‖a‖n+p for all n, thus (ii) is proved. The converse implica-
tion ((ii)⇒ (i)) is the consequence of the observation that for each N , BN∞ and
CN∞ are embedded naturally as topological subalgebra in the Fréchet algebras
B̃∞ and C̃∞ respectively. �

Consider the trivial ampliation (Tt⊗Id) of Tt on each of the algebras A⊗MN

and also A⊗K(H) for any fixed separable infinite dimensional H (for example
l2). We denote by LN and L̃ the generators of (Tt ⊗ IdMN ) and (Tt ⊗ IdK(H)),
respectively. Note that L̃ has in its domain at least A∞ ⊗alg K(H) and is given
by L⊗alg Id on that domain, but it is not known a-priori whether the full domain
of L̃ contains the whole of Ã∞ ≡ (A ⊗ K(H))∞. The following result tells
precisely when it does so.

Lemma 8.1.32 Assume that Tt (equivalently L) is covariant. Then L is com-
pletely smooth of some order if and only if the domain of L̃ contains Ã∞.

Proof:
Since L̃ is the generator of a Q.D.S., it is closed in the norm topology of Ã∞.
Thus the result follows from Lemma 8.1.9. �

Corollary 8.1.33 Assume that Tt is covariant and that its generator L is com-
pletely smooth. Consider any separable Hilbert space H′ with a G-action ηg

on K(H′). Then L ⊗alg IdK(H′) extends to a smooth covariant map of some
order on (A⊗K(H′))α⊗η∞ .

Proof:
Consider the Q.D.S. (Tt ⊗ Id) on A ⊗ K(H′), (which is covariant under the
action α ⊗ η) with the norm-generator L̂, say. Since this Q.D.S. is covariant
with respect to α ⊗ id and L is completely smooth, we have by Lemma 8.1.32
that the domain of L̂ contains (A⊗K(H′))α⊗id∞ . However, it is clear that (A⊗
K(H′))α⊗η∞ ⊆ (A⊗ K(H′))α⊗id∞ ≡ Ã∞. So, (A⊗ K(H′))α⊗η∞ is contained in
the domain of L̂ and L̂ is also covariant under α ⊗ η. It follows by applying
Lemma 8.1.9 that L̂, which is clearly an extension of L ⊗alg Id, is smooth of
some order in the Fréchet topology of (A⊗K(H′))α⊗η∞ . �

We now make the following additional assumption about the generator L of
the Q.D.S., namely:

(B2) L is completely smooth.
We shall prove the existence of an E–H dilation of (Tt ) under the assumptions
(B1) and (B2), which we assume for the rest of this section. To construct the
E–H dilation, we first prove the existence of covariant and completely smooth
structure maps.
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Since L is not only smooth, but completely smooth by our assumption, we
can conclude the same for the maps π, δ constructed before, and hence � will
be completely smooth. We next state this as a theorem, the proof of which is
omitted and can be obtained by the same line of reasoning as employed in the
proof of the Theorem 8.1.26.

Theorem 8.1.34 The map � defined in Theorem 8.1.26 is completely smooth.

Let us now consider the Hilbert space H = � f (k̂0), the free Fock space over
k̂0, equipped with the natural G-action wg := ⊕n≥0(v̂g)

⊗n
, and the action

ηg = wg · w∗g on A ⊗ K(H). Consider Ĥ = C ⊕ H with trivial G action
on C. Since � is covariant and completely smooth, the ampliation � ⊗ Id,
composed with the exchange operator from B(k̂0) ⊗ K(Ĥ) to K(Ĥ) ⊗ B(k̂0),
from A∞⊗algK(Ĥ) to A⊗K(Ĥ)⊗B(k̂0) admits a smooth covariant extension
on the Fréchet algebra (A⊗K(Ĥ))

α⊗(1⊕η)∞ . Moreover, as the Sobolev–Hilbert
module (A ⊗ H)α⊗w∞ is embedded as a closed subspace in the above Fréchet
algebra, it follows that � extends to a smooth covariant map on this Sobolev–
Hilbert module, again denoted by �, which maps (A⊗H)α⊗w∞ into ((A⊗H)⊗
B(k̂0))

α⊗w⊗β̂∞ . For simplicity of notation, we shall denote the Sobolev–Hilbert
module (A⊗H)α⊗w∞ by simply E∞ since the actions of the group will be fixed
as above. By the complete smoothness of �, there exist some positive integer
p and positive constant M such that

‖�(X)‖n ≤ M‖X‖n+p (8.5)

for all X ∈ E∞, n ≥ 0.
We also note that for any m ≥ 0, the natural embedding of (k̂0)

⊗m
into H is

covariant, thus it is in fact a topological embedding. Using this, it can be seen
that Em∞ := (A ⊗ k̂0

⊗m

)α⊗vm

∞ (where vg
m = vg

⊗m
) is embedded as a Fréchet

subspace in (A⊗H)∞. So, we can consider restriction of � (hence of all the
components δ, δ†,L, σ also) to each of the Sobolev–Hilbert modules Em∞, and
the estimate (8.5) continues to hold with the same M and p for all m. Let us
denote by E∨ the algebraic direct sum ⊕mEm∞. Clearly, � maps Em∞ to Em+1∞ ,
hence �(E∨) ⊆ E∨.

Next we want to define integral of the form
∫ t

0 Y (s) ◦ (a†
δ + aδ + �σ +

IL)(ds) for appropriate process (Y (s)). It turns out that we can do so when
(Y (s)) is completely smooth in a suitable sense. The crucial point here is that
there is some kind of stability of the domain A∞ under the action of the maps
L, δ, δ†, σ . Indeed, L(A∞) ⊆ A∞, and thus for all a ∈ A∞, ξ ∈ (k0)∞, δ(a),
σξ (a) belong to (A⊗ k0)∞. At this point, we recall the notations of Corollary
5.2.7, and take D0 = h, V0 = (k0)∞. As before, denote by Vt the subspace
consisting of simple V0-valued functions in kt and by V the space of simple
V0-valued functions.
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Lemma 8.1.35 Let (Y (s))s≥0 : A∞ ⊗alg E(V)→ A⊗ �(k) be a map-valued
adapted process satisfying the following.

(i) For every fixed t ≥ 0 and f ∈ V , Y (t)(a ⊗ e( f )) belongs to the Fréchet
space (A ⊗ �(k))∞ and the map A∞ � a �→ �t, f (a) := Y (t)(a ⊗
e( f )) ∈ (A⊗ �(k))∞ is completely smooth.

(ii) For fixed X ∈ Em∞ and f ∈ V, t �→ Ỹ (t)(X ⊗ e( f )) := �̃t, f (X) is
continuous, where for any separable Hilbert space H′ and for fixed t ≥ 0
and f ∈ V , we have denoted by �̃t, f the trivial ampliation (�t, f ⊗IdH′) :
(A⊗H′)∞ → (A⊗ � ⊗H′)∞. Then Y (t) satisfies the following.

(a) For every fixed a ∈ A∞, ξ ∈ V0, the map s �→ Y (s)((L(a) +
〈δ(a∗), ξ 〉)⊗ e( f )) is strongly continuous.

(b) For every fixed a ∈ A∞ and f ∈ V , define the families of operators
Sa(s) : h⊗algE(Vs)→ h⊗�s⊗k0 and Ta(s) : h⊗algE(Vs)⊗algV0 →
h ⊗ �s ⊗ k0 as follows:

Sa(s)(ue( fs)) = Ỹ (s)(δ(a)⊗ e( fs))u, (8.6)

Ta(s)(ue( fs)⊗ ξ) = Ỹ (s)(σ (a)ξ ⊗ e( fs))u. (8.7)

Then the maps s �→ Sa(s)(ue( fs)) and s �→ Ta(s)(ue( fs)ξ)) are contin-
uous.

The proof is straightforward and hence is omitted.

Definition 8.1.36 For a map-valued process (Y (t)) satisfying (i) and (ii) of
the above lemma, we define

∫ t
0 Y (s) ◦ (a†

δ + �σ )(ds)(a ⊗ e( f )) for a ∈ A∞
and f ∈ V by (5.39) using the Corollary 5.2.7 (ii) with E = G = I and
F = H = 0. Similarly, we define the integral

∫ t
0 Y (s)◦(aδ+IL)(ds)(a⊗e( f ))

by (5.38), which is well-defined by (a).

Lemma 8.1.37 If (Y (t))t≥0 satisfies the conditions of Lemma 8.1.35, then so
does the integral Z(t) = ∫ t

0 Y (s) ◦ (a†
δ + aδ +�σ + IL)(ds). Moreover, Z(t)

satisfies the estimate

‖{Z(t)(a ⊗ e( f )}‖2

≤ 2et
∫ t

0
exp(‖ f s‖2)(1+ ‖ f (s)‖2)‖Ŷ (s)(�(a) f̂ (s) ⊗ e( fs))‖2ds, (8.8)

where f ∈ V , a ∈ A∞ and Ŷ (s) = Y (s)|A∞ ⊕ Ỹ (s)|(A⊗k0)∞ .
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Proof:
The integral exists by Lemma 8.1.35, and it clearly satisfies the estimate (8.8).
It follows from this estimate using the complete smoothness of � that the map
a �→ Z(t)(a⊗e( f )) is completely smooth. The condition (ii) of Lemma 8.1.35
can be verified similarly. �

We are now ready to state and prove the main theorem of this section.

Theorem 8.1.38 There exists an E–H dilation of (Tt ).

Proof:
The idea of the proof is similar to that of the Theorem 5.4.9, the only differ-
ence lying in the use of a family of norms instead of a single norm. We define
J (n)(t) iteratively as before, with J (0) = Id and J (n+1)(t) = ∫ t

0 J (n)(s)◦ (a†
δ +

aδ + �σ + IL)(ds). However, by Lemma 8.1.37, each J (n)(t) is completely
smooth, hence can be extended to the algebra E∨ = ⊕mEm∞, and we denote
this extension by the same symbol. We can rewrite the estimate (8.8) in the
following form:

‖J (n+1)(t)(a ⊗ e( f )‖2
2,0

≤ 2et
∫ t

0
(1+ ‖ f (s)‖2)‖ Ĵ (n)(s)(�(a) f̂ (s) ⊗ e( fs))‖2

2,0 ds. (8.9)

Let us now fix an element a ∈ A0∞, such that ‖a‖n ≤ C ′
aCn

a for some
C ′

a,Ca > 0 and also let U denote the set of simple (k0)
0∞-valued functions on

[0,∞). For f ∈ U with ξ1, . . . , ξr ∈ (k0)
0∞ such that f (t) ∈ {ξ1, . . . , ξr } for

all t , it follows by using the complete smoothness of � that each of the maps
�ξ j is completely smooth of order p and some bound, say C j , j = 1, . . . , r .
Taking C to be the maximum of C1, . . . ,Cr , we get the following estimate:

‖� f̂ (t1)(· · · (� f̂ ( fte−1)(� f̂ (tl )(a) · · ·)‖2,0 ≤ Cl‖a‖pl ≤ C ′
a(CC p

a )
l . (8.10)

From (8.9) and (8.10), we obtain

‖J (n)(t)(a ⊗ e( f ))‖2
2,0

≤ 2et (C ′
a‖e( f )‖)2(C2C2p

a B)n
∫ t

0

∫ tn−1

0
· · ·
∫ t1

0
dtn−1 · · · dt0

≤ 2et (C ′
a‖e( f )‖)2(C2C2p

a B)n tn

n! ,
where B := Max{1+ ‖ξ j‖2, j = 1, . . . , r}.

That J (t)(a⊗e( f )) :=∑n J (n)
t (a⊗e( f )) converges follows as in the proof

of the Theorem 5.4.9. Clearly, J (t) satisfies the equation

J (t) = Id+
∫ t

0
J (s) ◦ (a†

δ + aδ +�σ + IL)(ds).
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It also follows similarly that 〈Jt (a⊗e(g))v, Jt (y⊗e( f ))u〉 = 〈ve(g), Jt (a∗b⊗
e( f ))u〉 for all a, b ∈ A0∞ and f, g ∈ U . Furthermore, Jt (1⊗e( f ))u = ue( f ).
For a ∈ A0∞, we define a linear operator jt (a) on the dense subspace h⊗E(U)

spanned by the vectors of the form ve(g) with v ∈ h, g ∈ U , given by

jt (a)ve(g) := Jt (a ⊗ e(g))v.

Then jt (1) = 1 since 1 ∈ A0∞ and since by Lemma 8.1.5 a positive invertible
element b ∈ A0∞ admits a positive square root a ∈ A0∞, we have that

〈ξ, jt (b)ξ 〉 = ‖ jt (a)ξ‖2 ≥ 0,

for all ξ ∈ h ⊗ E(U). From this, it follows that for all self-adjoint b ∈ A0∞,
ε > 0 and ξ ∈ h ⊗ E(U), 〈ξ, jt ((1+ ε)‖b‖1− b)ξ 〉 ≥ 0. Letting ε → 0+, we
get

〈ξ, jt (b)ξ 〉 ≤ ‖b‖‖ξ‖2

for all ξ in the dense subspace h ⊗ E(U). Thus, jt (b) extends to a bounded
operator on h ⊗ �, denoted by the same symbol, then is further extended for
an arbitrary b ∈ A0∞ by decomposing it into the real and imaginary parts.
Clearly, jt is a ∗-homomorphism from A0∞ to B(h ⊗ �), hence extends to a
∗-homomorphism on the whole of A by Corollary 8.1.6.

To complete the proof, it suffices to show that jt maps A0∞ into A′′ ⊗B(�).
To this end, we observe that by construction, Jt (a⊗ e( f )) is an element of the
Hilbert module A ⊗ � for every a ∈ A0∞ and f ∈ U . Thus, for a′ ∈ A′, we
have

(a′ ⊗ 1)Jt (a ⊗ e( f )) = Jt (a ⊗ e( f ))a′.

Therefore, for every v ∈ h,

(a′ ⊗ 1) jt (a)ve( f )

= (a′ ⊗ 1)Jt (a ⊗ e( f ))v

= Jt (a ⊗ e( f ))a′v
= jt (a)(a′ ⊗ 1)ve( f ).

Hence jt (a) commutes with a′ ⊗ 1 for all a′ ∈ A′, so it belongs to A′′ ⊗B(�).
�

Remark 8.1.39 From the estimates derived and used in the proof of the Theo-
rem 8.1.38, it can be verified that the map-valued Q.S.D.E.

d J (t) = J (t) ◦ (a†
δ + aδ +�σ + IL)(dt),

with a given initial value of J (0), admits a unique solution, in the sense that
any two solutions must agree on (A ⊗ �)∞. The proof is by iteration, and
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making use of the estimate (8.10) for the completely smooth map �. We omit
the details of this proof, since it is very similar to the proof of uniqueness of
map-valued Q.S.D.E. with bounded coefficients studied in Chapter 5.

Examples
Let M be a compact oriented Riemannian manifold with the Riemannian vol-
ume form dvol (see Chapter 9 for details). Let G denote the group of
Riemannian isometries of the manifold M . It is known that G is a compact
Lie group acting smoothly on M . We consider the commutative C∗-algebra
A = C(M), and the natural action of G on A is given by

αg( f )(m) = f (gm),

where G×M � (g,m) �→ gm denotes the action of the isometry g. Let (Tt ) be
the heat semigroup on functions, and assume furthermore that the heat-kernel
kt (m, n) is of the following form:

kt (m, n) = φt (d(m, n)),

where d denotes the Riemannian distance on M and φt is a family of smooth
functions. Many well-known Riemannian manifolds satisfy this property. In
particular, all homogenous spaces of Lie groups and rotationally symmetric
Riemannian manifolds are of this kind. Since isometries preserve the distance
d , that is, d(gm, gn) = d(m, n) for g ∈ G, m, n ∈ M , and since therefore dvol
is also invariant under the action of G, we have the following:

αg(Tt f )(m) =
∫

M
φt (d(gm, x)) f (x)dvol(x)

=
∫

M
φt (d(m, g−1x)) f (gg−1x)dvol(g−1x)

=
∫

M
φt (d(m, y)) f (gy)dvol(y)

= Tt (αg( f ))(m).

This proves that Tt is covariant. However, the complete smoothness of the
Laplacian has to be verified case by case. For homogeneous spaces, this can
be verified by an application of Theorem 8.1.28 and Remark 8.1.29.

Remark 8.1.40 The canonical heat semigroup on the noncommutative torus
(see Chapter 9 for details) satisfies (B1) and (B2).

Remark 8.1.41 It should be pointed out that compactness of the group G has
been used by us just in two places: first, to get the covariant structure maps by
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applying the covariant version of the Kasparov embedding theorem (which is
not known for arbitrary noncompact groups), and second, proving that A0∞ is
dense in A. However, it may happen in some situation that the (not necessarily
covariant) structure maps can be written down explicitly, without appealing
to the covariant Kasparov’s theorem, and it is also directly verifiable that the
structure maps are completely smooth. If, moreover, the density of A0∞ can
be proven explicitly in this case, then it is possible to prove the existence of an
E–H dilation along the line of reasoning employed to prove the Theorem 8.1.38.

8.2 Dilation of quantum dynamical semigroups on U.H.F. algebra

We recall the class of Q.D.S. described and constructed in the Subsection 3.2.4.
We shall also use the notations of the same subsection.

8.2.1 E–H dilation

In this subsection we want to solve the following Q.S.D.E. in B(h) ⊗
B(�(L2(R+, k0))) where h = L2(A, tr) and k0 = l2(Zd) with a fixed ortho-
normal basis {e j } of Zd .

d jt (a) =
∑
j∈Zd

jt (δ
†
j (a))da j (t)+

∑
j∈Zd

jt (δ j (a))da†
j (t)+ jt (L̂(a))dt, (8.11)

j0(a) = a ⊗ 1�.

It should be pointed out that we are not using our coordinate-free language
for quantum stochastic calculus in this section. The reason behind the choice
of coordinatized version is two-fold: first, it is somewhat natural in the context
of the Q.D.S. considered here, and second, this offers the reader who is not so
familiar with quantum stochastic calculus as developed in [100] an opportunity
to get accustomed to the conventional language of the subject. Keeping this
in mind, we have chosen to explain and expand the steps of the proofs in full
details.

Let us at first look at the corresponding H–P equation in the Hilbert space
h ⊗ L2(�(L2(R+, k0))), given by

dUt =
∑
j∈Zd

{r∗j da j (t)− r j da†
j (t)−

1
2

r∗j r j dt}Ut , (8.12)

U0 = Ih⊗�.
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However, although each r j ∈ A and hence is in B(h), the equation (8.12) does
not in general admit a solution since〈

u,
∑
j∈Zd

r∗j r j u

〉
=
∑
j∈Zd

‖r j u‖2 for all u ∈ h,

which is not convergent in general and thus
∑

j∈Zd r j ⊗ e j does not define an
element in A⊗k0. For example, let r be the single-supported element U (k) ∈ A
for some k ∈ Zd so that r j = U (k+ j) is a unitary for each j ∈ Zd and we have∑

j∈Zd

‖r j u‖2 =
∑
j∈Zd

‖u‖2 = ∞.

However, as we shall see, in many situations there exist E–H flows, even though
the corresponding H–P equation (8.12) does not admit a solution.

Remark 8.2.1 There are some cases when an E–H flow can be seen to be
implemented by a solution of a H–P equation. For example, given a self-adjoint
r ∈ Aloc

dVt =
∑
k∈Zd

Vt (S∗k dak(t)− Skda†
k (t)−

1
2

S∗k Skdt), V0 = 1,

where Sk is defined by Sk(a) = [rk, a] for a ∈ Aloc ⊆ h, admits a unique
unitary solution and

a �→ V ∗
t (a ⊗ 1)Vt

gives an E–H dilation for Tt (see [91], [92]).

Let a, b ∈ ZN be fixed and W = U a V b ∈ MN (C). We consider the following
representation of the infinite product group G′ :=∏ j∈Zd ZN , given by

G′ � g �→Wg =
∏
j∈Zd

W ( j)α j
, where g = (α j ).

For any b ∈ A, b =∑g∈G cgUg and for n ≥ 1 we define

ϑn(b) =
∑
g∈G

∣∣cg
∣∣ |g|n .

Now we consider r ∈ A, r = ∑g∈G′ cgWg such that
∑

g∈G′
∣∣cg
∣∣ |g|2 < ∞.

It is clear that ϑ1(r) =∑g∈G′
∣∣cg
∣∣ |g| <∞. We note that any a ∈ Aloc can be

written as a = ∑w∈G cwUw, with complex coefficients cw satisfying cw = 0
for all w such that supp(w) ∩ supp(a) is empty. It follows that

ϑn(a) =
∑
w∈G

|cw| |w|n <∞ for n ≥ 1,
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and it is clear that

ϑn(a) ≤ |a|n
∑
w∈G

|cw| ≤ cn
a

where ca = |a|(1 +∑w∈G |cw|). Let us consider the formal Lindbladian L
defined by (3.6) associated with the completely positive map T (a) = r∗ar :

L =
∑
k∈Zd

Lk,

where Lka = τkL0(τ−ka) with L0a = 1
2

{[
r∗, a

]
r + r∗ [a, r ]

}
so that one has

Lk(a) = 1
2
{[r∗k , a

]
rk + r∗k [a, rk]}.

Let us denote these two bounded derivations
[
r∗k , .
]

and [., rk] on Aloc by δ†
k

and δk respectively. Thus,

L(a) = 1
2

∑
k∈Zd

δ†
k (a)rk + r∗k δk(a).

For n ≥ 1, we denote the set of integers {1, 2, . . . , n} by In and for 1 ≤ p ≤
n, P = {l1, l2, . . . , l p} ⊆ In with l1 < l2 < · · · < l p , we define a map from
the n-fold Cartesian product of Zd to that of p copies of Zd by

k̄(In) = (k1, k2, . . . , kn) �→ k̄(P) := (kl1 , kl2 , . . . , kl p )

and similarly, ε̄(P) := (εl1 , εl2 , . . . , εl p ) for a vector ε̄ ≡ ε̄(In) =
(ε1, ε2, . . . , εn) in the n-fold Cartesian product of {−1, 0, 1}.

For brevity of notations, we write ε̄(P) ≡ c ∈ {−1, 0, 1} to mean that all
εli = c and denote k̄(In) and ε̄(In) by k̄(n) and ε̄(n) respectively. Setting δεk =
δ†

k ,Lk and δk for ε = −1, 0 and 1 respectively, we write R(k̄) = rk1rk2, . . . , rkp

and δ(k̄, ε̄) = δ
εp
kp
· · · δε1

k1
for any k̄ = (k1, k2, . . . , kp) and ε̄ = (ε1, ε2, . . . , εp).

Now we have the following useful lemma.

Lemma 8.2.2 Let r, a and constant ca be as above. Then the following hold.

(i) For any n ≥ 1,∑
k̄(n)

‖δ(k̄(n), ε̄(n))(a)‖ ≤ (2ϑ1(r)ca)
n for all a ∈ Aloc,

where ε̄(n) is such that εl #= 0, for all l ∈ In .
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(ii) For any n ≥ 1 and k̄(n),

Lkn · · ·Lk1(a)

= 1
2n

∑
p=0,1···n

∑
P⊆In :|P|=p

R(k̄(Pc))
∗
δ(k̄(n), ε̄(P)(n))(a)R(k̄(P)),

where ε̄(P)(n) is such that ε̄(P)(P) ≡ −1 and ε̄(P)(Pc) ≡ 1.
(iii) For any n ≥ 1 , p ≤ n, and ε̄(n), such that the number of components of

ε̄ equal to 0 is p, we have∑
k̄(n)

‖δ(k̄(n), ε̄(n))(a)‖ ≤ ‖r‖p(2ϑ1(r)ca)
n

≤ (1+ ‖r‖)n(2ϑ1(r)ca)
n .

(iv) Let m1,m2 ≥ 1; a, b ∈ Aloc and ε̄′(m1), ε̄
′′(m2) be two fixed tuples.

Then for n ≥ 1 and ε̄(n) as in (iii), we have,∑
k̄(n),k̄′(m1),k̄′′(m2)

‖δ(k̄(n), ε̄(n)){δ(k̄′(m1), ε̄
′(m1))(a) · δ(k̄′′(m2), ε̄

′′(m2))(b)}‖

≤ 2n(1+ ‖r‖)2n+m1+m2(2ϑ1(r)ca,b)
n+m1+m2 ,

where ca,b = max{ca, cb}.
Proof:

(i) As r∗ is again of the same form as r, it is enough to observe the following∑
kn ,···k1

‖ [rkn , · · ·
[
rk1, a

] · · ·] ‖ ≤ (2ϑ1(r)ca)
n for all a ∈ Aloc .

In order to prove this let us expand the left-hand side of the above as∑
kn ,···k1

∑
gn ,···g1∈G′;w∈G

|cgn | · · · |cg1 | |cw|
∥∥[τkn Wgn , · · ·

[
τk1 Wg1 ,Uw

] · · ·]∥∥ .
We note that for any two commuting elements A, B in Aloc, [A, [B, a]] =
[B, [A, a]] . Thus, for the commutator

[
τkn Wgn , · · ·

[
τk1 Wg1 ,Uw

] · · ·] to
be nonzero, it is necessary to have (supp(gi ) + ki ) ∩ supp(w) #= φ for
each i = 1, 2, . . . , n. Clearly the number of choices of such ki ∈ Zd is at
most |gi | · |w|. Thus we get,∑

kn ,···k1

∥∥[rkn , · · ·
[
rk1 , a

] · · ·]∥∥
≤

∑
gn ,···g1∈G′;w∈G

|cgn | · · · |cg1 ||cw||gn| · · · |g1||w|n2n

≤ (2ϑ1(r)ca)
n .
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(ii) The proof is by induction. For any k ∈ Zd we have,

Lk(a) = 1
2

∑
k∈Zd

δ†
k (a)rk + r∗k δk(a),

so it is trivially true for n = 1. Let us assume it to be true for some m ≥ 1
and for any km+1 ∈ Zd consider Lkm+1Lkm · · ·Lk1(a). By applying the
statement for n = m we get,

Lkm+1Lkm · · ·Lk1(a) =
1

2m+1

∑
p=0,1···m

∑
P⊆Im :|P|=p

[δ∗km+1
{R(k̄(Pc))

∗
δ(k̄(m), ε̄(P)(m))(a)R(k̄(P))}rkm+1

+ r∗km+1
δkm+1{R(k̄(Pc))

∗
δ(k̄(m), ε̄(P)(m))(a)R(k̄(P))}].

Since the elements rk are commuting with each other, the above expres-
sion becomes

1
2m+1

∑
p=0,1···m

∑
P⊆Im :|P|=p

[R(k̄(Pc))
∗
δ∗km+1

δ(k̄(m), ε̄(P)(m))(a)R(k̄(P))rkm+1

+ r∗km+1
R(k̄(Pc))

∗
δkm+1δ(k̄(m), ε̄(P)(m))(a)R(k̄(P))]

= 1
2m+1

∑
p=0,1···m+1

∑
P⊆Im+1:|P|=p

R(k̄(Pc))
∗
δ(k̄(m + 1),

ε̄(P)(m + 1))(a)R(k̄(P)).

(iii) Let P ⊆ In, |P| = p, be such that all the components of ε̄(P) are equal
to 0. By simple application of (ii),

δ(k̄(n), ε̄(n))(a)

= 1
2p

∑
q=0,1···p

∑
Q⊆P:|Q|=q

R(k̄(P \ Q))
∗
δ(k̄(n), ε̄(Q,P)(n))(a)R(k̄(Q)),

(8.13)

where ε̄(Q,P)(n) is defined to be the map from the n-fold Cartesian prod-
uct of {−1, 0, 1} to itself, given by ε̄(n) �→ ε̄(Q,P)(n) such that ε̄(Q,P)(Q)

≡ −1, ε̄(Q,P)(P \ Q) ≡ 1 and ε̄(Q,P)(In \ P) = ε̄(In \ P). Now (iii)
follows from (i).

(iv) By (8.13) we have,∑
k̄(n),k̄′(m1),k̄′′(m2)

‖δ(k̄(n), ε̄(n)){δ(k̄′(m1), ε̄
′(m1))(a) · δ(k̄′′(m2), ε̄

′′(m2))(b)}‖

= 1
2p

∑
k̄(n),k̄′(m1),k̄′′(m2)

∑
q=0,1···p

∑
Q⊆P:|Q|=q

ϒ(k̄(n), k̄′(m1), k̄′′(m2), q, Q),
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where

ϒ(k̄(n), k̄′(m1), k̄′′(m2), q, Q)

= ‖R(k̄(P \ Q))∗δ(k̄(n), ε̄(Q,P)(n)) [δ(k̄′(m1), ε̄
′(m1))(a)

·δ(k̄′′(m2), ε̄
′′(m2))(b)] R(k̄(Q))‖.

Now applying the Leibnitz rule, ϒ(k̄(n), k̄ ′(m1), k̄′′(m2), q, Q) can be
seen to be less than or equal to

‖r‖p
n∑

l=0

∑
L⊆In :|L|=l

‖δ(k̄(L), ε̄(Q,P)(L))δ(k̄′(m1), ε̄
′(m1))(a)‖

‖δ(k̄(Lc), ε̄(Q,P)(Lc))[δ(k̄′′(m2), ε̄
′′(m2))(b)]‖.

Using (iii), we obtain,∑
k̄(n),k̄′(m1),k̄′′(m2)

‖δ(k̄(n), ε̄(n)){δ(k̄′(m1), ε̄
′(m1))(a) · δ(k̄′′(m2), ε̄

′′(m2))(b)}‖

≤ (1+ ‖r‖)n
2p

p∑
q=0

p!
(p − q)! q!

n∑
l=0

n!
(n − l)! l! (1+ ‖r‖)

l+m1(2ϑ1(r)ca)
l+m1 ·

(1+ ‖r‖)n−l+m2(2ϑ1(r)cb)
n−l+m2

≤ 2n(1+ ‖r‖)2n+m1+m2(2ϑ1(r)ca,b)
n+m1+m2 .

�

Now we are in a position to prove the following result about the existence
of an E–H flow for the Q.D.S. Tt associated with the element r ∈ A, discussed
after the Remark 8.2.1.

Theorem 8.2.3 (i) For t ≥ 0, there exists a unique solution jt of the
Q.S.D.E.,

d jt (a) =
∑
j∈Zd

jt (δ
†
j (a))da j (t)+

∑
j∈Zd

jt (δ j (a))da†
j (t)+ jt (L̂(a))dt,

(8.14)
j0(a) = a ⊗ 1�, f or all a ∈ Aloc,

such that jt (1) = 1, f or all t ≥ 0.
(ii) For a, b ∈ Aloc and u, v ∈ h ≡ L2(A, τ ); f, g ∈ C (set of all bounded

continuous functions in L2(R+, k0)),

〈ue( f ), jt (ab)ve(g)〉 = 〈 jt (a∗)ue( f ), jt (b)ve(g)〉. (8.15)

(iii) jt extends uniquely to a unital C∗-homomorphism from A into A′′⊗B(�).
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Proof:
We note first that Aloc is a dense ∗-subalgebra of A.

(i) As usual, we solve the Q.S.D.E. by iteration. For t0 ≥ 0, t ≤ t0 and a ∈
Aloc, we set

j (0)t (a) = a ⊗ 1� and

j (n)t (a) = a ⊗ 1�

+
∫ t

0

∑
j∈Zd

j (n−1)
s (δ†

j (a))da j (s)+
∑
j∈Zd

j (n−1)
s (δ j (a))da†

j (s)+ j (n−1)
s (L̂(a))ds.

(8.16)
Then for u ∈ h and f ∈ C, we can show by induction, that

‖{ j (n)t (a)− j (n−1)
t (a)}ue( f )‖

≤ (tc f )
n/2

√
n! ‖ue( f )‖

∑
k̄(n)

∑
ε̄(n)

‖δ(k̄(n), ε̄(n))(a)‖, (8.17)

where c f = 3et0(1+‖ f ‖2∞). For n = 1, by the estimate (5.18) of Lemma 5.2.5
and the inequality (a + b + c)2 ≤ 3(a2 + b2 + c2) for nonnegative numbers
a, b, c, we have

‖{ j (1)t (a)− j (0)t (a)}ue( f )‖2

=
∥∥∥∥∥∥
⎧⎨⎩
∫ t

0

∑
j∈Zd

δ†
j (a)da j (s)+

∑
j∈Zd

δ j (a)da†
j (s)+ L̂(a)ds

⎫⎬⎭ ue( f )

∥∥∥∥∥∥
2

≤ 3et0‖e( f )‖2
∫ t

0

⎧⎨⎩∑
j∈Zd

‖δ†
j (a)u‖2 +

∑
j∈Zd

‖δ j (a)u‖2 + ‖L̂(a)u‖2

⎫⎬⎭
(1+ ‖ f (s)‖2)ds

≤ tc f ‖e( f )‖2

⎧⎨⎩∑
j∈Zd

(‖δ†
j (a)u‖ + ‖δ j (a)u‖ + ‖L j (a)u‖)

⎫⎬⎭
2

.

Thus (8.17) is true for n = 1. Inductively assuming the estimate for some
m ≥ 1, we have by the same argument as above,

‖{ j (m+1)
t (a)− j (m)

t (a)}ue( f )‖2

=
∥∥∥∥∥∥
⎧⎨⎩
∫ t

0

∑
j∈Zd

[ j (m)
sm

(δ†
j (a))− j (m−1)

sm
(δ†

j (a))]da j (sm)

+
∑
j∈Zd

[ j (m)
sm

(δ j (a))− j (m−1)
sm

(δ j (a))]da†
j (sm)
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+[ j (m)
sm

(L̂(a))− j (m−1)
sm

(L̂(a))]dsm

⎫⎬⎭ ue( f )

∥∥∥∥∥∥
2

≤ 3et0
∫ t

0

{ ∑
j∈Zd

‖[ j (m)
sm

(δ†
j (a))− j (m−1)

sm
(δ†

j (a))]ue( f )‖2

+
∑
j∈Zd

‖[ j (m)
sm

(δ j (a))− j (m−1)
sm

(δ j (a))]ue( f )‖2

+‖[ j (m)
sm

(L̂(a))− j (m−1)
sm

(L̂(a))]ue( f )‖2
}
(1+ ‖ f (sm)‖2)dsm

≤ c f

∫
0

t[ ∑
j∈Zd

‖[ j (m)
sm

(δ j
†(a))− j (m−1)

sm
(δ†

j (a))
]

ue( f )‖

+
∑
j∈Zd

‖[ j (m)
sm

(δ j (a))− j (m−1)
sm

(δ j (a))]ue( f )‖

+‖[ j (m)
sm

(L̂(a))− j (m−1)
sm

(L̂(a))]ue( f )‖]2dsm .

Now applying (8.17) for n = m, we get the required estimate for n = m + 1.
This proves the claim.

By the estimate of Lemma 8.2.2 (iii), and noting that there are 3n ways of
choosing ε̄(n) = (ε1, · · · εn) from {−1, 0, 1}, we have

‖{ j (n)t (a)− j (n−1)
t (a)}ue( f )‖ ≤ 3n (t0c f )

n/2
√

n! ‖ue( f )‖(1+ ‖r‖)n(1+ 2ϑ1(r)ca)
n .

Thus it follows that the sequence { j (n)t (a)ue( f )} is Cauchy. We define
jt (a)ue( f ) to be limn→∞ jt (n)ue( f ), that is

jt (a)ue( f ) = au e( f )+
∑
n≥1

{ j (n)t (a)− j (n−1)
t (a)}ue( f ) (8.18)

and one has

‖ jt (a)ue( f )‖≤‖ue( f )‖
⎡⎣‖a‖+

∑
n≥1

3n (t0c f )
n/2

√
n! (1+‖r‖)n(1+2ϑ1(r)ca)

n

⎤⎦.
(8.19)

To show uniqueness, let us assume that jt and j ′t be two solutions of (8.14).
Setting

qt (a) = jt (a)− j ′t (a),
we observe that

dqt (a) =
∑
j∈Zd

qt (δ
†
j (a))da j (t)

+
∑
j∈Zd

qt (δ j (a))da†
j (t)+ qt (L(a))dt, q0(a) = 0.
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An exactly similar estimate as used before shows that, for all n ≥ 1,

‖qt (a)ue( f )‖ ≤ (t0c f )
n/2

√
n! ‖ue( f )‖

∑
k̄(n)

∑
ε̄(n)

‖δ(k̄(n), ε̄(n))(a)‖.

Since by Lemma 8.2.2(iii) the above sum grows as n-th power of t , we conclude
that qt (a) = 0 for all a ∈ Aloc, hence the uniqueness of the solution of (8.14).
As 1 ∈ Aloc with Lk(1) = δ†

k (1) = δk(1) = 0 it follows from the Q.S.D.E.
(8.14) that jt (1) = 1. (ii) For ue( f ), ve(g) ∈ h ⊗ E(C) and a, b ∈ Aloc, we
have, by induction,

〈 j (n)t (a∗)ue( f ), ve(g)〉 = 〈ue( f ), j (n)t (a)ve(g)〉.

Now as n tends to ∞, we get

〈 jt (a∗)ue( f ), ve(g)〉 = 〈ue( f ), jt (a)ve(g)〉.

We define

�t (a, b) = 〈ue( f ), jt (ab)ve(g)〉 − 〈 jt (a∗)ue( f ), jt (b)ve(g)〉.

Setting (ζk(l), ηk(l)) = (δk, Id), (Id, δk), (δ†
k , Id), (Id, δ†

k ), (Lk, Id), (Id,Lk)

and (δ†
k , δk) for l = 1, 2, . . . , 7 respectively, one has

|�t (a, b)| ≤ cn
f,g

∑
ln ,···l1

∫ t

0

∫ sn−1

0
· · ·
∫ s1

0

∑
kn ,···k1

|�s1(ζkn (ln) · · · ζk1(l1)a, ηkn (ln) · · · ηk1(l1)b)|ds0 · · · dsn−1 for all n≥1,

(8.20)

where c f,g = (1+ t01/2)(‖ f ‖∞ + ‖g‖∞). By the quantum Itô formula and
cocyle properties of structure maps, that is, L̂(ab) = aL̂(b) + L̂(a)b +∑

k∈Zd δ†
k (a)δk(b), we have

�t (a, b)

=
∫

0

t ∑
k

{�s(δk(a), b)+�s(a, δk(b))} fk(s)ds

+
∫

0

t ∑
k

{�s(δ
†
k (a), b)+�s(a, δ

†
k (b))}ḡk(s)ds

+
∫

0

t ∑
k

{�s(Lk(a), b)+�s(a,Lk(b))+�s(δ
†
k (a), δk(b))}ds,
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which gives the following estimate for n = 1:

|�t (a, b)| ≤ c f,g
∑

l=1···7

∫
0

t ∑
k

|�s(ζk(l)(a), ηk(l)(b))|ds . (8.21)

If we now assume (8.20) for some m ≥ 1, an application of (8.21) gives the
required estimate for n = m + 1.
At this point we note the following, which can be verified by (8.18), (8.19)
and Lemma 8.2.2 (iv).

(1) For any n-tuple (l1, l2, . . . , ln) with li ∈ {1, 2, . . . , 7}, we have∑
kn ,...k1

‖ js(ζkn (ln) · · · ζk1(l1)(a) · ηkn (ln) · · · ηk1(l1)(b))ve(g)‖

≤ Cg,a,b{(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}2n‖ve(g)‖, (8.22)

where for any g ∈ C we set

Cg,a,b = 1+
∑
m≥1

3m (t0cg)
m/2

√
m! {(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}2m .

(2) For any s ≤ t0, p ≤ n and ε̄(p),∑
k̄(p)

‖ js{δ(k̄(p), ε̄(p))(b)}ve(g)‖

≤ Cg,a,b{(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}n‖ve(g)‖. (8.23)

(3) Since ϑp(a) = ϑp(a∗) and {δ(k̄(p), ε̄(p))(a)}∗ can also be written as
δ(k̄(p), ε̄′(p))(a∗) for some ε̄′(p), we have∑

k̄(p)

‖ js{δ(k̄(p), ε̄(p))(a)}∗ue( f )‖

≤ C f,a,b{(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}n‖ue( f )‖. (8.24)

For any fixed n-tuple (l1, . . . , ln), it can be seen from the definition of �s that∑
k̄(n)

|�s(ζkn (ln) · · · ζk1(l1)a, ηkn (ln) · · · ηk1(l1)b)|

≤
∑

kn ,...k1

‖ue( f )‖ · ‖ js(ζkn (ln) · · · ζk1(l1)a · ηkn (ln) · · · ηk1(l1)b)ve(g)‖
+‖ js{(ζkn (ln) · · · ζk1(l1)(a))

∗}ue( f )‖ · ‖ js(ηkn (ln) · · · ηk1(l1)(b))ve(g)‖.
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The estimates (8.22), (8.23) and (8.24) yield:∑
k̄(n)

|�s(ζkn (ln) · · · ζk1(l1)a, ηkn (ln) · · · ηk1(l1)b)|

≤ {(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}2n‖ue( f )‖ · ‖ve(g)‖(Cg,a,b + C f,a,bCg,a,b)

= C{(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}2n,

with C = ‖ue( f )‖ · ‖ve(g)‖(Cg,a,b + C f,a,bCg,a,b).

Now by (8.20),

|�t (a, b)| ≤ C
(7 t0c f,g)

n

n! {(1+ ‖r‖)(1+ 2ϑ1(r)ca,b)}2n, for all n ≥ 1,

which implies �t (a, b) = 0.
(iii) Let ξ =∑ c j u j e( f j ) be a vector in the algebraic tensor product of h and
E(C). If b ∈ A+

loc, b is actually an N |b| × N |b|-dimensional positive matrix and
hence it admits a unique square root

√
b ∈ A+

loc. For any a ∈ A+
loc, setting

b = √‖a‖1− a so that b ∈ A+
loc, we get

0 ≤ ‖ jt (b)ξ‖2 = 〈 jt (b)ξ, jt (b)ξ 〉
=
∑

c̄i c j 〈 jt (b)ui e( fi ), jt (b)u j e( f j )〉
=
∑

c̄i c j 〈ui e( fi ), jt (‖a‖1− a)u j e( f j )〉 (by (ii))

= ‖a‖‖ξ‖2 − 〈ξ, jt (a)ξ 〉,
where we have used the fact that 1 ∈ Aloc and jt (1) = 1. Now let a ∈ Aloc be
arbitrary and using part (ii) and the above inequality for a∗a, we get that

‖ jt (a)ξ‖2 = 〈 jt (a)ξ, jt (a)ξ 〉 =
∑

c̄i c j 〈 jt (a)ui e( fi ), jt (a)u j e( f j )〉
=
∑

c̄i c j 〈ui e( fi ), jt (a∗a)u j e( f j )〉 = 〈ξ, jt (a∗a)ξ 〉
≤ ‖a∗a‖‖ξ‖2 = ‖a‖2‖ξ‖2

or ‖ jt (a)ξ‖ ≤ ‖a‖‖ξ‖.
This inequality obviously extends to all ξ ∈ h ⊗ �. Noting that jt (1) =
1, for all t, we get

‖ jt (a)‖ ≤ ‖a‖ and ‖ jt‖ = 1.

Thus, jt extends uniquely to a unital C∗-homomorphism satisfying the Q.S.D.E.
(8.14) and hence is an E–H flow on A with Tt as its expectation semigroup.
That the range of jt is in A′′ ⊗ B(�) is clear from the construction of jt . �

8.2.2 Covariance of the E–H flow

We shall show that the E–H flow { jt } constructed by us in the previous sub-
section is covariant with respect to the actions τ and λ of Zd , where λ will be
defined shortly.
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We observe that

δk τ j = τ j δk− j and δ†
k τ j = τ jδ

†
k− j , for all j, k ∈ Zd , (8.25)

and we have the following lemma.

Lemma 8.2.4 (i) L̂ τ j (a) = τ j L̂(a) for all a ∈ Dom(L̂),
(ii) Tt τ j = τ j Tt , that is, Tt is covariant.

Proof:

(i) We note that C1(A) is invariant under τ and thus for a ∈ C1(A),

L (τ j (a)) = 1
2

∑
k∈Zd

δ†
k (τ j (a))rk + r∗k δk(τ j (a))

= 1
2

∑
k∈Zd

τ j δ
†
k− j (a)rk + rk

∗τ j δk− j (a) (by 8.25 )

= 1
2
τ j

⎧⎨⎩∑
k∈Zd

δ†
k− j (a)rk− j + r∗k− jδk− j (a)

⎫⎬⎭
= τ j (L(a)).

For a ∈ Dom(L̂), we choose a sequence {an} in C1(A) and an ele-
ment b ∈ A such that b = L̂(a), an converges to a and L(an) con-
verges to b. As τ j is an automorphism for any j ∈ Zd , τ j (an) and
τ j L(an) converge to τ j (a) and τ j (b) respectively. Since an ∈ C1(A)

and L(τ j (an)) = τ j L(an), we get

τ j (a) ∈ Dom(L̂) and L̂ τ j (a) = τ j L̂(a).

(ii) By (i), for a ∈ Dom(L̂) and 0 ≤ s ≤ t we have

d
ds

Ts ◦ τ j ◦ Tt−s(a) = Ts ◦ L̂ ◦ τ j ◦ Tt−s(a)− Ts ◦ τ j ◦ L̂ ◦ Tt−s(a) = 0.

This implies that Ts ◦ τ j ◦ Tt−s(a) is independent of s for every j and
0 ≤ s ≤ t. Setting s = 0 and t respectively and using the fact that Tt is
bounded we get Tt τ j = τ j Tt .

�

We note that jt : A → A′′ ⊗ B(�(L2(R+, k0))), where k0 = l2(Zd) with
a canonical basis {ek}, as mentioned earlier. We define the canonical bilateral
shift s by s j ek = ek+ j , for all j, k ∈ Zd and let γ j = �(1⊗ s j ) be the second
quantization of 1⊗s j , that is, γ j e(

∑
fl(·)el) = e(

∑
fl(·)el+ j ). This defines a

unitary representation of Zd in � ≡ �(L2(R+, k0)). We set an action σ = τ⊗λ

of Zd on A′′ ⊗ B(�), where λ j (b) = γ j bγ− j for all b ∈ B(�).
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We recall that ak(t) is given by

ak(t)e(g) =
∫ t

0
gk(s)ds e(g),

and observe that

λ j ak(t)e(g) = γ j ak(t)γ− j e(g) = γ j ak(t)e

(∑
l

〈g, el+ j 〉(·)el

)

=
∫ t

0
〈g, ek+ j 〉(s)ds γ j

(
e

(∑
l

〈g, el+ j 〉(·)el

))

=
∫ t

0
〈g, ek+ j 〉(s)ds

(
e

(∑
l

〈g, el+ j 〉(·)el+ j

))
= ak+ j (t)e(g).

Since 〈e( f ), λ j ak(t)e(g)〉 = 〈λ j a
†
k (t)e( f ), e(g)〉, it follows that

λ j ak(t) = ak+ j (t) and λ j a
†
k (t) = a†

k+ j (t). (8.26)

Theorem 8.2.5 The E–H dilation jt of the Q.D.S. (Tt ) is covariant with res-
pect to the actions τ and σ, that is,

σ j jtτ− j (a) = jt (a) for all a ∈ A, t ≥ 0 and k ∈ Zd .

Proof:
For a fixed j ∈ Zd and for all t ≥ 0, we set j ′t = σ j jtτ− j . Using the Q.S.D.E.
(8.14), Lemma 8.2.4 and (8.25), (8.26) we have for a ∈ Aloc,

j ′t (a)− j ′0(a)

=
∫ t

0

∑
k∈Zd

σ j js(δ
†
k (τ− j (a)))dak(s)+

∫ t

0

∑
k∈Zd

σ j js(δk(τ− j (a)))da†
k (s)

+
∫ t

0
σ j js(L̂(τ− j (a)))ds

=
∫ t

0

∑
k∈Zd

σ j jsτ− j (δ
†
k+ j (a))dak+ j (s)+

∫ t

0

∑
k∈Zd

σ j jsτ− j (δk+ j (a))da†
k+ j (s)

+
∫ t

0
σ j jsτ− j (L̂(a))ds

=
∫ t

0

∑
k∈Zd

j ′s(δ
†
k (a))dak(s)+

∫ t

0

∑
k∈Zd

j ′s(δk(a))da†
k (s)+

∫ t

0
j ′s(L̂(a))ds.

Since j ′0(a) = σ j j0τ− j (a) = σ j (τ− j (a) ⊗ 1�) = a ⊗ 1� = j0(a), it follows
from the uniqueness of solution of the Q.S.D.E. (8.14) that j ′t (a) = jt (a) for
all t ≥ 0 and a ∈ Aloc. As both j ′t and jt are bounded maps, we have j ′t = jt .

�



9
Noncommutative geometry and quantum

stochastic processes

In this chapter, after a brief review of the basics of differential and Riemannian
geometry, we shall discuss some of the fundamental concepts of noncommu-
tative geometry. After that, we shall illustrate with examples how quantum
dynamical semigroups arise naturally in the context of classical and noncom-
mutative geometry, and how they carry important information about the under-
lying classical or noncommutative geometric spaces. These semigroups are
essentially the ‘heat semigroups’ with unbounded generator given by the Lapla-
cian (or some variant of it) on the underlying space; and in the classical case,
the dilation of such semigroups naturally involve a suitable Brownian motion
on the manifold. While the classical theory of heat semigroup and Brownian
motion on a manifold is well established and quite rich, there is not yet any
general theory of their counterparts in noncommutative geometry. Neither the
theory of quantum stochastic calculus nor noncommutative geometry are at a
stage for developing a general theory connecting the two. Instead of a general
theory, the present state of both subjects calls for an understanding of various
examples available, and this is what we try to do in this chapter. We do so at two
levels: first, at the semigroup level, and then at the level of quantum stochastic
processes coming from dilation of the semigroups.

9.1 Basics of differential and Riemannian geometry

We presume that the reader is familiar with the basic concepts of differential
geometry, including tangent, cotangent, differential forms etc. and at least the
definition and elementary properties of Lie groups. Let us very briefly review
the concepts of connection, curvature and also of Riemannian geometry. For a
comprehensive reference, we recommend references [21], [80] and [123]. Let
M be a smooth (C∞) manifold of dimension n. A locally trivial smooth fibre

231
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bundle on M with fibre F (where F is also a smooth manifold) consists of a
smooth manifold E with a smooth map π : E → M (called the projection
map) satisfying the following condition:
for any p ∈ M , we can find an open neighborhood U = Up of p and a diffeo-
morphism φU : U → U × F such that p1 ◦ φU = π, where p1 : U × F → U
is the projection onto the first coordinate.
The open cover {Up} will be called a trivializing cover. We say that E is a
smooth vector bundle if F is a finite dimensional real or complex vector space
and φU ◦φ−1

V : U ∩V ×F → U ∩V ×F is of the form (x, ξ) �→ (x, T (U,V )
x ξ),

where T (U,V )
x : F → F is linear. In fact, it is clear that Tx is invertible, that

is, Tx is an element of the Lie group GL(F). This provides an alternative for-
mulation of vector bundle in terms of GL(F)-valued maps, called transition
functions or cocycles with suitable properties. More precisely, in this approach,
a smooth vector bundle with fibre F is described by an open cover {Uα} of M
together with smooth maps hαβ : Uα ∩ Uβ → GL(F) (for α, β such that
Uα ∩Uβ is nonempty) satisfying

hαβ(x)hβγ (x) = hαγ (x) for all x ∈ Uα ∩Uβ ∩Uγ ,

whenever Uα ∩Uβ ∩Uγ is nonempty. Indeed, given a trivializing cover {Uα},
we can define hαβ(x) for x ∈ Uα ∩Uβ to be the map T

(Uα,Uβ )
x . A (continuous /

smooth) section of E is a (continuous / smooth) map s : M → E such that
s(x) ∈ Ex := π−1({x}) for all x ∈ M. We denote by �(E) the space of
smooth sections of E .

From now on, we use the word ‘vector bundle’ or simply ‘bundle’ to mean a
smooth vector bundle on a manifold. Let T M denote the set {(m, t) : m ∈ M,

t ∈ Tm M}, where Tm M is the space of tangents at the point m. One can equip
T M with a canonical smooth manifold structure, such that the map π : T M →
M given by (m, t) �→ m is smooth. In fact, given a local chart (U, φ) around
m, with the associated coordinates (x1, . . . , xn) (where n is the dimension of
M), we define a bijection ξU from T U := {(x, t) : x ∈ U, t ∈ Tx M} to Rn ×
Rn by mapping (x, t) to (x1, . . . , xn) × (t1, . . . , tn), where ti ’s are defined by
t = ∑n

i=1 ti ∂
∂xi
|x . The topological and manifold structure on T M are defined

by demanding the above bijections to be diffeomorphisms. Clearly, the maps
φU : π−1(U ) → U × Rn is given by φU (x, t) = (x, t1, . . . , tn). The bundle
T M is called the tangent bundle of M. The smooth sections of this bundle
are called smooth vector fields ( or simply vector fields). Similarly, one can
define the cotangent bundle T ∗M ≡ �1(M), and more generally, the bundle
of k-forms �k(M).

Let us now discuss how one can perform various operations on bundles,
for example, taking direct sum and tensor product of bundles. This can be
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described in the language of cocycles mentioned before. Let E1 and E2 be
two bundles on M with fibres F1 and F2 respectively. We construct a canon-
ical bundle E = E1 ⊕ E2 on M with fibre F1 ⊕ F2 as follows. Let {Uα}
be a common trivializing cover for E1 and E2, which can be obtained by
taking a common refinement of trivializing covers for the two bundles. Let
h(i)
αβ (i = 1, 2) denote the corresponding cocycles. Then, we define E by the

cocycle hαβ : Uα ∩Uβ → GL(F1 ⊕ F2) by setting

hαβ(x) = h(1)
αβ (x)⊕ h(2)

αβ (x).

In a very similar way, one can define E1 ⊗ E2, E∗1 , E1 ∧ E2, ∧k E1 (where ∧
stands for the antisymmetric tensor product). These are vector bundles on M
with fibres F1 ⊗ F2, F∗1 , F1 ∧ F2 and ∧k F1 respectively.

A hermitian structure or a metric on a bundle E is an association x �→ 〈·, ·〉x ,
where 〈·, ·〉x is a (real-valued) inner product on the finite dimensional vec-
tor space Ex and the association x �→ 〈·, ·〉x is smooth in the sense that for
every smooth section s of E , the map M � x �→ 〈s(x), s(x)〉x ∈ R is smooth.
A Riemannian structure on M is defined to be a hermitian structure on the bun-
dle T M (or equivalently, on T ∗M). Such a structure is completely determined
by the locally defined, smooth maps gi j on M , given by

gi j (m) :=
〈

∂

∂xi
|m,

∂

∂x j
|m
〉

m
,

where m ∈ M and (x1, . . . , xn) is a choice of local coordinates defined on
an open neighborhood of m. Clearly, the matrix g(m) := ((gi j (m))) is an
invertible positive definite matrix for every m. It is customary to denote the
(i j)th entry of the inverse of ((gi j (m))) by gi j (m). We shall refer to the pair
(M, g) as a Riemannian manifold with the metric g.

We now come to the notion of connection on a manifold and the associated
curvature. There are various equivalent descriptions of connection, but we shall
discuss the one which leads to a natural generalization in the noncommutative
context. We restrict ourselves to affine connections only.

Definition 9.1.1 An affine connection on a manifold M of dimension n is given
by a map ∇ : �(T M)× �(T M)→ �(T M) satisfying the following :

(i) ∇X (Y1 + Y2) = ∇X (Y1)+∇X (Y2),

(ii) ∇X ( f Y ) = f∇X (Y )+ (X f )Y,
(iii) ∇ f X (Y ) = f∇X (Y );
where X, Y, Y1, Y2 ∈ �(T M), f ∈ C∞(M) and ∇X (Y ) := ∇(X, Y ).

It can be shown by using the above defining properties that ∇X (Y ) depends on
X locally, that is, if X = X ′ on an open set U , then ∇X (Y )(m) = ∇X ′(Y )(m)
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for all m ∈ U , and for any Y . Similarly, the dependence on Y is also local.
∇X : �(T M) → �(T M) is called the covariant derivative in the direction
of X , and this is a natural generalization of the notion of directional deriva-
tives in Rn . Using the local property of ∇X (Y ), we can extend the definition
to locally defined vector fields, that is, local sections of T M . Indeed, given
locally defined vector fields X and Y defined on open subsets U , V respec-
tively, with U ∩ V nonempty, we can define ∇X (Y ) on U ∩ V by setting
∇X (Y )(m) = ∇X̃ (Ỹ )(m) for all m ∈ U ∩ V, where X̃ , Ỹ ∈ �(T M) are
arbitrary extensions of X ,Y respectively to the whole of M . The local prop-
erty of ∇ ensures that this does not depend on the choice of the extensions.
Thus, one can completely determine an affine connection ∇ by the local vector
fields ∇Xi (X j ), where Xi = ∂

∂xi
, (x1, . . . , xn) is a set of local coordinates.

The locally defined, smooth functions �k
i j defined as follows are called the

Christoffel symbols of the connection ∇:

∇Xi (X j ) =
∑

k

�k
i j Xk .

Given an affine connection ∇ on M , a natural notion of parallel transla-
tion along a curve can be introduced, which we briefly describe below. Let
{γ (t) t ∈ J } (J is an interval in R) be a piecewise smooth curve in M and
{V (t), t ∈ J } be a family of tangent vectors such that V (t) ∈ Tγ (t)M for all t,
and t �→ (γ (t), V (t)) ∈ T M is piecewise smooth. Let I be an open subinter-
val of J such that γ (I ) is contained in the domain of a single local chart,
say (U, φ), with the local coordinates (x1, . . . , xn). Let γi (t) = xi (γ (t)) and
V (t) = ∑i Vi (t)Xi (γ (t)), where Xi = ∂

∂xi
. Suppose that Y, Z are local vec-

tor fields defined on U satisfying Y (γ (t)) = γ ′(t), Z(γ (t)) = V (t) for all
t ∈ I. Note that γ ′(t) denotes the tangent vector at γ (t) given by γ ′(t) f =
d
dt f (γ (t)), f ∈ C∞(M). Then one gets that

∇Y (Z)(γ (t)) =
∑

k

fk(t)Xk(γ (t)) for all t ∈ I,

where fk(t) = V ′
k(t) +

∑
i j γ

′
i (t)Vj (t)�k

i j (γ (t)). Thus, in particular, ∇Y (Z)

(γ (t)) depends only on the values of Y and Z at γ (t), that is, on the functions
γ ′(t) and V (t), hence it makes sense to denote ∇Y (Z)(γ (t)) by ∇γ ′(t)(V (t)).

Definition 9.1.2 We say that V (t) is parallel along γ if ∇γ ′(t)(V (t)) = 0
for all t ∈ J, or equivalently, the functions Vk(t), k = 1, · · · , n satisfy the
following system of ordinary differential equations:

V ′
k(t)+

∑
i j

γ ′i (t)Vj (t)�k
i j (γ (t)) = 0; k = 1, · · · , n. (9.1)
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It follows from the standard results on the existence and uniqueness of the
system of first-order differential equations that given an initial values V (t0)
(t0 ∈ J ), there exists a unique solution V (t), t ∈ J of the above system of
equations (9.1). In other words, given a tangent vector ξ ∈ Tγ (t0)M, there
exists a unique family V (t) which is parallel along γ and V (t0) = ξ. V (t) is
called the parallel translate of ξ along γ from t0 to t, and is denoted by τ

γ
t (ξ).

Thus, τγ
t is a diffeomorphism from Tγ (0)M to Tγ (t)M. Furthermore, it can be

shown that

∇X (Y )(m) = lim
t→0+

(τ
γX
t )−1(Y (γX (t))− Y (m)

t
,

where γX the integral curve of X passing through m.

The next important concept in this context is that of a geodesic, which we
define below.

Definition 9.1.3 A piecewise smooth curve γ (t), t ∈ J (J being some interval
of R) is called a geodesic with respect to the connection ∇ if γ ′(t) is parallel
along γ for all t ∈ J .

It is clear that if we write γ (t) = (γ1(t), · · · γn(t)) in some local coordinates,
then the functions γi (t)’s must satisfy the following second-order ordinary dif-
ferential equations:

γ ′′k (t)+
∑

i j

γ ′i (t)γ ′j (t)�k
i j (γ (t)) = 0; k = 1, · · · , n.

It follows from the theory of ordinary differential equations that given m ∈ M
and v ∈ Tm M, there is a geodesic γ (t) defined for t ∈ (−ε, ε) for some
0 < ε ≤ ∞, satisfying γ (0) = m and γ ′(0) = v. It is unique in the sense that if
β(t), t ∈ (−δ, δ) (δ > 0) is another geodesic with β(0) = m, β ′(0) = v, then
we must have β(t) = γ (t) for all t ∈ (−η, η), where η = min(ε, δ). Thus,
we can find a maximal interval J containing 0 such that a geodesic γ (t) with
γ (0) = m, γ ′(0) = v can be defined for all values of t ∈ J. This geodesic will
be called the geodesic passing through m with the initial tangent v , and will be
denoted by γm,v (t). We say that the geodesic is infinitely extendible if γm,v (t)
is defined for all t ∈ R.

There are two important geometric objects associated with a given connec-
tion ∇, called the torsion and curvature of the connection, which are defined
below.

Definition 9.1.4 The torsion transformation associated to the connection ∇,
denoted by T∇ , is a map from �(T M)× �(T M) to �(T M), defined by:

TXY ≡ T∇(X, Y ) = ∇X (Y )−∇Y (X)− [X, Y ].
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The curvature transformation R∇ is the map from �(T M)×�(T M)×�(T M)

to �(T M) given by:

RXY (Z) ≡ R∇(X, Y, Z) = ∇X∇Y (Z)−∇Y∇X (Z)−∇[X,Y ](Z).

It is a remarkable fact that any affine connection is completely determined by
the set of geodesics and the torsion transformation, and also that given an affine
connection ∇ with nonzero torsion, we can always find another connection
∇′ which has the same curvature but the associated torsion transformation is
identically zero.

Before we take up the discussion of connections on Riemannian manifolds,
let us remark that the notion of connection can be generalized from the bundle
T M to any vector bundle E on M. Indeed, connection on E can be defined
as a map from �(T M) × �(E) to �(E) satisfying the properties (i), (ii) and
(iii) in the Definition 9.1.1, with Y, Y1, Y2 ∈ �(T M) replaced by elements of
�(E). It is also possible to define parallel translation in E along a curve in M ,
in a very similar way as done for T M. In fact, given an affine connection ∇
on M, we can construct canonical connections on the bundles �k(M) for any
k = 0, . . . , n, which will also be denoted by ∇. To define the extension of ∇
on �k(M), we first define ∇X on �0(M) ≡ C∞(M) by setting ∇X ( f ) = X f.
The definition of ∇X on �1(M) = T ∗M is given by

∇X (ω)(m) = lim
t→0+

(τ
γX
t )∗(ω(γX (t))− ω(m)

t
,

where ω ∈ �(�1(M)), γX integral curve of X and (τ
γX
t )∗ : T ∗γX (t) → T ∗m M

is the dual of the parallel translate τ
γX
t : Tm M → TγX (t)M. Similarly, ∇X on

�(�k(M)) can be defined for k > 1.
Let us now consider a Riemannian manifold (M, g). In this case, the tangent

space Tm M has an additional structure: it is an inner product space with respect
to the inner product 〈·, ·〉m . Thus, given an affine connection ∇ on M , and a
piecewise smooth curve γ , it is natural to demand that the associated parallel
translation operators τ

γ
t preserve the inner product, that is, τγ

t is an isometry
from Tγ (0)M to Tγ (t)M. This motivates the following definition:

Definition 9.1.5 An affine connection ∇ on the Riemannian manifold M is
called a unitary connection or metric connection if τγ

t is an isometry for every
t and for every piecewise smooth γ.

It is a fundamental result in Riemannian geometry that there exists a unique
affine connection on a given Riemannian manifold (M, g) which is unitary and
torsionless (that is, the associated torsion transformation is zero).
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Definition 9.1.6 The unique unitary and torsionless affine connection on a
Riemannian manifold is called the Riemannian connection or the Levi–Civita
connection. The geodesics with respect to the Levi–Civita connection are called
Riemannian geodesics.

Given two points p and q of M, we can define a natural distance between them
by using the Riemannian metric g. Indeed, we have a natural notion of length
of a piecewise smooth curve γ ≡ {γ (t), t ∈ [a, b]}, denoted by l(γ ), which is
defined below:

l(γ ) :=
∫ b

a
〈γ ′(t), γ ′(t)〉

1
2
γ (t)dt.

We say that the curve {γ (t), t ∈ [a, b]} joins p and q if γ (a) = p, γ (b) = q.
Then, the distance between the points p, q, say d(p, q), is defined by

d(p, q) = in f {l(γ ) : γ piecewise smooth, joins p and q}.

The infimum is taken to be infinity if there is no γ joining p and q. It is a
remarkable result that d is indeed a metric on M (called the Riemannian dis-
tance) and the topology of M coincides with the topology as a metric space
with respect to the metric d. This implies in particular that every Riemannian
manifold is metrizable. Furthermore, one can show that Riemannian geodesics
are the curves which locally minimize the Riemannian distance on M . To be
more precise, for m ∈ M, we can find an open neighborhood U of m such
that for every p, q ∈ U, there is a Riemannian geodesic γpq joining p and q,
satisfying l(γpq) ≤ l(γ ) for every γ joining p and q. The manifold is said to
be geodesically complete if every Riemannian geodesic is infinitely extendible.
A connected Riemannian manifold is geodesically complete if and only if any
two points can be joined by a Riemannian geodesic. Furthermore, this is equiv-
alent to the completeness of the manifold as a metric space with respect to
the Riemannian distance. Examples of geodesically complete (to be called just
complete from now on) Riemannian manifold are Rn with the usual Euclidean
Riemannian structure, as well as any compact Riemannian manifold.

We conclude this section with a brief discussion on various measures of
curvature of a Riemannian manifold (M, g). Let us choose a system of local
coordinates (x1, . . . , xn) and suppose that g is given by a matrix ((gi j )) of
locally defined, smooth maps with respect to the above choice of local coor-
dinates. Let (X1, . . . , Xn) be a locally defined vector fields with the property
that (X1(m), . . . , Xn(m)) is an orthonormal basis of Tm M (with respect to the
inner product given by g) for all m. Moreover, we denote by ∇ the canonical
Levi–Civita connection, and let �k

i j be the associated Christoffel symbols.
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Definition 9.1.7 The Ricci curvature of the Riemannian manifold (M, g) is
the two-form Ric ∈ �2(M) defined by:

Ric(X, Y )(m) := trg(L XY (m)), X, Y ∈ �(T M);
where L ≡ L XY (m) : Tm M → Tm M is the linear map given by its action on
the basis {X1(m), . . . , Xn(m)} as L(Xi (m)) = RX,Xi (Y )(m), and where trg

denotes the trace on the inner product space (Tm M, 〈·, ·〉m).

The curvature transformation Ri j ≡ RXi X j

(
where Xi = ∂

∂xi

)
can be locally

written as
Ri j (Xl) =

∑
k

Rk
li j Xk,

where Rk
li j are locally defined smooth functions. Then one has

ri j := Ric(Xi , X j ) =
∑

k

Rk
jik .

Definition 9.1.8 We define the scalar curvature of (M, g) to be the smooth
function s : M → R given by

s =
∑

i

rii .

Definition 9.1.9 A smooth map f : M → N , where M and N are Riemannian
manifolds, is called an isometry at m if the map d f |m : Tm M → T f (m)N
preserves the Riemannian metric, that is 〈d f |m(ξ), d f |m(η)〉 f (m) = 〈ξ, η〉m
for all ξ, η ∈ Tm M. We say that M and N are locally isometric if given any
point m ∈ M we can find an open neighborhood U of m and an open neigh-
borhood V ⊆ N such that there is a diffeomorphism f from U onto V which
is also an isometry at every point of U .

It is a fundamental result of Riemannian geometry that a Riemannian mani-
fold is locally isometric to Rn (for some n) with the usual Euclidean metric if
and only if the Levi–Civita connection is identically zero. Such a Riemannian
manifold is called flat.

9.2 Heat semigroup and Brownian motion on classical manifolds

Let us assume that the reader is familiar with the basic ideas of algebraic topol-
ogy, including the de-Rham cohomology of a manifold. However, for the sake
of completeness, we quickly review the definitions. Let M be a manifold and
�k = �k(M) (k = 0, 1, · · · , n) be the space of smooth k-forms. Set �k = {0}
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for k > n, and let � = ⊕k�
k . The differential d maps �k to �k+1, and since

d2 = 0, Ran(dk) ⊆ Ker(dk+1), where dk denotes the restriction of d on �k .

Thus, we have a complex (�, d), and it makes sense to talk of the cohomology
of this complex, which is called the de-Rham cohomology of the manifold. The
kth cohomology group, denoted by Hk

d R(M), is given by the following:

Hk
d R(M) = Ker(dk)/Ran(dk−1), k ≥ 1;

with H0
d R(M) := Ker(d0) = { f ∈ C∞(M) : d f = 0}. Hk

d R(M) is clearly a
vector space over R, and its dimension is called the kth Betti number, denoted
by βk ≡ βk(M). It is a remarkable and nontrivial fact that βk’s are topological
invariants of M , so do not depend on the differentiable structure of M . For a
compact M , all the Betti numbers are finite. An explicit example of such a man-
ifold is the n-torus Tn , for which βk = n!/(k!(n − k)!), 0 ≤ k ≤ n, βk = 0
for k > n. Of course, compactness is not a necessary condition for the finite-
ness of Betti numbers. For example, β0(Rn) = 1, βk(Rn) = 0 for all k ≥ 1.
The Euler characteristic χ(M) of M is defined by χ(M) =∑k(−1)kβk(M),

whenever all the βk(M) are finite. This is an important topological invariant of
the manifold.

Assume from now on that M is a connected and orientable manifold of
dimension n. Recall at this point that a manifold of dimension n is said to
be orientable if there exists an atlas (called an oriented atlas) with the property
that on the intersection of the domains of any two local charts of the atlas, the
Jacobian of transformation from one set of local coordinates to the other has
positive determinant. Let us fix an orientable Riemannian manifold (M, g) with
an oriented atlas, with the local coordinates (x1, . . . , xn). We define an n-form
dvol locally given by dvol = √

det (g)dx1 ∧ · · · ∧ dxn where the Riemannian
metric is given by the matrix of (locally defined) smooth maps g = ((gi j )) in
the local coordinates (x1, . . . , xn). One can verify that dvol does not depend
on the choice of local coordinates. This n-form will be referred as the Rie-
mannian volume form, (or just volume form) and we shall consider integration
of compactly supported smooth functions on M with respect to this form. This
in a natural fashion extends to a regular Borel measure on M , also denoted by
vol. We denote by L2(M) the Hilbert space obtained by completing the space
{ f ∈ C∞

c (M) : ∫M | f |2dvol < ∞}, with respect to the pre-inner product
given by 〈 f1, f2〉 :=

∫
M f1 f2dvol. Similarly, we can consider the complexi-

fied version of the above L2-space, denoted by L2
C
(M).

In an analogous way, we can construct a canonical Hilbert space of forms.
The Riemannian metric 〈·, ·〉m (m ∈ M) on Tm M induces an inner product on
the vector space T ∗m M , and hence also ∧k T ∗m M, which will again be denoted
by 〈·, ·〉m . This gives a natural pre-inner product on the space of compactly
supported k-forms by integrating the compactly supported smooth function
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m �→ 〈ω(m), η(m)〉m over M . We denote the completion of this space by
Hk ≡ Hk(M). Let H = ⊕kHk . There is an alternative expression of this inner
product. This is given in terms of the Hodge star operator ∗ : �→ � which
sends ω ∈ �k to ω′ = ∗(ω) ∈ �n−k . To give the precise definition of ∗, let
us choose an oriented atlas with local charts (x1, . . . , xn), and let (ω1, . . . , ωn)

be locally defined sections of T ∗M such that for each m, (ω1(m), . . . , ωn(m))

is an orthonormal basis for T ∗m M with respect to the inner product on Tm M
induced by the Riemannian metric, and furthermore, (ω1, . . . , ωn) has pos-
itive orientation in the sense that the transformation from (dx1, . . . dxn) to
(ω1, . . . , ωn) has positive determinant. To define ∗ on �k , it is sufficient to
define it on the basis (ωi1 ∧ · · · ∧ ωik ), where i1 < · · · < ik . We define
∗(ωi1 ∧ · · · ∧ ωik ) to be the (n − k)-form ω j1 ∧ · · · ∧ ω jn−k , where j1 <

· · · < jn−k, and ωi1 ∧ · · · ∧ ωik ∧ ω j1 ∧ · · · ∧ ω jn−k = dvol = ω1 ∧ · · · ∧ ωn .

It can be verified by a simple calculation that for α, β ∈ �k,

〈α, β〉dvol = α ∧ (∗β).
Now, let us view the de-Rham differential d : � → � as an unbounded,

densely defined operator (again denoted by d) on the Hilbert space H with the
domain �. We can verify its closability by showing that its adjoint is densely
defined on �. Indeed, for α ∈ �k, β ∈ �k+1, we have

〈dα, β〉 =
∫

M
dα ∧ (∗β) = (−1)k+1

∫
M

α ∧ d(∗β) = (−1)nk+1〈α, (∗d ∗ β)〉,

where we have used the fact that M is without boundary so that
∫

M d(ω) = 0
for any n−1-form ω, and also the observation that ∗2(η) = (−1)k(n−k)η for all
η ∈ �k . Thus, the adjoint d∗ of d has � = ⊕k�

k in its domain, and is given
by

d∗(β) = (−1)nk+1 ∗ (d(∗β))
for β ∈ �k+1. It is clear that the unbounded operator (d + d∗) is symmetric,
and it can be shown that it has a unique self-adjoint extension on H, to be
denoted again by d + d∗.

Definition 9.2.1 The Hodge Laplacian (also called the Laplacian on forms) is
the unbounded, positive operator � = (d + d∗)2 on H. �k will denote the
restriction of � on Hk .

The semigroup of positive contractions on H generated by−�, that is, (e−t�),

is called the heat semigroup on forms. Its restriction on H0, that is, (e−t�0), is
referred to as the heat semigroup.

It is obvious that �k maps Hk into itself, and since d2 = 0, we have � =
d∗d + dd∗ on �. In particular, for k = 0, �0 = d∗d = −(∗d)2. In terms of
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local coordinates (x1, . . . , xn), �0 has the following expression:

�0 f = − 1√
det (g)

n∑
i, j=1

∂

∂x j

(
gi j
√

det (g)
∂

∂xi
f
)
,

for f ∈ C∞(M), and where g = ((gi j )) and g−1 = ((gi j )). If the manifold is
flat, local coordinates can be chosen so that g = I, and then �0 = −∑i

∂2

∂x2
i

.
�0 is called the Laplacian on functions, or just Laplacian.

The purpose of introducing the operator � is to explore the rich interplay
between geometry and analysis. We shall see that this operator contains most
of the interesting topological and geometric information about the manifold.
The next few results, which we state without proofs (and whose proofs can
be found in the references quoted earlier) describe how the Betti numbers are
related to the Hodge Laplacian.

Proposition 9.2.2 Assume that M is compact. Then the Hodge Laplacian �

on H has compact resolvents. Thus, the set of eigenvalues of � is countable,
each having finite multiplicities, and accumulating only at infinity. There exists
an orthonormal basis of Hk consisting of eigenfunctions of �|Hk .

To connect the topology and geometry of M with the analysis of the above
unbounded operators defined at the L2 level, it is necessary to show that any
eigenvector of �, which is a-priori defined as an L2 function only, is actually
a smooth function. To achieve this, one needs to consider the heat semigroup
for forms, and construct the so-called heat kernel. To motivate the definition
of the heat-kernel, let us assume that the semigroup Tt = (e−t�0) acting on
H0 = L2(M) is an integral kernel operator in the sense that there exists a
family of smooth functions pt : M × M → R, t ≥ 0, such that pt (x, y) is
also smooth in t for every fixed x, y, and

(Tt f )(x) =
∫

M
pt (x, y) f (y)dvol(y) for all f ∈ L2(M), t > 0. (9.2)

Since (Tt ) is a C0-semigroup with the generator −�0, it follows that pt (x, y)
must satisfy the following:

∂

∂t
pt (x, y) = −�x

0 pt (x, y), (9.3)

lim
t→0+

∫
M

pt (x, y) f (y)dvol(y) = f (x). (9.4)

It may be remarked that (9.3) is familiar to physicists; it models the flow of heat
on a surface or a solid body, and this is where the name ‘heat equation’ comes
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from. Before we proceed further, we may note the important implication of the
smoothness of pt (x, y). It can be shown using the expression (9.2) that even if
f is not smooth, Tt f must be a smooth function for any positive t . Since M
is compact, it is known [39] that the spectrum of the Laplacian �0 consists of
only eigenvalues of finite multiplicities, accumulating at infinity. Suppose now
that f ∈ L2(M) is an eigenvector of �0 corresponding to an eigenvalue λ. It
follows from the Spectral theorem for unbounded operator that Tt f = e−λt f,
and hence it follows that f must be smooth. In particular, Ker(�0) consists of
smooth functions only.

We now generalize the above discussion for forms of arbitrary order, and
give the definition of heat-kernel.

Definition 9.2.3 For 0 ≤ k ≤ n, let Ek be the bundle on M × M with fibre
∧k(T ∗x M) ⊗ ∧k(T ∗y M) at (x, y). A map et : [0,∞) → �(Ek) (where �(Ek)

denotes the space of smooth sections of Ek) is said to be a heat-kernel for k-
forms if for all x, y ∈ M, the map t �→ e(t, x, y) ≡ et (x, y) ∈ ∧k(T ∗x M) ⊗
∧k(T ∗y M) is smooth, and furthermore, we have the following:

∂

∂t
e(t, x, y) = −�x

k e(t, x, y), and

lim
t→0+

∫
M
〈e(t, x, y), ω(y)〉ydvol(y) = ω(x) for all ω ∈ �k(M),

where �x
k means the action of �k on the form e(t, ·, y) holding t, y fixed.

The existence of the heat-kernel is the fundamental result in the analysis of the
Laplacian and heat semigroup for forms, which we state below (see [113] for a
detailed proof).

Proposition 9.2.4 For every k, there exists a unique heat-kernel ek
t ≡ ek(t, ·, ·),

and the semigroup e−t� on the Hilbert space Hk is given by the following
expression on the dense set �k(M) ⊂ Hk:

(e−t�ω)(x) =
∫

M
〈ek(t, x, y), ω(y)〉dvol(y), ω ∈ �k(M).

It follows that Ker(�k) ⊂ �k(M). For ω ∈ Ker(�k), we have (dd∗+d∗d)ω =
0, hence 〈dω, dω〉 + 〈d∗ω, d∗ω〉 = 0, which implies that both dω and d∗ω
are 0. In particular, ω is a smooth k-form with dω = 0, so it makes sense to
consider the de-Rham cohomology class [ω] ∈ Hk

d R(M). This gives a map
from the kernel of �k to Hk

d R(M) and the next result which we state without
proof shows that this is an isomorphism.

Theorem 9.2.5 [Hodge theorem] The above map ω �→ [ω] is an isomorphism
of vector spaces.
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Thus, the Betti number βk = dim (Hk
d R(M)) is nothing but the dimension

of Ker(�k). In other words, the topological invariants βk can be obtained
from the spectral information of the operator �. It may be remarked here
that even though we restricted our discussion to compact-connected oriented
manifolds only, many of the results mentioned in this section indeed extend
to a much larger class of manifolds, including several noncompact ones. We
shall not, however, discuss any noncompact manifold other than the trivial one,
namely Rn .

Coming back to the analysis of �, let us consider the operator D+ obtained
by restricting d + d∗ on the space of even forms, that is, on H+ := ⊕kH2k .

Clearly, D+ : H+ → H−, where H− := ⊕kH2k+1. Let D− := (D+)∗ :
H− → H+. The following result is a consequence of the definition of Euler
characteristic χ(M), the Theorem 9.2.5 and the above observations.

Proposition 9.2.6

Index(D+) := dim (Ker(D+))− codim (Ran(D+))
= dim (Ker(D+))− dim (Ker(D−)) = χ(M).

This is one of the simplest index theorems, connecting index of a suitable oper-
ator defined using the Riemannian metric of the manifold, to a purely topolog-
ical invariant. In fact, the operator d + d∗ is a prototype of first order elliptic
operators on manifold. We do not have the scope to discuss the general theory
of such operators and the associated index theorems here, but refer the reader
to [113] and [53] for details.

Next we try to understand one concrete example of the heat semigroup.
Consider the one-dimensional manifold S1 and let us compute e0(t, x, y) ≡
e(t, x, y). In this case, using the standard coordinate θ ∈ (0, 2π ] for S1, we
can write the heat equation as follows:(

∂

∂t
− ∂2

∂θ2

)
e(t, θ, θ ′) = 0. (9.5)

Let e(t, θ, θ ′) =∑n∈Z an(t, θ ′)einθ be the Fourier series expansion. From the
equation (9.5), we get ∂

∂t an + n2an = 0 for all n, hence

an(t, θ ′) = Cn(θ
′)e−tn2

,

where Cn is a function of θ ′. However, we also require that for every f ∈
C∞(S1), limt→0+

∫ 2π
0 e(t, θ, θ ′) f (θ ′)dθ ′ = f (θ) for all θ . That is,∑
n∈Z

einθ
∫ 2π

0
Cn(θ

′) f (θ ′)dθ ′ = f (θ).
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From this, it is possible to conclude by elementary calculation that Cn(θ
′) =

1√
2π

e−inθ ′ . Thus

e(t, θ, θ ′) =
∑

n

1√
2π

ein(θ−θ ′)e−tn2
.

It is remarkable that e(t, θ, θ) is a constant multiple of
∑

n e−tn2
, which behaves

like t− 1
2 for small t . To make a more precise statement, we note the obvious

inequalities ∞∑
n=1

e−tn2 ≤
∫ ∞

0
e−t x2

dx ≤
∞∑

n=0

e−tn2
.

Thus
2
∫ ∞

0
e−t x2

dx − 1 ≤
∑
n∈Z

e−tn2 ≤ 2
∫ ∞

0
e−t x2

dx + 1.

Since the value of the Gaussian integral
∫∞

0 e−t x2
dx is

√
π/(2

√
t), we con-

clude that limt→0+ t
1
2 e(t, θ, θ) exists and is a constant, independent of θ .

Such an asymptotic behavior of the heat kernel is indeed true in general.
Below we formulate in precise mathematical terms what an asymptotic expan-
sion means.

Definition 9.2.7 We say that a function B : (0,∞) → R has an aysmptotic
expansion

∑∞
k=k0

bktk for t → 0+ if for all N ≥ k0, we have

lim
t→0+

B(t)−∑N
k=k0

bktk

t N = 0.

We symbolically write this as

B(t) ∼
∞∑

k=k0

bktk .

We are now in a position to describe the asymptotic behavior of e0(t, x, x) ≡
e(t, x, x) for small values of t .

Proposition 9.2.8 Let e(t, x, y) be the heat kernel for functions for a compact
oriented Riemannian manifold (M, g) of dimension d. Then there are smooth
functions u0, u1, · · · on M such that

(4π t)
d
2 e(t, x, x) ∼

∞∑
k=0

uk(x)tk .

In particular, u0(x) = 1, u1(x) = 1
6 s(x), where s(x) denotes the scalar cur-

vature at x.
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Similar asymptotic expansion of the heat kernel ek(t, x, x) for k-forms can
be obtained, which can be found in [113]. Let us now express the pointwise
asymptotic expansion of e(t, x, x) as given by Proposition 9.2.8 in terms of
trace of the heat semigroup, which admits a direct generalization to the non-
commutative situation, as will be seen later. Note that the heat semigroup
Tt = e−t�0 on functions is given by the smooth integral kernel e(t, x, y), and
clearly (as M is compact)

∫
M e(t, x, x)dvol(x) < ∞. From this, it can be

proved using the theory of integral kernel operators (see Section X.1.4. in [77])
that Tt is trace class with tr(Tt ) =

∫
M e(t, x, x)dvol(x). By Proposition 9.2.8,

it follows that
vol(M) = lim

t→0+ td/2(Tr(Tt )), (9.6)

s(M) :=
∫

M
s(x)dvol(x) = 1

6
lim

t→0+ td/2−1{tr(Tt )− t−d/2vol(M)}. (9.7)

A few words about the Brownian motion on a Riemannian manifold will be
appropriate at this point. We assume that the reader is familiar with the basic
concepts of probability theory and stochastic processes, including Markov pro-
cess and stop time. Recall that given a probability space (�,F , P) with a
right continuous complete filtration (Ft )t≥0 on it, we say that a real-valued
stochastic process (Zt )t≥0, adapted to the filtration (that is, Zt is measurable
with respect to Ft ), is an (Ft )-martingale if Es(Zt ) = Xs for all 0 ≤ s ≤ t ,
where Es denotes the conditional expectation with respect to Fs . We say that an
adapted process (Yt ) is a local martingale (with respect to the filtration (Ft ))
if there is a sequence (τk) of (Ft )-stop times, such that τk ↑ ∞ as k → ∞
almost surely, and for each k, (Ymin(τk ,t))t is an (Ft )-martingale. We are now
ready to define a Brownian motion.

Definition 9.2.9 Let (M, g) be a compact Riemannian manifold, �0 be the
corresponding Laplacian. An M-valued stochastic process (Xt )t≥0, defined
on a probability space (�,F , P) and adapted to a right continuous complete
filtration (Ft ), is said to be a Brownian motion on M starting at the point
m ∈ M if

(i) X0 = m,
(ii) for almost all ω ∈ �, t �→ Xt (ω) ∈ M is continuous, and

(iii) for every smooth real-valued function f on M there exists a local martin-
gale (Z f

t )t≥0 (which depends on f ) such that

f (Xt ) = f (X0)− 1
2

∫ t

0
�0( f )(Xs)ds + Z f

t .

There are several equivalent definitions of a Brownian motion on M , and our
choice as above is referred as the martingale characterization in the classi-
cal theory. This is the one which admits a straightforward generalization in
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the algebraic language. We do not give the construction of Brownian motion
on M , but assume that it exists. Let us denote by (Xm

t ) a Brownian motion
starting at m. From the above definition it is immediate that Z f

0 = 0 for
all f , and hence E0(Z f

t ) = 0 for all t ≥ 0, as (Z f
t ) is a local martingale.

Thus, E0( f (Xm
t )) = f (m) − 1

2

∫ t
0 (�0 f )(Xm

s )ds. It follows from this that
E0( f (Xm

t )) = (e− t
2�0 f )(m). In other words, Brownian motion is nothing but

a stochastic dilation of the heat semigroup. Given the importance of the heat
semigroup from the geometric point of view, it is quite natural that one can
extract many interesting geometric information from a Brownian motion on
the manifold. There is a very rich set of stochastic tools to analyze Brownian
motions on manifolds, and we refer the reader to [46] for a discussion of such
topics.

Our discussion on classical analysis of manifolds cannot be complete with-
out a brief mention of the Dirac operator on spinor bundles. Historically, Dirac
operators were introduced to write down a square root of the Laplacian. Recall
that the Laplacian defined by us is given by

∑
i j gi j

∂
∂xi

∂
∂x j

plus a first-order
operator which involves curvature of the Riemannian metric. This first-order
term is in fact zero for a flat manifold. For simplicity, let us consider the flat
manifold Rn and look for a first-order differential operator of the following for

D =
∑

i

γi
∂

∂xi
,

where the γi ’s are some formal symbols, but assumed to be independent of
x . We want D2 to be equal to �0 = −∑i j

∂2

∂x2
i
, which is equivalent to the

following commutation relations among the symbols γi ’s:

γiγ j + γ jγi = −2δi j ,

where δi j denotes the Kronecker delta. For a more general manifold with the
Riemannian metric given by (gi j ), we need to modify the above relations by
replacing δi j on the right-hand side above by gi j . This is made possible by the
next result.

Proposition 9.2.10 Given a finite dimensional real vector space V with an
inner product 〈·, ·〉, there exists a (unique upto isomorphism) algebra Cl(V )

over R, equipped with an injective linear map j from V to Cl(V ) such that the
algebra generated by j (V ) is the whole of Cl(V ), and for every v ∈ V,

j (v)2 = −〈v, v〉. (9.8)

The algebra Cl(V ) is called the Clifford algebra of the inner product space V
and by identifying v ∈ V with its image j (v) ∈ Cl(V ), we consider V as
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a linear subspace of Cl(V ). Thus, the relation (9.8) can be written as v2 =
−〈v, v〉, and from this, it can be deduced that u.v = −〈u, v〉 for all u, v ∈ V .
It is also not difficult to prove that Cl(V ) as a vector space has the dimension
2n (where n is the dimension of V ), thus isomorphic as a vector space (but
not as algebra) with ⊕n

k=0 ∧k V , and inherits the natural inner product coming
from that of V . We shall need to consider the complexification of Cl(V ), that
is, Cl(V ) ⊗R C, to be denoted by ClC(V ). It should also be mentioned here
that there is a representation κn : ClC(V ) → L(�n), where �n denotes C

n
2

if n is even, and C
n−1

2 ⊕ C
n−1

2 if n is odd. We refer the reader to [53] for the
definition of the representation κn and its further properties. Thus, for v ∈ V ,
κn(v) is a linear map from �n to �n .

Now, let us consider the compact oriented Riemannian manifold (M, g),
and suppose that we can construct a complex vector bundle E = ClC(M) on
M with the fibre �n . The construction of such a bundle, called the Clifford
bundle or the spinor bundle on M , depends on the existence of the so-called
spin structure on M . This is a stronger requirement than orientability, and we
refer the reader to [53] for the definition and more details. We do not go into
that, but remark that a large class of manifold admits a spin structure, and
thus it is possible to talk of the bundle of spinors. Such manifolds are called
Riemannian spin manifolds, and let us assume that M is one such. Let S denote
the space of smooth sections of this bundle, and define a pre-inner product
〈·, ·〉S on S by

〈s1, s2〉S :=
∫

M
〈s1(x), s2(x)〉dvol(x),

for s1, s2 ∈ S, where 〈s1(x), s2(x)〉 denotes the usual inner product on �n .
The Hilbert space obtained by completing S with respect to the above pre-
inner product is denoted by L2(S) and its elements are called the square inte-
grable spinors. The Levi–Civita connection on M induces a canonical affine
connection on the bundle E , which will be denoted by ∇E . To understand the
construction of this connection, it is necessary to discuss in some details the
concept of principal and associated bundles and connections on them. We refer
to the Appendix in the book [53] for a discussion on this topic.

We are now in a position to give a precise definition of the Dirac operator
on M .

Definition 9.2.11 The Dirac operator is the self-adjoint extension of the fol-
lowing operator D defined on the space of smooth sections of E = ClC(M):

(Ds)(m) =
n∑

i=1

κn(Xi (m))(∇E
Xi

s)(m),

where (X1, . . . , Xn) are local orthonormal (with respect to the Riemannian
metric) vector fields defined in a neighborhood of m, and ∇E is the canonical
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connection on E mentioned before. Note that here we have viewed Xi (m) ∈
Tm M as an element of the Clifford algebra ClC(Tm M), hence κn(Xi (m)) is
a map on the fibre of E at m, which is isomorphic with �n . The self-adjoint
extension of D is again denoted by the same notation.

We observe that A ≡ C∞(M) acts on S by multiplication, and this action
extends to a representation, say π , of the C∗-algebra C(M) on th Hilbert
space L2(S). One can verify by a simple computation that for f ∈ C∞(M),

[D, π( f )] has a bounded extension. Furthermore, the Laplacian and the Dirac
operator D on a compact manifold have compact resolvents. It may be
remarked here that a similar definition of spinors and the Dirac operator can
be given for a noncompact manifold also. However, the analysis of the Dirac
operator will become more delicate, and the resolvents of D will no longer
be compact. Nevertheless the commutators of D with compactly supported
smooth functions will continue to be bounded. The operator D in fact has a
lot of information about the underlying Riemannian metric g, since one can
recover the metric from D, as was shown in [28]. As we have seen above, the
Dirac operator gives an indirect way of looking at the differential structure on
a manifold and it is this route which will form the main path in the road to
noncommutative geometry.

9.3 Noncommutative geometry

In this section, we briefly outline the basics of noncommutative geometry.
Recall from the previous section that the classical Dirac operator, viewed as an
unbounded self-adjoint operator on the Hilbert space L2(S), has bounded com-
mutators with the multiplication operators by smooth functions. This property
has been taken to be the definition of a ‘Dirac operator’ in Connes’ formulation
of noncommutative geometry.

Definition 9.3.1 A spectral triple or spectral data is a triple (A,H, D) where
H is a separable Hilbert space, A is a ∗-subalgebra of B(H) (not necessarily
norm-closed) and D is a self-adjoint (typically unbounded) operator such that
for each a ∈ A, the operator [D, a] admits bounded extension. Such a spectral
triple is also called an odd spectral triple. If in addition, we have γ ∈ B(H)

satisfying γ = γ ∗ = γ−1, Dγ = −γ D and [a, γ ] = 0 for all a ∈ A, then we
say that the quadruplet (A,H, D, γ ) is an even spectral triple or even spectral
data. The operator D is called the Dirac operator corresponding to the spectral
triple.

Furthermore, given an abstract ∗-algebra B, an odd (even) spectral triple on B
is an odd (even) spectral triple (π(B),H, D) (respectively, (π(B),H, D, γ ))
where π : B → B(H) is a ∗-homomorphism.
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Since in the classical case, the Dirac operator has compact resolvents if the
manifold is compact, we say that the spectral triple is of compact type if D has
compact resolvents. Most of the examples discussed by us later in this chapter,
except the noncommutative plane, are of such type. Let us now briefly explain
how the concepts similar to those in de-Rham cohomology can be generalized
in the noncommutative situation. We begin with the notion of universal deriva-
tion, which the next proposition, stated without proof (and a proof can be found
in [28] and [87]), makes precise.

Proposition 9.3.2 Given an algebra B over R or C, there is a (unique upto
isomorphism) B-B bimodule �1(B) and a derivation δ : B → �1(B) (that is,
δ(ab) = δ(a)b + aδ(b) for all a, b ∈ B), satisfying the following properties:

(i) �1(B) is spanned as a vector space by elements of the form aδ(b) with
a, b ∈ B; and

(ii) for any B-B bimodule E and a derivation d : B → E, there is an B-B
linear map η : �1(B)→ E such that d = η ◦ δ.

The bimodule �1(B) is called the space of universal 1-forms on B and δ is
called the universal derivation.

We can also introduce universal space of higher forms on B, �k(B), say, for
k = 2, 3, · · · , by defining them recursively as follows:

�k+1(B) := �k(B)⊗B �1(B),

and also, set �0(B) = B. The universal space of forms, denoted by �(B), is
defined to be the algebraic direct sum⊕k�

k(B), which has an algebra structure
by tensor multiplication. This is sometimes referred to as the algebra of univer-
sal forms on B. It is straightforward to see that the space �k(B) is spanned as
a vector space by elements of the form a0δ(a1) · · · δ(ak), for a0, . . . , ak ∈ B.
Note that here we have suppressed the tensor product symbol between δ(ai )

and δ(ai+1), and we shall continue to do so as long as there is no possibility of
confusion.

Now, suppose that we are given a spectral triple (A,H, D). We have a
derivation from A to the A – A bimodule B(H) given by a �→ [D, a]. There-
fore, by Proposition 9.3.2, we can obtain a bimodule morphism from �1(A) to
B(H), and in fact, this is also clear from the definition of the algebra of uni-
versal forms that this morphism extends to an algebra homomorphism, say π ,
from �(A) to B(H), such that π(a) = a and π(δ(a)) = [D, a]. Then we have
the following.

Proposition 9.3.3 Let Jk be the kernel of the restriction of π on �k(A) ⊂
�(A), and let Ik = Jk + δ(Jk−1) for k ≥ 1, and I0 = J0 = {0}. Then
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I := ⊕kIk is a two-sided ideal in �(A) which is also a graded differential
ideal, that is, δ(Ik) ⊆ Ik+1 for all k.

Using this result, we can construct the quotient algebra �D(A) := (�(A))/I,
and in fact we have �D(A) = ⊕k�

k
D(A), where �k

D(A) = (�k(A))/Ik . We
call the space �k

D the space of k-forms corresponding to the spectral triple
(A,H, D). For ω ∈ �k(A), we shall denote by [ω]D the element pk(ω) ∈
�k

D(A), where pk is the quotient map from �k(A) to �k
D(A). Similar to the

classical case, we have a well-defined map d : �D(A)→ �D(A) given by

d([a0δ(a1) · · · δ(ak)]D) := [δ(a0) · · · δ(ak)]D.

Clearly, d2 = 0, and thus we have a differential complex (�k
D(A), d).

Definition 9.3.4 The cohomology of the complex (�k
D(A), d) is called the

Connes–de-Rham cohomology of the spectral triple.

We have a natural notion of unitary equivalence of two spectral triples.

Definition 9.3.5 We say that two spectral triples (π1(A),H1, D1) and (π2(A),

H2, D2) on A are unitarily equivalent if there is a unitary operator U : H1 →
H2 such that D2 = U D1U∗ and π2(·) = Uπ1(·)U∗, where π j , j = 1, 2 are
the representation of A in H j , respectively.

One can prove that two unitarily equivalent spectral triples will have same
Connes–de-Rham cohomology. However, it turns out that Connes–de-Rham
cohomology is not as useful in the noncommutative context as its classical
counterpart, namely the de-Rham cohomology. In fact, another cohomology
theory, formulated by A. Connes, called the cyclic cohomology, has been found
to fit naturally with the concept of spectral triples. Using the so-called Chern
character constructed from a spectral triple, and its canonical pairing with the
C∗-algebraic K-theory (which is a generalization of the topological K theory),
one can obtain many interesting information about the spectral triple. There is
a natural notion of nontriviality of a spectral triple using the above-mentioned
pairing. However, we do not want to go into such aspects of noncommutative
geometry.

We shall end the present section with a discussion of concepts like volume
form, scalar curvature, etc. in the context of noncommutative geometry. Before
that, we need to discuss the notion of Dixmier trace. Let H be a separable
Hilbert space. A singular trace on B(H) is a functional φ defined on some
ideal of B(H) containing all trace class operators, with the trace property, that
is, φ(ab) = φ(ba), such that φ vanishes on the trace class operators. Such
a functional can never be normal. The scalar mutiple of the usual trace is
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the only normal faithful semifinite functional on B(H) with the trace prop-
erty. While investigating whether there exists a non-normal functional with the
trace property, Dixmier came up with the so-called Dixmier trace, which we
define now. Consider a positive compact operator T such that its eigenvalues
are given by the sequence λ1 > λ2 > · · ·, with λn → 0. Suppose furthermore
that the sequence λn behaves like 1

n in the sense that µn := 1
log(n)

∑n
k=1 λk is a

bounded sequence, that is , (µn) ∈ l∞(IN ). For a suitable Banach limit Lim ω

on l∞(IN ) associated with a bounded functional ω ∈ (l∞(IN ))∗, we define
the Dixmier trace of T with respect to Lim ω, denoted by Trω(T ), by setting
Trω(T ) = Lim ω((µn)). We require certain additional properties of the Banach
limit Lim ω to ensure that Trω has the trace property. In fact, we need Lim ω to
satisfy the following for the above purposes.

(i) Lim ω((cn)) ≥ 0 if (cn) is a sequence with cn ≥ 0 for all n.
(ii) If (cn) ∈ l∞(IN ), such that limn→∞ cn = c, then Lim ω((cn)) = c.

(iii) Lim ω((c′n)) = Lim ω((cn)), where c′ denotes the sequence (c1, c1, c2,

c2, · · ·).
We refer the reader to the book [28] for the proof that such a Banach limit

exists. Let us just mention one choice without proving that it satisfies the con-
ditions (i)–(iii). Given a sequence c ≡ (cn) in l∞(IN ), we consider a function
fc : [0,∞)→ R by fc(t) = cn if n − 1 < t ≤ n. Define M( fc) on (0,∞) by
M( fc)(λ) = 1

log(λ)

∫ λ
1

fc(t)
t dt . Then the functional c �→ lim supλ→∞ M( fc)(λ)

is one choice of Lim ω.
We say that T ∈ K(H) belongs to the Dixmier trace class, or it has finite

Dixmier trace if the eigenvalues of |T | := √
T ∗T , given by the decreasing

sequence (λn), satisfy the following

µn ≡ 1
log(n)

n∑
k=1

λk = O(1).

We shall denote by L1,∞(H) the set of all such operators. For a compact self-
adjoint operator T ∈ L1,∞(H) it can be shown that the positive and negative
parts of T , denoted by T+, T− respectively, also belong to L1,∞(H). For a
choice of Lim ω as discussed before, we define the Dixmier trace of T by
Trω(T ) := Trω(T+) − Trω(T−). For a not necessarily self-adjoint compact
operator T = Re(T ) + i Im(T ), such that Re(T ) and Im(T ) are in L1,∞(H),
we define

Trω(T ) := Trω(Re(T ))+ i Trω(Im(T )).

The following properties of the Dixmier trace Trω, which are simple conse-
quences of the definition, will be useful later on. The reader is referred to [28]
for a proof of this result.
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Lemma 9.3.6 (i) L1,∞(H) is a both-sided ideal in B(H). Furthermore, for
T ∈ L1,∞(H), S ∈ B(H), one has Trω(T S) = Trω(ST ).

(ii) If T ∈ L1,∞(H), S ∈ K(H) (that is, S is a compact operator), then
Trω(T S) = 0.

(iii) Trω is a positive linear functional on L1,∞.

It is clear that the Dixmier trace of a given operator may depend on the
choice of Lim ω. However, for a large class of operators the Dixmier trace is
actually independent of choice of the Banach limit, and this class is called the
class of measurable Dixmier trace class operators.

Let us briefly discuss the relevance of Dixmier trace in the context of geome-
try. For a (possibly unbounded) self-adjoint operator T with finite dimensional
null space, we denote by T̂ its restriction on the orthogonal complement of
the null space, that is T̂ := T P⊥, where P is the projection on Ker(T ). Now,
consider an n-dimensional compact Riemannian manifold (M, g) with spin
structure, and let D be the corresponding Dirac operator on the Hilbert space
H of square integrable spinors. Since D has compact resolvents, the null space
of D is finite dimensional, and we have the following proposition.

Proposition 9.3.7 The operator ˆ|D|−p
is in L1,∞(H) if and only if p ≥ n.

Moreover, Trω( ˆ|D|−n
) is nonzero and independent of the choice of Lim ω.

Thus, the dimension n of the manifold has a purely operator theoretic descrip-
tion, namely,

n = min{p ≥ 0 : ˆ|D|−p ∈ L1,∞(H)}.
In fact, since ˆ|D|−p

is compact for any positive p, it is clear that Trω( ˆ|D|−p
) =

Trω( ˆ|D|−n ˆ|D|−(p−n)
) = 0 for all p > n (by (ii) of Lemma 9.3.6); that is, n is

the unique value of p for which Trω( ˆ|D|−p
) is finite and nonzero. This can be

used as the definition of dimension in the noncommutative context. We make
the following definition.

Definition 9.3.8 We say that a spectral triple (A,H, D) of compact type has
dimension d if d is the minimum value of p ≥ 0 satisfying ˆ|D|−p

belongs to
L1,∞(H) and Trω( ˆ|D|−d

) is nonzero.

For a general spectral triple, we cannot of course guarantee existence of such a
dimension. Moreover, even if a dimension d in the sense of the Definition 9.3.8
exists, it need not be an integer, though the non-integrality of dimension can be
seen even in classical situations like fractals.

Not only the dimension, many other geometric and topological quantities
associated with the manifold M can be captured by Dixmier trace of appro-
priate operators. For example, the volume form is obtained by the following
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formula: ∫
M

f dvol = c(d)Trω(M f ˆ|D|−d
),

where M f denotes the operator of multiplication in the Hilbert space of square
integrable spinors by f ∈ C∞(M), and c(d) is a universal constant depending
only on the dimension d of M . This formula in fact extends to noncompact
manifolds. If M is a noncompact d-dimensional manifold with a spin structure,
we can still define the spinor bundle and the Dirac operator D, but it will not
have compact resolvents any more. However, for compactly supported smooth
functions f and any λ > 0, the operator M f (|D|+λ)−d will be compact and in
fact, will have finite Dixmier trace which is equal to c(d)

∫
M f dvol. Thus, it is

natural to define the dimension of a not necessarily compact type spectral triple
(A,H, D) to be the number d if there exists a dense ∗-subalgebra A0 ⊆ A such
that for all a ∈ A0, λ > 0, the operator a(|D| + λ)−d has finite Dixmier trace,
and Trω(a(|D| + λ)−d) #= 0 for some a. This will be illustrated in the context
of the noncommutative plane.

9.4 Examples

We first outline a general scheme of constructing spectral triples from a C∗-
dynamical system, that is, a C∗-algebra equipped with a group action. It should
be pointed out that all the examples of noncommutative manifolds considered
by us are constructed following this scheme.

Let (A, G, α) be a C∗-dynamical system with G an n dimensional Lie group,
and τ a G-invariant trace on A. Let A∞ be the space of smooth vectors, K =
L2(A, τ )⊗ CN , where N = 2&n/2'. Fix any basis {X1, X2, . . . Xn} of the Lie
algebra of G. Since G acts as a strongly continuous unitary group on H =
L2(A, τ ) we can form skew-adjoint operators dXi on H. Let D : K → K be
given by

D =
∑

k

idXk ⊗ γk, (9.9)

where γ1, . . . γn are self-adjoint matrices in MN (C) such that γkγ j + γ jγk =
−2δk j . Then (A∞,K, D) is a candidate of a spectral triple, and for such a Dirac
operator, [D,A∞] ⊆ A∞ ⊗ MN (C). It may be noted that for a nonabelian G,
D2 #= −∑k d2

Xk
, and whether D has compact resolvents or not has to be

verified case by case.

9.4.1 Spectral triples on noncommutative torus

For a fixed θ , an irrational number in [0, 1], consider the C∗-algebra Aθ (which
appeared briefly in Chapter 3) generated by a pair of unitary symbols subject
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to the relation:

U V = exp(2π iθ)V U ≡ λV U. (9.10)

It is known that Aθ is a simple C∗-algebra, that is, it has no two-sided ideal
other than the trivial ones, namely {0} and Aθ itself. For details of the properties
of such a C∗-algebra, the reader is referred to [28] and [112]. The algebra has
many interesting representations.

(i) H = L2(T1), T1 is the circle, and for f ∈ H, (π1(U ) f )(z) = f (λz).
(π1(V ) f )(z) = z f (z), z ∈ T1.

(ii) In the same H, with the roles of U and V reversed:
for f ∈ H, (π2(V ) f )(z) = f (λ̄z), (π2(U ) f )(z) = z f (z), z ∈ T1.

(iii) In H = L2(R),

(π3(U ) f )(x) = f (x + 1), (π3(V ) f )(x) = λx f (x).

While the first two were inequivalent irreducible representations, the ultra-
weak closure of the third one is a factor of type I I1 (see also Example 2 in
Section 3.2).

There is a natural action of the abelian compact group T2 (2-torus) on Aθ

given by
α(z1,z2)

(∑
amnU m V n

)
=
∑

amnzm
1 zn

2U m V n,

where the sum is over finitely many terms and ‖z1‖ = ‖z2‖ = 1. α extends as
a ∗-automorphism on Aθ and has two commuting generators d1 and d2 which
are skew ∗-derivations obtained by extending linearly the rule:

d1(U ) = U, d1(V ) = 0

d2(U ) = 0, d2(V ) = V . (9.11)

Both d1 and d2 are clearly well defined on Aθ
∞ ≡ {a ∈ Aθ | z �→ αz(a)

is C∞} ≡ {∑m,n∈Z amnUm V n | supm,n |mknlamn| < ∞ for all k, l ∈ N }.
Clearly, A∞

θ is a dense ∗-subalgebra of Aθ . A theorem of Bratteli et al. [22]
describes all the derivations of Aθ which maps A∞

θ to itself : for almost all θ
(Lebesgue), a derivation δ : A∞

θ → A∞
θ is of the form δ = c1d1+c2d2+[r, .],

with r ∈ A∞
θ , c1, c2 ∈ C. Another important fact about Aθ is the existence of

a unique faithful trace τ on Aθ defined as follows:

τ
(∑

amnU m V n
)
= a00. (9.12)

Then one can consider the Hilbert space H = L2(Aθ , τ ) (see [96] for an
account of noncommutative L p spaces.) and study the derivations there. It is
clear that the family {U m V n}m,n∈Z constitute a complete orthonormal basis in
H. The next simple theorem is stated without proof.
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Theorem 9.4.1 The canonical derivations d1, d2 are self-adjoint on their nat-
ural domains: Dom(d1) = {∑

amnU m V n | ∑(1 + m2)|amn|2 < ∞}
Dom(d2) =

{∑
amnU m V n | ∑(1 + n2)|amn|2 < ∞}. Furthermore if we

denote by dr = [r, .] with r ∈ Aθ ⊂ L∞(Aθ , τ ) acting as left multiplication
in H, then dr

∗ = dr∗ ∈ B(H)

We define, following Connes, the ‘standard’ or ‘canonical’ spectral triple on
A∞

θ by choosing the Hilbert space H = L2(τ ) ⊕ L2(τ ), with the Z2-grading

given by γ =
(

1 0
0 −1

)
, and the Dirac operator

D0 =
(

0 d1 + i d2

d1 − i d2 0

)
.

Note that A∞
θ is embedded as a subalgebra of B(H) by a �→

(
a 0
0 a

)
. The

associated ‘Laplacian’ is given by L0 = − 1
2 (d

2
1 + d2

2 ).

We now construct a family of ‘perturbed’ spectral triples by perturbing the
above canonical triple by a bounded element of A∞

θ in a suitable sense. To this
end, choose and fix r ∈ A∞

θ . We define a spectral triple with the same Hilbert
space, grading and representation of the algebra as before, but with the Dirac
operator D0 replaced by D = Dr given by

Dr = D0 +
(

0 dr

d∗r 0

)
.

We claim that this new spectral triple is in general not unitarily equivalent (in
the sense described below) with the canonical one. This claim is proven by
computing the Connes–de-Rham cohomology groups.

Recall that we say that two spectral triples (A1,H1, D1) and (A2,H2, D2)

are unitarily equivalent if there is a unitary operator U : H1 → H2 such that
D2 = U D1U∗ and π2(·) = Uπ1(·)U∗, where π j , j = 1, 2 are the repre-
sentation of A j in H j respectively. Now, we want to prove that in general the
perturbed spectral triple is not unitarily equivalent to the unperturbed one. Let
�1(A∞

θ ) be the universal space of one-forms ([28]) and π be the representation
of �1 ≡ �1(A∞

θ ) in H given by

π(a) ≡ a ⊗ IC2 , π(δ(a)) = [D, a],
where δ is the universal derivation.
Note that [D, a] = i[δ1(a)γ1+δ2(a)γ2], where r1 = Re(r), r2 = Im(r), δ1 =
d1+ dr1 , δ2 = d2+ dr2 , and γ1, γ2 are Clifford matrices

(
0 1
1 0

)
and
(

0 i
−i 0

)
respectively.
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Theorem 9.4.2 (i) Let r = U m, then �1
D(A∞

θ ) := π(�1) = A∞
θ ⊕A∞

θ .

(ii) �2(A∞
θ ) = 0 for r = U m.

Proof:
(i) Clearly π(�1) ⊆ A∞

θ γ1 + A∞
θ γ2. The other inclusion follows from the

facts that δ2(U k) = 0, δ1(U k) is invertible, and that δ2(V l) is invertible for
sufficiently large l.
(ii) Let J1 = Ker π |�1, J2 = Ker π |�2 . Then J2 + δ J1 is an ideal, implying
that π(δ J1) = π(J2 + δ J1) is a nonzero submodule of π(�2) ⊆ A∞

θ ⊕ A∞
θ .

Since A∞
θ is simple there are two possibilities, namely either π(δ J1) ∼= A∞

θ ,
or π(δ J1) = A∞

θ ⊕A∞
θ . To rule out the first possibility we take a closer look at

J1 and π(δ J1). J1 =
{∑

i aiδ(bi )|∑i aiδ1(bi ) = 0,
∑

i aiδ2(bi ) = 0
}
. Using

the fact that δ1, δ2 are derivations we get for
∑

i aiδ(bi ) ∈ J1∑
i

δ1(ai )δ2(bi ) = −
∑

i

aiδ1(δ2(bi )) (9.13)∑
i

δ2(ai )δ1(bi ) = −
∑

i

aiδ2(δ1(bi )). (9.14)

Moreover,

π

(∑
i

δ(ai )δ(bi )

)
=
∑

i

(δ1(ai )γ1 + δ2(ai )γ2)(δ1(bi )γ1 + δ2(bi )γ2)

=
∑

i

(δ1(ai )δ1(bi )+ δ2(ai )δ2(bi ))+
∑

i

(δ1(ai )δ2(bi )− δ2(ai )δ1(bi ))γ12,

where γ12 = γ1γ2 = −γ2γ1. Taking x = U−1δ(U ) + Uδ(U−1) ∈ �1 it is
straightforward to verify that x ∈ J1 and π(δ(x)) = −2. This proves A∞

θ ⊕0 ⊆
π(δ J1). We show that the inclusion is proper by showing the nontriviality of
coefficient of γ12. Using (9.13), (9.14) we see that the coefficient of γ12 is∑

a j [δ1, δ2](b j ) = ∑−im a j [r1, b j ]. As before we can find n0 such that
for l ≥ n0, δ2(V l) is invertible. If we now choose a1 = I, b1 = V n0, a2 =
−δ2(V n0)δ2(V l)−1, b2 = V l , a3 = (−a1δ1(b1) − a2δ2(b2))U−1, b3 = U ,
then the vanishing of the coefficient of γ12 will imply that [r1, V n0] = δ2(V n0)

δ2(V l)−1[r1, V l ] for all l ≥ n0 and we note that while the left-hand side is
nonzero and independent of l, the right-hand side converges to 0 as l → ∞
leading to a contradiction. Therefore A∞

θ ⊕A∞
θ = π(δ J1) ⊆ π(�2) ⊆ A∞

θ ⊕
A∞

θ . Hence �2
D(A∞

θ ) = π(�2)
π(δ J1)

= 0. �

Thus we have the following theorem.

Theorem 9.4.3 The spectral triples (A∞
θ ,H, D0) and (A∞

θ ,H, D) are not
unitarily equivalent for r = U m.

The proof is clear since �2
D0

(A∞
θ ) = A∞

θ #= 0 = �2
D(A∞

θ ).
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9.4.2 Noncommutative 2d-dimensional plane

In this subsection we shall discuss the geometry of the simplest kind of non-
compact manifolds, namely the Euclidean 2d-dimensional space and its non-
commutative counterpart. Let d ≥ 1 be an integer and let Ac ≡ C0(R2d), the
(non-unital) C∗-algebra of all complex-valued continuous functions on R2d

which vanish at infinity. Then ∂ j ( j = 1, 2, . . . , 2d), the partial derivative in
the j th direction, can be viewed as a densely defined derivation on Ac, with
the domain A∞

c ≡ C∞
c (R2d), the set of smooth complex valued functions

on R2d having compact support. We consider the Hilbert space L2(R2d) and
naturally imbed A∞

c in it as a dense subspace. Then i∂ j is a densely defined
symmetric linear map on L2(R2d) with the domain A∞

c , and we denote its self-
adjoint extension by the same symbol. Also, let F be the Fourier transform on
L2(R2d) given by

f̂ (k) ≡ (F f )(k) = (2π)−d
∫

e−ik.x f (x)dx,

and Mϕ be the operator of multiplication by the function ϕ. We set M̃ϕ =
F−1 MϕF, thus i∂ j = M̃x j . � ≡ M̃∑ x2

j
is the self-adjoint positive operator,

called the 2d-dimensional Laplacian. Clearly, the restriction of � on A∞
c is the

differential operator −∑2d
j=1 ∂

2
j . Let h = L2(Rd) and Uα, Vβ be two strongly

continuous groups of unitaries in h, given by the following:

(Uα f )(t) = f (t + α), (Vβ f )(t) = eit.β f (t), α, β, t ∈ Rd , f ∈ C∞
c (Rd).

Here t.β is the usual Euclidean inner product of Rd . It is clear that

UαUα′ = Uα+α′ ,

VβVβ ′ = Vβ+β ′ ,

UαVβ = eiα.βVβUα.

(9.15)

For convenience, we define a unitary operator Wx for x = (α, β) ∈ R2d by

Wx = UαVβe−
i
2α.β,

so that the Weyl relation (9.15) is now replaced by Wx Wy = Wx+ye
i
2 p(x,y),

where p(x, y) = x1.y2− x2.y1, for x = (x1, x2), y = (y1, y2). This is exactly
the Segal form of the Weyl relation ( [51]). For f such that f̂ ∈ L1(R2d), we
set

b( f ) =
∫

R2d
f̂ (x)Wx dx ∈ B(h). (9.16)

Let A∞ be the ∗-algebra generated by {b( f ) : f ∈ C∞
c (R2d)} and let A be the

C∗-algebra generated by A∞ with the norm inherited from B(h). It is possible
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to verify using the commutation relation (9.15) that b( f )b(g) = b( f ( g) and
b( f )∗ = b( f %), where

̂( f ( g)(x) =
∫

f̂ (x − x ′)ĝ(x ′)e
i
2 p(x,x ′)dx ′; f %(x) = f̄ (−x).

We define a linear functional τ on A∞ by setting τ((b( f )) = f̂ (0)
(= (2π)−d ∫ f (x)dx), and verify ([51], page 36) that it is a well-defined faith-
ful trace on A∞. It is natural to consider H = L2(A∞, τ ) and represent A in
B(H) by left multiplication. From the definition of τ , it is clear that the map
C∞

c (R2d) � f �→ b( f ) ∈ A∞ ⊆ H extends to a unitary isomorphism from
L2(R2d) onto H and in the sequel we shall often identify the two.

There is a canonical 2d-parameter group of automorphism of A given by
ϕα(b( f )) = b( fα), where f̂α(x) = eiα.x f̂ (x), f ∈ C∞

c (R2d), α ∈ R2d .

Clearly, for any fixed b( f ) ∈ A∞, α �→ ϕα(b( f )) is smooth, and on differen-
tiating this map at α = 0, we get the canonical derivations δ j , j = 1, 2, . . . , 2d
as δ j (b( f )) = b(∂ j ( f )) for f ∈ C∞

c (R2d). We shall not notationally distin-
guish between the derivation δ j on A∞ and its extension to H, and continue
to denote by iδ j both the derivation on ∗-algebra A∞ and the associated self-
adjoint operator in H. It is clear that we can write down a candidate of spectral
triple using this action of R2d following the scheme outlined in the beginning
of this section. Indeed, we consider a suitable integer N such that the 2d-
dimensional Clifford algebra can be represented in MN (C), and let γ1, . . . , γ2d

be N×N matrices satisfying the Clifford relations γiγ j + γ jγi = 0 if i #= j ,
and−2I for i = j . We take H′ = H⊗CN , and represent A in B(H′) by trivial
ampliation A � a �→ a ⊗ ICN . We continue to denote this ampliation again
by a. Let

D =
∑

j

iδ j ⊗ γ j .

It is indeed straightforward to verify that [D, a] is bounded for all a ∈ A. How-
ever, this is not a compact type spectral triple, as the resolvent of the associated
Dirac operator is not compact.

9.4.3 Spectral triples on quantum Heisenberg manifold

Let G be the Heisenberg group.

G =
⎧⎨⎩
⎛⎝ 1 x z

0 1 y
0 0 1

⎞⎠ : x, y, z ∈ R

⎫⎬⎭
For a positive integer c, let Hc be the subgroup of G obtained when x, y, cz are
integers. The Heisenberg manifold Mc is the quotient G/Hc. Nonzero Poisson
brackets on Mc invariant under left translation by G are parametrized by two
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real parameters µ, ν with µ2 + ν2 #= 0 (see [111]). For each positive integer
c and real numbers µ, ν, Rieffel constructed a C∗-algebra Ac,h̄

µ,ν as example of
deformation quantization along a Poisson bracket [111]. These algebras have
further been studied in [1], [2] and [129]. It was also remarked in [111] that
it should be possible to construct example of noncommutative geometry as
expounded in [28] in these algebras also.

In what follows, for x ∈ R, e(x) will denote e2π i x

Definition 9.4.4 For any positive integer c let Sc denote the space of C∞ func-
tions � : R× T× Z → C such that

(a) �(x + k, y, p) = e(ckpy)�(x, y, p) for all k ∈ Z

(b) for every polynomial P on Z and every partial differential operator
X̃ = ∂m+n

∂xm∂yn on R × T the function P(p)(X̃�)(x, y, p) is bounded on
K × Z for any compact subset K of R× T.

For fixed real numbers h̄, µ and ν such that µ2 + ν2 > 0, let A∞
h̄ denote Sc

with product and involution defined by

(� & �)(x, y, p) =
∑

q

�(x − h̄(q − p)µ, y − h̄(q − p)ν, q)

×�(x − h̄qµ, y − h̄qν, p − q)

(9.17)

�∗(x, y, p) = �̄(x, y,−p). (9.18)

Consider π : A∞
h̄ → B(L2(R× T× Z)) given by

(π(�)ξ)(x, y, p) =
∑

q

�(x − h̄(q − 2p)µ, y − h̄(q − 2p)ν, q)

×ξ(x, y, p − q). (9.19)

This gives a faithful representation of the involutive algebra A∞
h̄ . Let Ac,h̄

µ,ν

denote that norm closure of π(A∞
h̄ ). It is called the Quantum Heisenberg

Manifold.
Let Nh̄ be the weak closure of π(A∞

h̄ ) .

We shall identify A∞
h̄ with π(A∞

h̄ ) without any mention. Since we are going
to work with fixed parameters c, µ, ν, h̄ we will drop them altogether and
denote Ac,h̄

µ,ν simply by Ah̄ here the subscript remains merely as a reminis-
cent of Heisenberg only to distinguish it from a general algebra.

We mention the following result without proof.
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Proposition 9.4.5 For φ ∈ Sc, (r, s, t) ∈ R3 ≡ G, (as a topological space)

(L(r,s,t)φ)(x, y, p) := e(p(t + cs(x − r)))φ(x − r, y − s, p) (9.20)

extends to an ergodic action of the Heisenberg group on Ac,h̄
µ,ν .

Moreover, τ : A∞
h̄ → C, given by τ(φ) = ∫ 1

0

∫
T
φ(x, y, 0)dxdy extends to

a faithful normal tracial state on Nh̄.

It is simple to verify that τ is invariant under the Heisenberg group action. So,
the group action can be lifted to L2(A∞

h̄ ). We shall denote the action at the
Hilbert space level by the same symbol.

Proposition 9.4.6 Let V f , Wk, Xr be the operators defined on L2(R×T×Z)

by
(V f ξ)(x, y, p) = f (x, y)ξ(x, y, p),

(Wkξ)(x, y, p) = e(−ck(p2h̄ν + py))ξ(x + k, y, p),

(Xrξ)(x, y, p) = ξ(x − 2h̄rµ, y − 2h̄rν, p + r).

Let T ∈ B(L2(R× T× Z)). Then T ∈ Nh̄ if and only if T commutes with the
operators V f , Wk, Xr for all f ∈ L∞(R× T), k, r ∈ Z.

A proof of this can be found in [129].

Lemma 9.4.7 Let Sc
∞,∞,1 be the set of all ψ : R× T× Z → C such that:

(i) ψ is measurable,
(ii) ψn = supx∈R,y∈T |ψ(x, y, n)| is an l1 sequence,

(iii) ψ(x + k, y, p) = e(ckyp)ψ(x, y, p) for all k ∈ Z.

Then for φ ∈ Sc
∞,∞,1, π(φ) defined by the same expression as in (9.19) gives a

bounded operator on L2(R× T× Z).

Proof:
Let φ′ : Z → R+ be given by

φ′(n) = sup
x∈R,y∈T

|φ(x, y, n)| ≡ φn .

Then |(π(φ)ξ)(x, y, p)| ≤ (φ′ & |ξ(x, y, .)|)(p), where & denotes convolution
on Z and |ξ(x, y, .)| is the function p �→ |ξ(x, y, p)|. By Young’s inequality,
‖(π(φ)ξ)(x, y, .)‖l2 ≤ ‖φ′&|ξ(x, y, .)|‖l2 ≤ ‖φ′‖l1‖ξ(x, y, .)‖l2 , which shows
that ‖π(φ)‖ ≤ ‖φ‖∞,∞,1 ≡ ‖φ′‖l1 . �

Remark 9.4.8 (i) The product and involution defined by (9.17), (9.18) turn
Sc
∞,∞,1 into an involutive algebra.

(ii) φ �→ ‖φ‖∞,∞,1 is a &-algebra norm.
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Lemma 9.4.9 The algebra π(Sc
∞,∞,1) is a subset of Nh̄ .

Proof:
It follows from the Proposition 9.4.6, which characterizes Nh̄ . �

Theorem 9.4.10 The Hilbert space L2(A∞
h̄ , τ ) is unitarily isomorphic with

L2(T× T× Z) ∼= L2([0, 1] × [0, 1] × Z).

Proof:
For φ ∈ Sc

∞,∞,1, define �φ : R× T× Z → C by

�φ(x, y, p) =
{

e(−cxyp)φ(x, y, p) for y < 1
φ(x, y, p) for y = 1

.

Then �φ(x + k, y, p) = �φ(x, y, p). So, �φ is a map from T× T× Z to C.

τ(φ∗ & φ) =
∫ 1

0

∫
T

∑
q

|φ(x − h̄qµ, y − h̄qν,−q)|2dxdy

=
∫ 1

0

∫
T

∑
q

|φ(x, y, q)|2dxdy

since |φ(x+ k, y, p)| = |φ(x, y, p)| for all x ∈ R, y ∈ T, k, p ∈ Z. Therefore
τ(φ∗ & φ) = ‖�φ‖2, that is, � : L2(A∞

h̄ , τ )→ L2(T× T× Z) is an isometry.
To see � is a unitary observe the following conditions.

(i) Nh̄ ⊆ L2(A∞
h̄ , τ ), since τ is normal.

(ii) φm,n,k =
{

e(cxyp)e(mx + ny)δkp, for 0 ≤ y ≤ 1
δkpe(mx) for y = 1

is an element of Sc
∞,∞,1 ⊆ Nh̄

(iii) {�φm,n,k}m,n,k∈Z
is an orthonormal basis of L2(T2 × Z). �

Remark 9.4.11 φ �→ φ|[0,1]×T×Z gives a unitary isomorphism.

Corollary 9.4.12 Let Myp be the multiplication operator by the function yp on
H = L2(T × T × Z). If we consider A∞

h̄ as a subalgebra of B(H) by the left
regular representation, then [Myp,A∞

h̄ ] ⊆ B(H)

Proof:
Note that for φ ∈ A∞

h̄ , (Mypφ)(x, y, p) = ypφ(x, y, p) gives an element in
Sc
∞,∞,1, hence a bounded operator. Moreover,

[Myp, φ]ψ(x, y, p)
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=
∑

q

(yp − (y − h̄qν)(p − q))φ(x − h̄(q − p)µ, y − h̄(q − p)ν, q)

×ψ(x − h̄qµ, y − h̄qν, p − q)

=
∑

q

q(y − h̄(q − p)ν)φ(x − h̄(q − p)µ, y − h̄(q − p)ν, q)

×ψ(x − h̄qµ, y − h̄qν, p − q)

= (Myp(φ) & ψ)(x, y, p)

for ψ ∈ A∞
h̄ . This completes the proof. �

We now construct a class of spectral triples on the quantum Heisenberg
manifold.

Theorem 9.4.13 For the quantum Heisenberg manifold, if we identify the Lie
algebra of Heisenberg group with the Lie algebra of upper triangular matrices,
then D as described by (9.9) becomes a self-adjoint operator with compact
resolvent for the following choice:

X1 =
⎛⎝ 0 1 0

0 0 0
0 0 0

⎞⎠ , X2 =
⎛⎝ 0 0 0

0 0 1
0 0 0

⎞⎠ , X3 =
⎛⎝ 0 0 cα

0 0 0
0 0 0

⎞⎠ ,

where α ∈ R is greater than one.

Proof:
We define D by setting

Dom(D) := Ď ⊗ C2, D( f ⊗ u) :=
3∑

j=1

id j ( f )⊗ σ j (u),

with

Ď := { f ∈ L2([0, 1] × [0, 1] × Z) :
f (x, 0, p) = f (x, 1, p), f (1, y, p) = e(cpy) f (0, y, p)

p f, ∂ f
∂x , ∂ f

∂y ∈ L2}, where σ j ’s are the spin matrices and d j are defined by:

i d1( f ) = −i
∂ f
∂x

, id2( f ) = −2πcpx f (x, y, p)− i
∂ f
∂y

,

i d3( f ) = −2πpcα f (x, y, p).

Let η : L2([0, 1] × [0, 1] × Z)→ L2([0, 1] × [0, 1] × Z) be the unitary given
by

η( f )(x, y, p) =
{

e(−cxyp) f (x, y, p) for y < 1
f (x, y, p) for y = 1
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Let D′ be defined by

Dom(D′) = (η ⊗ I2)Dom(D), and D′ = (η × I2)D(η ⊗ I2)
−1.

Then we have Dom(D′) = D′ ⊗ C2, where

D′ := { f ∈ L2([0, 1] × [0, 1] × Z) :
f (x, 0, p) = f (x, 1, p), f (0, y, p) = f (1, y, p),

∂ f
∂x

,
∂ f
∂y

, p f ∈ L2},

and D′( f ⊗ u) =∑3
j=1 i d ′j ( f )⊗ σ j (u) where

d ′1( f )(x, y, p) = −2π icyp f (x, y, p)− ∂ f
∂x

(x, y, p),

d ′2( f )(x, y, p) = −∂ f
∂y

(x, y, p), d ′3( f )(x, y, p) = 2π i pcα f (x, y, p).

On Dom(D′), D′ = T + S where S and T are defined as:

S = 2πcMyp ⊗ σ1, T = −i
∂

∂x
⊗ σ1 − i

∂

∂y
⊗ σ2 − 2πcαMp ⊗ σ3,

with Dom(T ) = Dom(D′) ⊆ Dom(S),

and they are self-adjoint operators on their respective domains. Also note that
T has compact resolvent and the conclusion follows from the Kato–Rellich
theorem (see [77]), since S is relatively bounded with respect to T with relative
bound less than 1

α < 1. �

Theorem 9.4.14 Let H1 = L2(A∞
h̄ , τ )⊗C2, and let A∞

h̄ be viewed as a sub-
algebra of B(H). Then (A∞

h̄ ,H1, D) is an odd spectral triple of dimension 3.

Proof:
We shall use the notation used in the statement and proof of the Theorem
9.4.13. That (A∞

h̄ ,H1, D) is a spectral triple follows from the Theorem 9.4.13.
We only have to show |D|−3 ∈ L(1,∞), the ideal of Dixmier trace-class opera-
tors. To this end, observe the following.

(i) Since T is the Dirac operator on T3, µn(T−1|Ker T⊥) = O(1/n1/3), µn

stands for the n-th singular value.
(ii) S is relatively bounded with relative bound less than 1

α < 1, hence
‖S(T + i)−1‖ ≤ 1

α and ‖(1+ S(T + i)−1)
−1‖ ≤ α

α−1 .
(iii) µn(AB) ≤ µn(A)‖B‖, for bounded operators A,B.

Applying (i),(ii),(iii) to (D′ + i)−1 = (T + i)−1(1+ S(T + i)−1)
−1

we get
the desired conclusion for D′ and hence for D. �
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Corollary 9.4.15 Let T, S, D, D′ be as in the proof of Theorem 9.4.13 and
A = (η ⊗ I2)

−1T (η ⊗ I2). Then (A∞
h̄ ,H1, A) is an odd spectral triple of

dimension 3.

Proof:
We only have to show that [A,A∞

h̄ ] ⊆ B(H1). Let B = (η ⊗ I2)
−1S(η ⊗

I2). Since η ⊗ I2 commutes with S, we have B = S. By Corollary 9.4.12,
[B,A∞

h̄ ] ⊆ B(H1). Now we complete the proof by applying the arguments
used in the proof of Theorem 9.4.14 along with D = A + B completes the
proof. �

Remark 9.4.16 One can similarly show (A∞
h̄ ,H1, At ≡ A + t B) forms an

odd spectral triple of dimension 3, for t ∈ [0, 1]. It may also be noted that
D, A constructed above does depend on α.

9.5 Asymptotic analysis of heat semigroups and Laplacians

We do not try to build any general theory here; instead, we just analyze the
behavior of heat semigroups and Laplacians in some of the examples discussed
in the previous section.

9.5.1 Volume form and scalar curvature on noncommutative torus

Weyl asymptotics for Aθ

For classical compact Riemannian manifold (M, g) of dimension d with met-
ric g, recall how we obtain the volume and integrated scalar curvature from the
asymptotics of heat semigroup (see equations (9.6), (9.7)). For the noncom-
mutative d-torus ( with d even ) one possibility is to define its volume V and
integrated scalar curvature s by analogy with their classical counterparts as:

V (Aθ ) ≡ V ≡ lim
t→0+ td/2trTt , (9.21)

s(Aθ ) ≡ s ≡ 1
6

lim
t→0+ td/2−1[trTt − t−d/2V ] (9.22)

where the heat semigroup Tt in the classical case is replaced by the semigroup
associated with the Laplacians mentioned in the preceding section, T 0

t = etL0

and the perturbed one Tt = etL, with L = − 1
2 {(d1+dr1)

2+(d2+dr2)
2} on H ≡

L2(Aθ , τ ). Before we can compute these, we need to study the operators L0

and L in L2(τ ) more carefully. The next theorem summarizes their properties
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for d = 2 and we have denoted by Bp the Schatten ideals in B(H) with the
respective norms.

Theorem 9.5.1 (i) L0 is a negative self-adjoint operator in H = L2(τ ) with
compact resolvent. In fact L0(U m V n) = − 1

2 (m
2 + n2)U m V n;m, n ∈ Z

so that (L0 − z)−1 ∈ Bp(L2(τ )) for p > 1 and z ∈ ρ(L0).
(ii) If r1, r2 ∈ A∞

θ and they are self-adjoint, then L = L0 + B + A, where
B = − 1

2 (d
2
r1
+d2

r2
+dd1(r1)+dd2(r2)) is bounded and A = −dr1 d1−dr2 d2,

so that A is compact relative to L0 and L is self-adjoint on Dom(L0) with
compact resolvent.

If r1, r2 ∈ Aθ , then−L = −L0−B−A as quadratic form on (Dom(−L0)
1
2 )

and

(−L+ n2)
−1 = (−L0 + n2)

− 1
2 (I + Zn)

−1(−L0 + n2)
− 1

2 , (9.23)

where Zn = (−L0 + n2)
− 1

2 (B+ A)(−L0 + n2)
− 1

2 , is compact for each n with
B = − 1

2 (d
2
r1
+d2

r2
), A = − 1

2 (d1dr1 +dr1 d1+d2dr2 +dr2 d2). This defines L as
a self-adjoint operator on L2(τ ) with compact resolvent. Furthermore, in both
cases of (ii) , the difference of resolvents (L− z)−1− (L0 − z)−1 is trace class
for z ∈ ρ(L) ∩ ρ(L0).

Proof:
The proof of (i) is omitted. For proving (i i), we first verify by straightforward
calculation that L = L0 + B + A on A∞

θ and that A(−L0 + n2)
−1 is compact

for every n = 1, 2, . . . . Therefore

(L− L0)(−L0 + n2)
−1 = (L− L0)(−L0 + 1)−1(−L0 + 1)(−L0 + n2)

−1
,

which goes to 0 in operator norm as n → ∞. By the Kato–Rellich theorem
(see, for example, [77]), L is self-adjoint and since

(−L+ n2)
−1 = (−L0 + n2)

−1[1+ (L0 − L)(−L0 + n2)
−1]−1

for sufficiently large n, one also concludes that L has compact resolvent. Fur-
thermore, for z ∈ ρ(L) ∩ ρ(L0),

(L− z)−1 − (L0 − z)−1 = (L0 − z)−1[1+ (L− L0)(L0 − z)−1]−1

×(L0 − L)(L0 − z)−1.

Since (L − L0)(−L0 + n2)
− 1

2 is bounded, (−L0 + n2)
− 1

2 ∈ B3(L2(τ )) and
since (−L0 + z)−1 ∈ B3/2(L2(τ )), it follows that (L− n2)

−1 − (L0 − n2)
−1

is trace class for n = 1, 2, · · · by the Hölder inequality.
When r1, r2 ∈ Aθ , we cannot write the expression for L as above on A∞

θ ,
since r1, r2 may not be in the domain of the derivations d1, d2. For this reason,
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we need to define −L as the sum of quadratic forms and standard results as
in [107] can be applied here. From the structure of B and A it is clear that
Zn is compact for each n and hence an identical reasoning as above would
help us conclude that ‖Zn‖ → 0 as n → ∞. Therefore, (I + Zn)

−1 ∈ B(H)

for sufficiently large n and the right-hand side of (9.23) defines the operator
−L associated with the quadratic form with Dom((−L) 1

2 ) = Dom((−L0)
1
2 ).

Clearly,

(−L+ n2)
−1−(−L0+n2)−1 = −(−L0 + n2)

− 1
2 (I + Zn)

−1 Zn(−L0 + n2)
− 1

2

= −(−L0 + n2)−
1
2 (I + Zn)

−1(−L0 + n2)−
1
2 (B + A)(−L0 + n2)−1

for sufficiently large n, and since

(−L0 + n2)−
1
2 ∈ B3, (−L0 + n2)−

1
2 A(−L0 + n2)−

1
2 ∈ B3,

it is clear that (L− n2)
−1 − (L0 − n2)

−1 is trace class. �

The next theorem studies the effect of the perturbation from L0 to L on the
volume and the integrated sectional curvature for Aθ .

Theorem 9.5.2 (i) The volume V of Aθ (d = 2) as defined in (9.21) is invari-
ant under the perturbation from L0 to L.

(ii) The integrated scalar curvature for r ∈ A∞
θ , in general is not invariant

under the above perturbation.

Proof:
We need to compute tr(etL − etL0). Note that if r1, r2 ∈ A∞

θ , then

etL − etL0 = −
∫ t

0
e(t−s)L(L− L0)esL0 ds,

which on two iterations yields:

etL − etL0 = −
∫ t

0
e(t−s)L0(L− L0)esL0 ds +

∫ t

0
dt1e(t−t1)L0(L− L0)

×
∫ t1

0
dt2e(t1−t2)L0(L− L0)et2L0 −

∫ t

0
dt1e(t−t1)L(L− L0)

×
∫ t1

0
dt2e(t1−t2)L0(L− L0)

∫ t2

0
dt3e(t2−t3)L0(L− L0)et3L0

≡ I1(t)+ I2(t)+ I3(t)( say ). (9.24)

For estimating the trace norms of these terms, we note that the Bp-norm of
(L− L0)esL0 is estimated as

‖(L− L0)esL0‖p = ‖(B + A)esL0‖p ≤ ‖B‖‖esL0‖p+
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c1(‖d1esL0‖p + ‖d2esL0‖p) ≤ c′′(‖esL0‖p + ‖d2esL0‖p)

≤ c′(s−p−1 + s−p−1− 1
2 ) ≤ c s−p−1− 1

2

for constants c, c1, c′, c′′ since we are interested only for the region 0 < s ≤
t ≤ 1. Using Hölder inequality for Schatten norms and the fact that

‖(L− n2)−1‖ ≤ ‖(L0 − n2)−1[1+ (L− L0)(L0 − n2)−1]−1‖ ≤ 2
n2

for sufficiently large n, We get for the third term in (9.24)

‖I3(t)‖1 ≤ 2
∫ t

0
dt1

∫ t1

0
dt2‖(L− L0)e(t1−t2)L0‖p1×∫ t2

0
dt3‖(L− L0)e(t2−t3)L0‖p2‖(L− L0)et3L0‖p3

≤ c(p1, p2, p3)

∫ t

0
t
− 1

2
1 dt1 → 0

as t → 0 where p−1
1 + p−1

2 + p−1
3 = 1. A very similar estimate shows that

‖I1(t)‖1 ≤
∫ t

0
ds‖e(t−s)L0‖p1‖(L− L0)esL0‖p2 ≤ ct−

1
2

(with p2 > 2 and p−1
1 + p−1

2 = 1) and

‖I2(t)‖1 ≤
∫ t

0
dt1‖e(t−t1)L0‖p1

×
∫ t1

0
dt2‖(L− L0)e(t1−t2)L0‖p2‖(L− L0)et2L0‖p3 ≤ c′,

(with p−1
1 + p−1

2 + p−1
3 = 1, in particular the choice p1 = p2 = p3 = 3 will

do) a constant independent of t . From this it follows that

lim
t→0+ t tr(etL − etL0) = 0.

Thus the invariance of volume under perturbation is proved.
In the case when r1, r2 ∈ Aθ , then L − L0 = B + d1 B1 + d2 B2 + B ′1d1 +

B ′2d2 where B, B1, B ′1, B2, B ′2 are bounded. Therefore a term like e(t−s)L0 d1

B1esL0 = [esL0 B∗1 d1e(t−s)L0 ]∗ admits similar estimates to those above and the
same result follows.
(ii) From the expression (9.22) for the integrated scalar curvature s, we see that
for d = 2

s(L)− s(L0) = 1
6

lim
t→0+tr(etL − etL0), (9.25)
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if it exists, and conclude that the contribution to (9.25) from the term I3(t)
vanishes as we have seen in (i). We claim that trI2(t) → 0 as t → 0+. In fact
since the integrals in I2(t) converge in trace norm, we have

trI2(t) =
∫ t

0
dt1

∫ t1

0
dt2tr((L− L0)e(t1−t2)L0(L− L0)e(t−t1+t2)L0),

and by a change of variable we conclude the following:

|trI2(t)| ≤ t
∫ t

0
‖(L− L0)esL0(L− L0)e(t−s)L0‖1ds.

For r ∈ A∞
θ , the perturbation (L − L0) is of the form b0 + b1d1 + b2d2 with

bi ∈ B(H) for i = 0, 1, 2; and the Hilbert–Schmidt norm estimates are:

‖(L− L0)esL0‖2 ≤ ‖b0‖‖esL0‖2 +
√

2(‖b1‖ + ‖b2‖)‖(−L0)
1
2 esL0‖2

≤ c(s−
1
2 + s−

3
4 ),

where c is a positive constant.

Therefore

|trI2(t)| ≤ ct
∫ t

0
(s−

1
2 + s−

3
4 )((t − s)−

1
2 + (t − s)−

3
4 )ds,

which clearly converges to zero as t → 0+.
This leaves only the contribution from the term I1(t), so that one has

6(s(L)− s(L0)) = − lim
t→0+ t tr((L− L0)etL0).

As before we note that (L− L0) contains two kinds of terms:

B = −1
2
(d2

r1
+ d2

r2
), A = −1

2
(dr1 d1 + d1dr1 + dr2 d2 + d2dr2).

The term tr(AetL0) = 0 for all t > 0 will follow if we can show that
tr(dr d1etL0) = 0 for r ∈ A∞

θ and for this we note that

tr(dr d1etL0)

=
∑
m,n

〈U m V n, dr d1etL0(U m V n)〉

=
∑
m,n

m exp
(
− t

2
(m2 + n2)

)
τ(V−nU−mdr (U m V n))

=
∑
m,n

m exp
(
− t

2
(m2 + n2)

)
τ(V−nU−mrU m V n − r) = 0.

Finally we consider the contribution due to B. Thus,

s(L)− s(L0) = 1
12

lim
t→0+ t tr((d2

r1
+ d2

r2
)etL0), (9.26)
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if it exists. However since {t tr((dr1
2 + dr2

2)etL0)} is bounded as t → 0+, we
shall interpret the above limit as a special kind of Banach limit as is done in
page 563 of [28], denoting the same by Lim. We thus have

s(L)− s(L0)

= 1
12

Lim t ((dr1
2 + dr2

2)etL0) (9.27)

= 1
12

Trω((dr1
2 + dr2

2)L̂0
−1

). (9.28)

Let us now show that in general, the right-hand side of (9.26) is strictly
positive. For example, set r1 = (U +U−1) and r2 = 0. Clearly, r1, r2 ∈ A∞

θ ,

and

6(s(L)− s(L0))

= Lim
t
2

∑
m,n

exp
(
− t

2
(m2 + n2)

)
〈U m V n, d2

r1
(U m V n)〉

= Lim
t
2

∑
m,n

exp
(
− t

2
(m2 + n2)

)
τ {(1− λ−n)2λ2nU 2

+(1− λn)2λ−2nU−2 + (2− λn − λ−n)}]
= Lim

t
2

(
2
∞∑

m=1

e−m2t/2 + 1

)(
8
∞∑

n=1

sin2(πθn)e−n2t/2

)
.

Next note that for 0 < t < 2,

√
t
∞∑

n=1

sin2(πθn)e−n2t/2

≥ √
t
[√2/t]∑

n=1

sin2(πθn)e−n2t/2

≥ e−1(
√

2−√t)
[√2/t]∑

n=1

[√2/t]−1sin2π(nθ − [nθ ])

= e−1(
√

2−√t)E(sin2π Xt ),

where for each 0 < t ≤ 2, Xt is a [0, 1]-valued random variable with

Probability (Xt = kθ − [kθ ]) =
[√

2/t
]−1

for k = 1, 2, . . . ,

[√
2
t

]
,

and E is the associated expectation. Since θ is irrational, it is known [65] that
as t → 0+, the random variable Xt converges weakly to one with uniform
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distribution on [0, 1] and therefore

lim inf
t→0+

√
t
∞∑

n=1

sin2(πθn)e−n2t/2 ≥ lim
t→0+

√
t
[√2/t]∑

n=1

sin2(πθn)e−n2t/2

≥ √2e−1
∫ 1

0
sin2πxdx = (

√
2e)

−1
.

We also have by ( [28], page 563) that

lim
t→0+

√
t
∞∑

m=1

e−m2t/2 =
√
π√
2
.

By the general properties of the limiting procedure as given in [28], we have
that

s(L)− s(L0) ≥ 2
√
π

3e
.

�

Remark 9.5.3 From the expression for s(L0), we see that for d = 2,

6s(L0) = lim
t→0+

(
tr(etL0)− V

t

)
.

Since the expression for tr etL0 and the volume V are exactly the same as in
the case of classical two-torus with its heat semigroup, the integrated scalar
curvature for L0 is the same as in the classical case, which is clearly zero.
Therefore s(L) is strictly positive for the case considered here.

Volume form
As in [28], the volume form v(a) on Aθ is the linear functional v(a) =
1
2 Trw(a|D̂|−2 P), where P is the projection on Ker (D)⊥. We shall now prove
that the above volume form is invariant under the perturbation from L0 to L.

Lemma 9.5.4 Let T be a self-adjoint operator with compact resolvent such
that T̂−1 is in L1,∞(H). Then for a ∈ Aθ and every z ∈ ρ(T ), one has
Trw(aT̂−1 P) = Trw(a(T − z)−1).

Proof:
Note that (T − z)−1 = (T̂ − z)

−1
P ⊕−z−1 P⊥ and P⊥ is finite dimensional.

Therefore Trw(a(T − z)−1) = Trw(Pa P(T̂ − z)
−1

P). On the other hand,

Trw(Pa PT̂−1 P − Pa P(T̂ − z)
−1

P) = −zTrw(Pa PT̂−1(T̂ − z)
−1

P) = 0,

by an application of Lemma 9.3.6, since T̂−1 is in L1,∞(H) and (T̂ − z)
−1

is
compact. �
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Theorem 9.5.5 If we set v0(a) = 1
2 Trw(a|D̂0|−2) and v(a) = 1

2 Trw(a|D̂|−2
)

for a ∈ Aθ , then v0(a) = v(a).

Proof:

Note that D2 = −2
(
L1 0
0 L2

)
, where

L1 = L0 + dr dr∗ + (d1dr∗ + dr d1)+ i(d2dr∗ − dr d2)

and
L2 = L0 + dr∗dr + (d1dr + dr∗d1)+ i(d2dr∗ − dr d2).

Moreover, by Theorem 9.5.1, both L1 and L2 have compact resolvents with
P1, P2 being the projections on Ker(L1)

⊥ and Ker(L2)
⊥ respectively. Thus,

by applying Lemma 9.5.4 with Im(z) #= 0, we get

v(a)

= Trw(a(−L̂1)
−1

P1)+ Trw(a(−L̂2)
−1

P2)

= Trw(a(−L1 − z)−1 + a(−L2 − z)−1)

= Trw(a(−L0 − z)−1 + a(−L0 − z)−1)+ Trw(a(−L1 − z)−1

−a(−L0 − z)−1)+ Trw(a(−L2 − z)−1 − a(−L0 − z)−1)

= v0(a),

since (−Li − z)−1 − (−L0 − z)−1 is trace class for i = 1, 2. �

9.5.2 Volume form for noncommutative 2d-plane

In this subsection, we shall use the notation of Subsection 9.4.2. We fix a pos-
itive integer d , and A be the noncommutative 2d dimensional plane, defined
and studied in Subsection 9.4.2.

Let us first look at the classical counterpart of the noncommutative 2d-plane.
As a Riemannian manifold, R2d does not posses too many interesting features;
it is a flat manifold and thus there is no nontrivial curvature form. Instead, we
shall be interested in obtaining the volume form from the operator-theoretic
data associated with the 2d-dimensional Laplacian �. Let Tt = e− t

2� be the
contractive C0-semigroup generated by �, called the heat semigroup on R2d .
Unlike compact manifolds, � has only absolutely continuous spectrum. How-
ever, for any f ∈ C∞

c (R2d) and ε > 0, M f (� + ε)−d has discrete spectrum.
Furthermore, we have the following theorems.

Theorem 9.5.6 M f Tt is trace-class and tr(M f Tt ) = t−d ∫ f (x)dx . Thus, in
particular, v( f ) ≡ ∫ f (x)dx = td tr(M f Tt ).
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Proof:
We have tr(M f Tt ) = tr(FM f F−1 Mexp(− t

2
∑

x2
j )
), and FM f F−1 Mexp(− t

2
∑

x2
j )

is an integral operator with the kernel kt (x, y) = f̂ (x − y)exp(− t
2
∑

y2
j ). It

is continuous in both arguments and
∫ |kt (x, x)|dx < ∞, we obtain by using

a result in [57] (p. 114, Chapter 3) that M f Tt is trace class and tr(M f Tt ) =∫
kt (x, x)dx = (2π)d t−d f̂ (0) = t−dv( f ). �

As before, we get an alternative expression for the volume form v in terms
of the Dixmier trace.

Theorem 9.5.7 For ε > 0, M f (� + ε)−d is of Dixmier trace class and its
Dixmier trace is equal to πdv( f ).

For convenience, we shall give the proof only in the case d = 1. We need the
following two lemmas.

Lemma 9.5.8 If f, g ∈ L p(R2) for some p with 2 ≤ p < ∞, then M f M̃g is
a compact operator in L2(R2).

Proof:
This is a consequence of the Hölder and Hausdorff–Young inequalities and a
proof can be found in [109]. �

Lemma 9.5.9 Let S be a square in R2 and f be a smooth function with
supp( f ) ⊆ int(S). Let �S denote the Laplacian on S with the periodic bound-
ary condition. Then Trω(M f (�S + ε)−1) = π

∫
f (x)dx .

Proof:
This follows from [82] by identifying S with the two-dimensional torus in the
natural manner. �

Proof of the theorem:
Note that for g ∈ Dom(�) ⊆ L2(R2), we have f g ∈ Dom(�S) and

(�S M f − M f �)(g) = (�M f − M f �)(g) = Bg,

where B = −M� f + 2i
∑2

j=1 M∂ j ( f ) ◦ ∂ j . From this follows the identity

M f (�+ ε)−1 − (�S + ε)−1 M f

= (�S + ε)−1 B(�+ ε)−1. (9.29)

Now, from the Lemma 9.5.8, it follows that B(�+ ε)−1 is compact, and since
(�S + ε)−1 is of Dixmier trace class (by the Lemma 9.5.9), we conclude that
the right-hand side of (9.29) is of Dixmier trace class with the Dixmier trace
= 0. The theorem follows from the general fact that Trω(xy) = Trω(yx), if y
is of Dixmier trace class and x is bounded (see [28]). �
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Similar computation can be done for the noncommutative case. The Lapla-
cian L generated by the canonical derivation δ j on A∞ is given by

L(b( f )) = −1
2

b(� f ), f ∈ C∞
c (R2d).

Since in L2(R2d), 1
2� has a natural self-adjoint extension (which we continue

to express by the same symbol), L also has an extension as a negative self-
adjoint operator in H ∼= L2(R2d), and we define the heat semigroup for this
case as Tt = etL. A simple computation using (9.16) shows that

L(b( f )) ≡ −1
2

b(�( f )) = −1
2

∑
j

{[p j , [p j , b( f )]] + [q j , [q j , b( f )]]},

(9.30)

where p j = −i∂ j , q j = Mx j . The second form of L will be the one that will
appear naturally in the later discussion of the stochastic dilation of Tt .

By analogy we can define the volume form on A∞ by setting

v(b( f )) := lim
t→0+ td tr(b( f )Tt ).

Then we have the following theorem.

Theorem 9.5.10 v(b( f )) = ∫ f dx

Proof:
The kernel K̃t of the integral operator b( f )Tt in H is given as

K̃t (x, y) = f̂ (x − y)e−t |y|2/2eip(x,y)/2.

As before we note that Kt is continuous in R2d and K̃t (x, x) = kt (x, x) =
f̂ (0)e−t |x |2/2. Using [57] we get the required result. �

9.6 Quantum Brownian motion on noncommutative manifolds

We recall the martingale definition of Brownian motion on a manifold given
earlier in this chapter. To extend the notion of Brownian motion to the noncom-
mutative setting, let us first introduce a notion of operator-valued martingale.

Definition 9.6.1 A filtration on a Hilbert space H is given by an increasing
family (Pt )t≥0 of projections in H satisfying the following conditions.

(i) Pt → I in the strong operator topology as t →∞.
(ii) For all t ≥ 0, lims→t+ Ps = Pt in the strong operator topology.
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Given such a filtration (Pt ), we say that a family (Yt )t≥0 ∈ B(H) is an operator-
valued martingale with respect to the filtration (Pt ), or just that (Yt ) is an (Pt )-
martingale, if

PsYt Ps = Ys, for all s ≤ t.

One can also introduce the notion of an operator-valued local martingale, For
this, a definition of quantum stop time is necessary. We do not discuss this here,
and refer the reader to references [14], [15] and [101] for more details.

Now, let M be a compact Riemannian manifold, and for m ∈ M , let (Xm
t )t≥0

denote M-valued Brownian motion defined on a probability space (�,F , P),
and satisfying Xm

0 = m. Consider A = C(M), and jt : A → A ⊗ L∞(P)

given by
jt ( f )(m) := f (Xm

t ).

We have already seen that jt is a dilation of the heat semigroup on C(M).
Moreover, jt ( f )− j0( f )− 1

2

∫ t
0 js((L( f ))ds is an operator-valued local martin-

gale, where L denotes the Laplacian. Motivated by this, we take the viewpoint
that a quantum Brownian motion on a noncommutative manifold is nothing
but an Evans–Hudson dilation of the heat semigroup on the underlying C∗-
algebra. To justify the above viewpoint, we observe the following. If jt : A→
A′′ ⊗B(�(L2(R+, k0))) is an E–H dilation of a Q.D.S. (Tt ) with the generator
L = θ0

0 on A, satisfying the Q.S.D.E. d jt (a) = ∑α,β jt (θαβ (a))d�
β
α(t) with

j0(a) = a ⊗ I , for a ∈ A0 ⊆ A (where θαβ : A0 → A), then for a ∈ A0, we
have

jt (a)− j0(a)−
∫ t

0
js(L(a))ds =

∑
α,β: (α,β) #=(0,0)

∫ t

0
js(θαβ (a))d�

β
α(s).

It follows that jt (a) − j0(a) −
∫ t

0 js(L(a))ds is an (Pt )-martingale, where Pt

denotes the projection in �(L2(R+, k0)) given by the following:

Pt e( f ) := e( f χ[0,t]).

Let us make some general remarks regarding the possibility of such a dila-
tion in the light of our discussion in Chapter 8. Recall the general scheme of
constructing a spectral triple from a given C∗-dynamical system (A, G, α),
where G is a Lie group. Clearly, the heat semigroup associated to such a spec-
tral triple will be covariant. If G is also compact, we can apply the results of
Chapter 8. The complete smoothness of the generator of such heat semigroup
is verifiable from Lemma 8.1.28 and Remark 8.1.29. However, we prefer to
discuss the construction case by case.

A note on the notational convention for the rest of the book: we shall use
the generic notation � to denote the symmetric Fock space �(L2(R+) ⊗ Cn)
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(where n will be clear from the context); and IE will denote the vacuum expec-
tation in the Fock space �(L2(R+) ⊗ Cn). Following [100], we shall identify
the n-dimensional standard classical Brownian motion (w1(t), . . . , wn(t)) with
the n-tuple of commuting self-adjoint operators ((a1(t)+ a†(t)), . . . , (an(t)+
a†

n(t))) acting on �. In particular, the classical stochastic integration with res-
pect to wi (i = 1, 2, . . . , n) will be understood as the quantum stochastic inte-
gration with respect to dai (t)+ da†

i (t).

9.6.1 Brownian motion on noncommutative torus

From the quantum stochastic point of view, the two ‘Laplacians’ L0 and L are
equally good candidates for driving the Brownian motion on the noncommuta-
tive manifold Aθ . Since L has been obtained by ‘perturbing’ L0, it is natural
to construct the quantum Brownian motion corresponding to L0 first, and then
from that the Brownian motion corresponding to L by some kind of perturba-
tion at the quantum stochastic level. We achieve this in the theorem below. We
take n = 2 and thus � = �(L2(R+)⊗ C2) here.

Theorem 9.6.2 (i) There exists a solution of the following quantum stochas-
tic differential equation (Q.S.D.E.) for x ∈ Aθ

∞, and j0
t extends to a ∗-

homomorphism from Aθ to Aθ ⊗ B(�).

d j0
t (x) = j0

t (id1(x))dw1(t)+ j0
t (id2(x))dw2(t)+ j0

t (L0(x))dt;
j0
0 (x) = x ⊗ I. (9.31)

In fact, the solution is given by

j0
t (x) = α(exp 2π iw1(t), exp 2π iw2(t))(x),

where (w1, w2)(t) is the standard two-dimensional Brownian motion. More-
over, IE j0

t (x) = etL0(x).
(ii) The following Q.S.D.E. in H⊗ � has a unique unitary solution:

dUt =
2∑

l=1

Ut {i jt 0(rl)dal
†(t)+ i jt 0(rl

∗)dal(t)− 1
2

jt 0(rl
∗rl)dt},

U0 = I. (9.32)

Furthermore, setting jt (x) = Ut j0
t (x)U

∗
t , one has the following Q.S.D.E.:

d jt (x) =
2∑

l=1

{ jt (iδl(x))dal
†(t)+ jt (iδl

†(x))dal(t)} + jt (L(x))dt, (9.33)

and IE jt (x) = etL(x).
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Proof:
The proof of (i) is a straightforward application of the quantum Itô formula,
hence the details are omitted. For (i i), we first note that the existence, unique-
ness and unitarity of the solution of the Q.S.D.E. (9.32) follow from Theorems
5.3.1 and 5.3.3. The Q.S.D.E. (9.33) satisfied by jt can be verified by quantum
Itô formula, as done in ref [43], for example. �

9.6.2 Noncommutative 2d-dimensional plane

We briefly discuss the stochastic dilation of the heat semigroups on the non-
commutative 2d-planes considered by us. For the classical (or commutative)
C∗-algebra of C0(R2d) the stochastic process associated with the heat semi-
group is the well known standard Brownian motion. For the noncommutative
C∗-algebra A we first realize it in B(L2(Rd)) by the Stone–von Neumann the-
orem on the representation of the Weyl relations [51]

(Uα f )(x) = f (x + β)

(Vβ f )(x) = eiα.x f (x). (9.34)

Let q j , p j ( j = 1, 2 . . . d) be the generators of Vβ and Uα respectively, in
fact they are the position and momentum operators in the above Schrödinger
representation. For simplicity of writing we shall restrict ourselves to the case
d = 1, and consider the Q.S.D.E. in L2(R)⊗ �(L2(R+,C2)):

d Xt = Xt

[
− i p dw1(t)− 1

2
p2dt − iq dw1(t)− 1

2
q2dt

]
, X0 = I ;(9.35)

where w1, w2 are independent standard Brownian motions, identified as oper-
ators on �(L2(R+,C2)) as explained before.

Theorem 9.6.3 (i) The Q.S.D.E. (9.35) has a unitary solution.
(ii) If we set jt (x) = Xt (x ⊗ It )X∗t then jt satisfies the Q.S.D.E.:

d jt (x) = jt (−i[p, x])dw1(t)+ jt (−i[q, x])dw2(t)+ jt (L(x))dt

for all x ∈ A∞ and IE jt (x) = etL(x) for all x ∈ A, where L is given by
(9.30).

Proof:
Consider the following Q.S.D.E. in �(L2(R+)) for each λ ∈ R and for almost
all w1,

dW (λ)
t = W (λ)

t (−i(λ+ w1(t))dw2(t)− 1
2
(λ+ w1(t))2dt), W (λ)

0 = I.
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It is clear that W (λ)
t = exp(−i

∫ t
0 (λ + w1(s))dw2(s)) which is unitary in

�(L2(R+)) for fixed λ and w1. Next we set Wt =
∫
R

Eq(dλ) ⊗ W (λ)
t which

can be clearly seen to be unitary in L2(R) ⊗ �(L2(R+)) for fixed w1, where
Eq is the spectral measure of the self-adjoint operator q in L2(R). Writing
Xt = Wt e−i pw1(t) it is clear that Xt is unitary in L2(R) ⊗ �(L2(R+,C2)). A
simple calculation using Itô formula derived in Chapter 5 shows that Xt indeed
satisfies (9.35).

The second part of the theorem follows from the observation that for fixed w1

and w2, X∗t and b( f )⊗ I� with f ∈ C∞
c (R2) map S(R)⊗�(L2(R+,C2)) into

itself. It is also straightforward to see that jt (x) = Xt x X∗t = e−iqw2(t)e−i pw1(t)

xeipw1(t)eiqw2(t) = φ(−w1(t),−w2(t))(x). �

9.6.3 Quantum Heisenberg manifolds

We recall the notation introduced in the Subsection 9.4.3, and choose � =
�(L2(R+,C3)). Let us define the self-adjoint operators i d(0)

j , j = 1, 2, 3,
by setting d(0)

j = d j for j = 1, 3, and taking d(0)
2 = − ∂

∂y . Denote by r the
unbounded operator on the Hilbert space H ≡ L2([0, 1]× [0, 1]×Z) given by

r = −2πc(Mx ⊗ I ⊗ Mp),

where Mx and Mp denote multiplication operator by x and p respectively. It
is clear (see for example [107]) that r is essentially self-adjoint on the product
domain L2([0, 1]×[0, 1])⊗algDom(Mp), and we denote the self-adjoint exten-
sion again by r . Let us also observe that id2 = i d(0)

2 + r. Since the unbounded
self-adjoint operators id(0)

2 and r commute, being nontrivial in the different
tensor components, it follows that Dom(D) (where D is the Dirac operator on
the quantum Heisenberg manifold) is a domain of essential self-adjointness for
all the operators i d(0)

j , i d j and r ; and we denote the self-adjoint extensions by
the same notation. Furthermore, we note that i d(0)

j ’s commute amongst each
other. We set

ut = uw
t := exp

⎛⎝i
3∑

j=1

d(0)
j w j (t)

⎞⎠ ,

where w(t) ≡ (w1(t), w2(t), w3(t)) is a three-dimensional standard Brownian
motion. Clearly, for almost all w, ut is unitary, and we also define the homo-
morphism αt : B(H)→ B(H)⊗ L∞(w) by setting for a ∈ B(H),

αt (a) = ut au∗t .

Next we want to take into account the perturbation of the commuting triplet
(i d(0)

1 , i d(0)
2 , i d(0)

3 ) by (0, r, 0), somewhat along the lines of [43]. But r is
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unbounded, so the method of [43] cannot be directly applied. However, the
following simple observation comes to the rescue. There is a natural ‘imprimi-
tivity’ between the map eiβd1 and Mx , viz.

eiβd1 Mx e−iβd1 = Mx+β, (9.36)

where a + b := (a + b) mod 1. Thus, ut leaves the domain of r invariant and

αt (r) = utru∗t = −2πc(Mx+w1(t)
)⊗ I ⊗ Mp,

from which it is clear that αt (r) is a self-adjoint operator with Dom(D) being a
domain of its essential self-adjointness for almost all w. Furthermore, observe
that αt (r) and αs(r) commute for all s, t ≥ 0. Similarly, we can make sense of
αt (r2).

Now, let us consider the following Q.S.D.E. with unbounded coefficients in
the Hilbert space H⊗ � ≡ H⊗ �(L2(R+,C3)) ∼= H⊗ L2(w):

dUt = Ut {iαt (r)dw2(t)− 1
2
αt (r2)dt}, U0 = I. (9.37)

By the results of Chapter 7, the above Q.S.D.E. is seen to have a unitary solu-
tion. In fact, we can explicitly write down its solution in terms of classical
stochastic integral:

Ut = exp
(

i
∫ t

0
αs(r)dw2(s)

)
.

Finally, if we set
jt (a) = Ut (αt (a))U∗

t

for a ∈ A∞, it follows that jt satisfies the equation

d jt (a) =
3∑

j=1

jt ([i d j , a])dw j (t)+ jt (L(a))dt,

where

L(a) = 1
2

3∑
j=1

[d j , [d j , a]].

Thus, jt satisfies the desired Q.S.D.E.. To conclude that it is indeed an E–H
dilation of the Q.D.S. generated by the Laplacian L, that is, jt is a quantum
Brownian motion on the quantum Heisenberg manifold, we have to prove that
the range of jt is in A′′ ⊗ B(�). However, it is not clear whether αt maps A
into A, so the explicit definition of jt as given above does not give informa-
tion about the range of jt . To conclude that jt (A) ⊆ A′′ ⊗ B(�), we need to
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take an indirect route of appealing to the construction of Chapter 8; more pre-
cisely to the Theorem 8.1.38 and Remark 8.1.39. The structure maps [id j , ·]
and L appearing in the Q.S.D.E. satisfied by jt are clearly completely smooth
with respect to the action of the Heisenberg group, by Proposition 8.1.28 and
Remark 8.1.29. Moreover, the elements φm,n,k introduced earlier in this chapter
(Subsection 9.4.3) belong to A0∞, from which it follows that A0∞ is dense in
A. Thus by Remark 8.1.41, we can adapt the arguments of Theorem 8.1.38
to obtain an E–H flow with the above structure maps, which maps A into
A′′ ⊗ B(�). By Remark 8.1.39, this flow must coincide with jt on A0∞, which
proves that the range of jt is a subset of A′′ ⊗ B(�).
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Inst. Henri Poincaré, Probab. Stat. 40 (2004), 497–512.

15. S. Attal and K. B. Sinha, Stopping semimartingales on Fock space. In Quantum
Probability Communications, Vol. IX. (River Edge NJ: World Scientific, 1998),
pp. 171–86.

16. V. P. Belavkin, Quantum stochastic calculus and quantum nonlinear filtering.
J. Multivariate Anal. 42 (1992), 171–202.

281



282 References

17. V. P. Belavkin, Quantum stochastic positive evolutions: characterization, con-
struction, dilation. Commun. Math. Phys. 184 (1997), 533–66.

18. B. V. R. Bhat, Cocycles of CCR flows. Mem. Amer. Math. Soc. 149:709 (2001),
114 pp.

19. B. V. R. Bhat and K. R. Parthasarathy, Markov dilations of noncommutative
dynamical semigroups and a quantum boundary theory. Ann. Inst. Henri
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